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PREFACE 

In the preparation of this work the authors have consulted 
the courses of study in general use in the various. states and 
leading cities of this country, and have considered with great^ ^^ly/, ^^. ;' 
care the ^jjlabi and suggested curricula prepared by the vari-^ 
ous important associations of teanhera of matbi^matics. Thejr ^^ <'<' ^ « c- 
have also studied the papers recently set by the principal exami- 
nation boards and have taken the judgmeijt of a large number 
orprominent.feeachfiia.as to the best selection and arrangement 
of topics for the first and second year's work in high-school 
algebra. As a result of this careful investigation, extending 
over a considerable period of time, they have prepared a work 
pnvgpTig f.hfi to pics gene rally agreed upon as suited to the pupil's 
n eeds an d as fitting him for admission to our best colleges. 

The plan adopted is at the same time new and conservative. T. 
The first chapter sets before the pupil some of the important ^ , ,. 
usgajoLalgfiiita, and recognizes the fact that the most impor- ^ ' 
tant feature that he will meet to-day is the equation applied to 
the formula. It is the formula that the aftisan first meets in 
his trade journal, that the mechanic needs in reading his man- 
uals, and that the business man will use if he requires algebra 
at all. It is here that the modern function idea is best brought 
to the attention of the learner, and here he finds the natural - 
connection be tween the mensuration that he ias studied and 
the new science that he is beginning. The equation and the for- . , 
mula constitute, therefore, the best introduction to the subject. 

Thereafter the work proceeds by important topics, a suflB- 
cient number of carefully., graded drill problems being given ^^ 

with each to allow the teacher to select and change the material 

• • • 
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iv PREFACE 

from year to year. The applied problems include as many as pos- 
/ . sible of the kind met in real life, these necessarily being supple- 

' mented by others that have their chief value in the interest they 
^ , / . / arouse and the drill they give. The topics are those that are found 
in all standard courses of study extending through Progressions 
and the Binomial Theorem, and include a short chapter on the 
practical use of Logarithms. The chapter on Eatio and Propor- 
•tion has been so simplified as to permit of its being placed where 
it naturally belongs, directly after fractional equations, thus allow- 
ing it to precede the work on similar figures in geometry, an ar- 
rangement that is generally recommended at the present time. 
^ _ The authors have attempted to set forth, in simple language, 

•^ . the rnodern idea of function, without carrying the work to an 

unwarranted extreme. They have presented the gr aph in the 
/«•/,' same spirit, introducing it gradually and wiiEE"the definite 
/ purpose of leading the pupil to recognize, through visual aids, 
/ " " ' the nature of negative numbers and the number andT nature of 

the roots of equations. 

Recognizing the importance of the equation, they have kept 
this topic before the student in all the chapters, and, in general, 
they have removed unnecessary barriers between topics when- 
^ (a,, ^-ever this could safely be done. 
^'' Particular attention is called to the Cumulative Review in 

the appendix. This furnishes the opportunity for a careful 
review of all the preceding work at the end of each chapter, 
and the value of the plan will be apparent to every teacher. 

The authors wish to express their thanks to the many teachers 
who have assisted them either by their valuable suggestions or 
by their care in the reading of the proof. Any suggestions for 
further improvement of the work will be gratefully received. 

GEORGE WENTWORTH 
DAVID EUGENE SMITH 
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TO THE TEACHER 

The purpose of the Introduction (Chapter I) to the Went- 
worth-Smith Algebras, as in the case of most other modern 
textbooks, is to put the students in the right attitude of mind 
toward the subject and to lead them to see that algebra has 
something to do with everyday life. Therefore this Introduc- 
tion makes clear at the outset many of the uses and applications 
of algebra. The formula, especially as applied to the equation, 
is the basis of the work, for it is the formula that the artisan 
meets first in his trade journal, that the mechanic needs in 
reading his manual, and that the business man will use if he 
requires algebra at all. 

The exercises in this Introduction need not, however, neces- 
sarily be assigned to the class. The teacher may, if desired, 
utilize th^pi as the basis for talks to the pupils about the new 
subject upon which they are just entering, and as illustrating 
the practical value of the equation and the formula in every- 
day life. An opportunity is thus afforded to show the pupils 
that algebra is a subject of practical value, thus avoiding 
the discouragement incident to the older and more formal 
introduction to this study. In case this plan is followed, the 
formal assignment of exercises may begin with Chapter II. 

The modern demand for making use of the function in alger 
bra is recognized on page 46. This topic is presented in such 
a simple form that any beginner can master it without the 
slightest difficulty. Any teacher who wishes to emphasize 
the subject is thus given an opportunity so to do. On the 
other hand, since the subsequent work does not, except in two 
or three examples which may be omitted, depend upon the 
function notation, the latter need not be given. 

It should also be stated, in general, that all good textbooks 
furnish more material than is needed for the work of abnost 
any class, the purpose being to afford an opportunity for 
varying the assignments from year to year. 

vi 
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CHAPTER I 

INTRODUCTION. CBRTAIN USBS OF AL6BBRA 

1. Nature of Arithmetic. In arithmetic we usually represent 
numbers by figures. If the page of a book is seven inches long 
and four inches wide, we represent these dimensions by 7 in. 
and 4 in. respectively. If we wish to find the area, we say that 

a^ea = 4 x 7 sq. in. = 28 sq. in. 

2. Nature of Algebra. We might state the process of finding 
the area of the page as follows : 

* area = width x length, 

meaning that the number of square inches of area equals the 
product of the number of inches of width and the number of 
inches of length. We do this in algebra, often using initial 
letters, thus : a = wxl 

Usually in algebra, however, we do not indicate multiplicar- 
tion by the sign x . We write wl for w x I, and hence we have 

a = wL 

Arithmetically stated : The number of units of area of a rec- 
tangle equals the product of the nurnber of units of width and 
the number of units of length. 

Algebraically stated : a = wL 

One use of algebra, therefore, is the brief statement of the 
rules of arithmetic. 

1 



2 INTRODUCTION 

3. Arithmetical and Algebraic Statements. A comparison of 
arithmetical and algebraic statements is seen in the following : 

Arithmetic Algebra 

If 1 book costs $2, 3 books If 1 book costs d dollars, 
will cost 3 X $2. n books will cost nd dollars. 

The cost of any nuniber of books If c represents the total cost, 

equals the cost of one book multi- then c = nd. 
plied by the given number of books. 

If a train travels 35 mi. an If a train travels m miles 
hour, in 4 hr. it will travel an hour, in h hours it will 
4 X 35 mi, or 140 mi. travel hm miles. 

To find the distance traveled by If d represents the total distance, 

a train in any number of hours, then d = hm, 
multiply the number of miles per 
hour by the number of hours. 

4. Formula. A rule stated algebraically, in letters, is called 

a formula. 

For example, c = nd, and d = ^m, given above, are formulas. 
Algebra enables us to express many of the rules of arithmetic very 
briefly by formulas. 

None of the formulas should be memorized unless it is so stated. 

In arithmetic we learn how to find the volume of an ordi- 
nary box. We say that the volume is equal to the product of 
the length, width, and height. In algebra, using initials as 
before, we represent this by the formula 

V = Iwh, 

In this case, if i= 3, lo = 2, and /i = 1, we have 

t7 = 3x2xl=6. 

In writing algebraic forms it is not customary to express denominations 
like feet and inches. In arithmetic we would say that if i = 8 in., w = 2 in., . 
and A = 1 in., v would equal 3 x 2 x 1 cu. in., or 6 cu in. ; but in algebra 
we omit the inches and cubic inches. 

If i = 4, 10 = 3, and ^ = 2, we have, as before, . 

© = 4x3x2 = 24. 

We therefore say that the volume of the box is 24 ou. in. 
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Exercise 1. Formulas 

Examples 1 to 10, oral — Examples 11 to 13, written 

1. If a rectangle is Sin. long and 4 in. wide, how many 
square inches of area does it contain ? 

2. If a rectangle has a base of 12 in. and a height of 
4 in., what is its area? 

3. If a rectangle has a base h inches and a height h inches, 
what is its area ? 

4. If a rectangle is I inches long and w inches wide, how 
many square inches of area does it contain ? 

5. If 1 yd. of velvet costs $2, what will 9 yd. cost ? If 1 yd. 
eosts d dollars, what will y yards cost ? 

6. At the rate of 3 mi. an hour, how far will a man walk 
in 2hr.? At the rate of m miles an hour, how far will he 
walk in h hours ? 

7. Read from the formula a = mn the rule for finding the 
area of a rectangular field m rods wide and n rods long. 

8. Read from the formula v = pqr the rule for finding the 
volume of a rectangular box p inches long, q inches wide, and 
r inches deep. 

9. Read from the formula c = nd the rule for finding the 
cost (c) of a number of things when the cost of each (d) is given. 

10. Read from the formula n = c -i- d the rule for finding 
the number of articles purchased when the cost of all (c) and 
the cost of each (d) are given. 

11. Write a formula for the average cost (d) of each of n 
things when they cost c dollars in all. 

12. Write a formula for the cost (c) of /feet of iron pipe at 
n cents a foot. Write the formula so as to express the result 
in cents ; in dollars. 

13. If n is any integer, is 2 ti an even number or an odd one ? 
Why ? What is the value oi2n when n = 197 ? 276 ? 997 ? 
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5. Formula for the Parallelogram. It is usually shown in 
arithmetic that the area of a parallelogram, like the area of a 
rectangle, equals the product of its 
base and height. We may therefore 
express this in algebraic form thus : 
a = hh. 

For the triangle T may be cut off and placed at JT, so as to make a 
rectangle of area hh. 

If 6 = 5 and A = 3, then a = 6A = 6 x 3 = 15. If & and h represent 
inches, then a represents square inches. When we speak of the product 
of two lines we mean the product of their numerical values. 

6. Formula for the Triangle. It is also shown in arithmetic 
that the area of a triangle equals half the prod- 
uct of its base and height. This is expressed in 
algebraic form thus : a = \hh. 

This triangle may be cut as here shown so that it is seen 
to be half of the rectangle of base b and height h, 

If6 = 7andA = 10j,thena=J6A=Jof7xlOj = 36J. 




Exercise 2. The Parallelogram and Triangle 

Examples 1 to 6, oral — Examples 7 to 11, written 

1. If ^ = 4 and h = 3, what is the value of bh? of J hh ? 

2. li b = 60 and h = 5, what is the value of bh? oi ^bh? 

GHven a = bhj find the valite of a when : 

3. b = eO,h = 11. ' 5. 6 = 20, A = 12. 

4. 5 = 46, A = 10. 6. ft = 22, A = 10. 

GHven a = \bh, find the value of a when : 

7. ft = 48, A = 25. , 9. ft = 24.8, A = 4.75. 

8. ft = 36, A = 19 J. 10. ft = 63.2, A = 19.65. 

11. A playground is I feet long and w feet wide. Find the 
area in square feet. What is the number of square feet when 
I = 124 and t^ = 62 J ? 
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7. Symbols. The following symbols of operation are among 
the ones that are most commonly used : 

Arithmetic Algebra 

Addition 4 + 3 a-\-b. 

Subtraction 4 — 3 a — b. 

Multiplication 4x3 a x b, a • by ot db. 

Division 4 -*- 3 a -5- 5, a : ft, or y • 

In algebra the fraction form is the most common one for expressing 
the division of one quantity by another. 

Second power (square) i)^ means 5 x B-, a^ means aa. 

The second power, or square, of a number means the product arising 
from taking the number twice as a factor. 

Third power (cube) 5^ means 5 x 5 X &; a^ means aaa. 

The third power (cube) of a number means the product arising from 
taking the number three times as a factor, and so for other powers. 

Square root Vi means the square Va means the square 

root of 4, or one of root of a, or one of 
the two equal fac- the two equal fac- 
tors of 4. tors of a. 

If a = 3, then va can be expressed only approximately as a decimal 
fraction, and similarly for a = 6, a = 7, and so on. 

Cube root V27 means the cube "V^ means the cube 

root of 27, or one root of ft, or one 
of the three equal of the three equal 
factors of 27. factors of ft. 

It is customary to use the symbol .*. for " therefore." 

8. Monomial. An algebraic expression in which the parts 

are not separated by the signs -}- or — is called a monomial. 

Thus a, 3 cib, a% and Va are monomials. By an algebraic expression 
we mean any expression in which letters are used to represent some or 
all of the numbers, like a +6, 3a, 2n + l. 

9. Polynomial. An algebraic expression consisting of two 
or more monomials is called a polynomial. 

Thus a + 5, 3a — 46, 2n + l, and a — b -{■ c are polynomials. 
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10. Terms of a Polynomial. The monomials that make up a 
polynomial are called the terms of the polynomial. 

A polynomial is called a binomial if it has only two terms, 
and a trinomial if it has only three terms. 

The terms of the binomial a + 3 6 are a and 3 b. 

The terms of the trinomial a + 36 + c are a, 36, and c. 

11. Symbols of Aggregation. Symbols that indicate that cer- 
tain terms are to be treated as one number or one quantity are 
called symbols of aggregation. 

The most common of these are the parentheses, brackets, and bar. 
Others will be given when needed. Thus 2 x (6 + 7), 2 x [5 + 7], or 
2x5 + 7 means that 6 and 7 are to be added before we multiply by 2 ; 
e ach is read *' twice the sum of 5 and 7," and equals 24. The expression 
v3 + 6, having the bar extending from the root sign over 3 + 6, means 
that 3 and 6 are to be added before we extract the square root. 

12. Order of Operations. In an algebraic expression the oper- 
ations are performed in the following order, unless some sym- 
bols of aggregation direct otherwise : 

1. Powers and roots, 

2. Multiplications and divisions y and these are taken in the 
order in which they occur. 

3. Finally, additions and subtractions, and these wAiy be taken 
in the order in which they occur or in any other order. 

Thus Vi^ means that we first cube 4, the result being 64 ; then take 
the square root of 64. It will be seen that we get the same answer if we 
first extract the square root of 4 and then cube the result. 

In the case of a^b + c -^ d we first square a ; we then take the product 
of a* and b ; we then divide c by d ; and finally we add the results. 
Thus if a = 2, 6 = 3, c = 10, and d = 6, we have 

22 x3 + 10 -4-6 = 4x3 + 10 -6 = 12 + 2 = 14. 

Similarly, we have the following : 

2\/4 + 6-f-2x3 = 2x2 + 6-5-2x3 = 4 + 3x3 = 4 + 9 = 13; 

6x5-22x8 + 12-r-2 + 2 = 25-4x3 + 6+2 = 21; 

V3 + 6 + 15 -4-5-2 + 7x6 = 3 + 8- 2 + 42 = 46; 

24-^12x22-5 + 2 = 24-f-12x4-5 + 2 = 2x4-5 + 2 = 6. 
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13. Formula for the Trapezoid. It is usually shown in arith- 
metic that the area of a trapezoid equals half the product of 
the sum of the two parallel sides multiplied by the height. 

For a trapezoid D, equal to the given trapezoid T, may be turned over 
and put down by the side of T, as here shown. The whole figure, or 
tvnce the trapezoid, then equals a parallelogram whose base is the sum 
of the parallel sides of the trape- 
zoid. The trapezoid is therefore / T \ D 
half this parallelogram. 



We indicate this in algebraic form as follows : 

where a is the area, b and ft' (" ft prime ") are the two parallel 
sides, usually called the bases, and h is the height. 

The parentheses show that b and 6' are to be added before being 
multiplied hj h. ^ 

Thus if 6 = 6, h' '= 6, and A = 4, we have a= ^(b + b^h=^(6+6)x4^ 
= i of 11 X 4 = 22. 

Exercise 3. The Trapezoid 

Examples 1 to 7, oral — Examples 8 to IS, written 

1. Find the value of b-{-b\ wHen b==l, ^'==9; when 
ft = 7, ft' = 9i ; when ft = 7|, ft' = 9J. 

2. Find the value of (ft -f- ft') A, when ft = 4, ft' = 5, A = 3. 

Given a = J^ (6 + 6') A, find the value of a when : 

3. ft = 6, ft' = 4, A =. 3. 8. ft = 24, ft' = 9.5, h = 7.2. 

4. ft = 9, ft' = 5, A = 7. 9. ft = 34, ft' = 16, ^ = 19. 

5. ft = 10, ft'= 8, A = 6. 10. ft = 38, ft'= 9.8, h = 8.6. 

6. ft = 13, ft' = 7, A = 7. 11. ft = 5.9, ft' = 3.4, h = IJ. 

7. ft = 19, ft' = 5, A = 4. 12. ft = 4|, ft' = 3J, A = 2J. 

13. A playground is in the form of a trapezoid, with bases 
X and y, and with height z. What is the area? How many 
square rods are there in the playground if a; = 30 rd., y = 26 rd., 
and « = 24 rd. ? if aj = 34 rd., y = 2S rd., and z = 30 rd.? 
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14. Evaluation of an Expression. The substitution of numer- 
ical values for the letters in an algebraic expression, and the 
reduction of the result to simplest form, is called the evaluation 
of the expression. 

Thus to evaluate 2 n for n = 6, substitute 6 for n and we have 2 x 5 = 10. 

Exercise 4. Evaluation of Expressions 

Examples 1 to 7, oral — Examples 8 to SO, written 

1. What are the terms of the binomial a -f ft ? Evaluate it 
for a = 1 and ft = 2. 

2. What are the terms of the trinomial x-\-y + z^? Evaluate 
it for a; = 1, y = 1, « = 1. 

3. In the expression 4 x. (5 -f 2), which operation is per- 
formed first ? Which next ? What is the result ? What is the 
value of 4 X 5 + 2 ? What is the value of 4x5 + 2x3-^3? 

Evaluate the foUovnng : 

4. a = h^] ft = 3. 8. 2a;2-f3aj + l; cc = 10. 

5. a = ftA; ft = 12, ^ = 4. 9. 3a;«-f 4a;24-2a; + 3; a;=10. 

6. a = hh) ft = 22, A = 6. 10. a + 6ft ; a = 7, ft = 1. 

7. a = iftA; ft=22,A = 10. 11. (a + ft)^ a = 1, ft = 2. 

12. {a-bf\ a = 7, ft = 2 ; also a = 10, ft = 5. 

13. a^ - 2 oft -h ft^ a = 7, ft = 2 ; also a = 10, ft = 5. 

14. a^ — ft* ; a = 5, ft = 3 ; also a = 2, ft = 1. 

15. (a 4- ft) (a — ft) ; a = 6, ft = 3 ; also a = 2, ft = 1. 

16. (a + ft)'; a = 4, ft = 3 ; also a = 2, ft = 10. 

17. a» + 3 a^ft H- 3 aft* -F ft»; a = 4, ft = 3 ; also a = 3, ft = 4. 

18. (a - ft)'; a = 23, ft = 4 ; also a = 49, ft = 43. 

19. Va*-F2ff.ft + ft*; a = 4,ft = 2; alsoa = 5,ft=3; a = 7,ft=l. 

20. Va* — 2aft + ft*; a = 5, ft = l; alsoa = 5, ft=3; a = 6^ft=6. 
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Exercise 5. Writing Algebraic Expressions 

Examples 1 to 14, oral — Examples 15 to 22, written 

1. Reiad4 + 7; a-^rhy 3a + ft; 3a + 5*. 

2. Read 9 — 5; a — 5; 7a — 5; 7a — 4i. 

3. Read 2x7; axh\ ab; Sab-y a(b + c)] x(a + b + c). 

4. Read 9-^3; a-^3; a-s-ft; 3a-5-5; 9a-i-b; 9a-i-7. 

5. Read 2n; 27i + l; 2n — l, What is the value of each 
when w = 3 ? when w = 5 ? when w = 10 ? 

6. Read Jw; Jw; f n; |». What is the value of each 
when ?i = 12 ? when n = 24 ? when n = 10 ? 

7. How many feet in a yard ? in 5 yd. ? in n yards ? 

8. How many inches in a foot ? in 2 ft. ? in w feet ? 

9. How many ounces in a pound ? in 10 lb. ? in » pounds ? 

10. If 1 yd. of cloth costs 20^, what will 3 yd. cost ? n yards ? 

11. If 1 lb. of tea costs $J, what will 4 lb. cost ? n pounds ? 

12. Read 2ft.; 2yd.; 2/i; 2a;; 2 mi. ; 2m; 2 A.; 2a. 

13. Read3ft. 2in.; 3ajH-2y; 3a + 25; ♦3 + 2^. 

14. Read 7 ft. - 2 in. ; 7 yd. - 2 ft. ; ^7 - 2^; 7x- 2y, 

15. Write the sum of 2 and y ; of a; and y, of 2 aj and y, 

16. -Indicate the subtraction of y from 7 ; oi y from aj. 

17. Write the products : 2 times a; ; 2 times y ; a; times y. 

18. Write the quotient of x divided by 2, both as a fraction 
and with some other sign of division. 

19. In the same two wgys write the quotient of 2 a; divided 
by 3 ; of 2 a; divided by y ; of 2 aj divided by 3 y. 

20. Write the sum of 5x^, 7 x, and 2. What is its value 
when a; = 10 ? What is its value when a; = 20 ? 

^ 21. Write the sum of 7 a^, 2 a:^, 3 x, and 6. What is its value 
when a; = 10 ? What is its value when aj = 20 ? 

22. Write th6 sum of 2 aj*, 3 a*, 3 «*, 7 a;, and 5. What is its 
value when x = 10 ? What is its value when « = 1 ? 
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15. Formula for the Circumference. It is usually shown in 
arithmetic that the circumference of a circle equals nearly 
3.1416 X the diameter. In mathematics the number 3.1416 — y 
or 3.14159 -f-, which is nearly Z\^ is represented by the Greek 
letter tt (pronounced pi). We may therefore 
express this law as follows: 

c = irdy 

where c stands for circumference, d for diameter, 
and TT for nearly 3j^, or nearly 3.1416. 

Since the diameter equals twice the radius, we may write 2 r 
for d^ and have c = 7rx2r, orc = 2 Trr. 

Thus if d = 7, and we take 3^^ or -^ as the value of ir, we have 

c = TTd = sl X 7 = 22. 
If r = 5, we have c = 27rr = 2x3fx6 = 31f . 

Exercise 6. The Circumference 

Examples 1 to 4, oral — Examples 6 to 21, written 

1. If TT = 3| and c? = 7, find the value of ird, 

2. If TT = 3| and r = 3 J, find the value of 2 r ; of 2 ttt. 

Ghiven e = ird = 2irry and taking ir = 3^^ find c when : 

3. d = 14. 5, d = 3.5. 7. r = 77. 9. r = 6.3. 
4t. d = 21. 6, d=: 4.9. 8. r = 3.5. 10. r = 9.1. 

Taking ir = 3.1416, find c when : 

11. d=^ 10. 13. d = 50. 15. r = 30. 17. r = 2j. 

12. d = 20. 14. d = 25. 16. r = 40. 18. r = 7.5. 

19. A boy measures the diameter of his bicycle wheel and 
finds it to be 28 in. What is the circumference ? 

20. A workman measures the diameter of a steel shaft and 
finds it to be 3/^ in. What is the circumference ? 

21. If you describe a circle with a radius of 12 in., how many 
inches will there be in the circumference ? 
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16. Formula for the Area of a Circle. It is usually shown in 
arithmetic that 

1. The area of a circle equals half the product of the cir- 
cumference and radius ; that is, a = J cr. ^ - .^ 7^ 2^- -y • 

2. The area of a circle equals ir times the square of the 
radius ; that is, a = tt/^. 

Thus if r = 10, we have a = irr^ = 3.1416 x 102 = 314.16, taking 3.1416 
for TT. If r represents the number of feet, the area is in square feet ; if r 
represents the number of inches, the area is in square inches. 

Exercise 7. Area of a Circle 

Examples 1 to 4, oral — Examples 5 to 23, written 

1. If r = 1 and c = 6^, what is the value of or ? of J cr ? 

2. If r = 10 and c = 63, what is the value of cr ? of J cr ? 

3. If r = 1 and ir = 3 j, what is the value of r^ ? of ttt^ ? 
4. . If r = 2 and tt = 3f , what is the value of t^ ? of m^ ? 

Given a = ^cr^ find a when : 

5. r = 5, c = 31.416. 8. r = 2^, c = 15.708. 

6. r = 10, c = 62.832. 9. r = 25, c = 157.08. 

7. r = 20, c = 125.664. 10. r = 50, c = 314.16. 

Ghiven a = tt/^, and talcing ir = 3j^ find a when : 

11. r = 7. 13. r = 14. 15. r = 2.8. 17. r = 4.9. 

12. r = ^. 14. r = 2.1. 16. r = 35. 18. r = 7.7. 

Given a = tt/^, and taking ir = 3,1416^ find a when : 
19. r = 5. 20. r = 10. 21. r = 20. 

22. How many square feet in the area of a cir- 
cle whose radius is 2 ft.? (Take ir = 3.1416.) 

23. How many square inches are there in the 
area of this kite ? (Take ir = 3|. Also find the 
result when 3.1416 is taken for tt.) 
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Exercise 8. Evaluation of Expressions 

Examples 1 to 9, oral — Examples 10 to S3, written 

1. Evaluate a + ft for a = 7, ^ = 5 ; for a = 9, ft = 11. 

2. Evaluate 2 a + ft for a = 1, ft = 5 ; for a = 6, ft = 5. 

3. Evaluate 2 a + 3 ft fora = l, ft = l; for a = 2, ft = 1. 

4. Evaluate a •— ft f or a == 7, ft = 5 ; for a = 9, ft = 7. 

5. Evaluate 4 a — ft for a = 1, ft = 1 ; for a = 2, ft = 1. 

6. Evaluate oft for a = 2, ft = 3 ; for a = J, ft = 12. 

7. Evaluate a -*- ft for a = 6, ft = 2 ; for a = 9, ft = 3. 

8. Evaluate 2 w f or w = 1 ; f or w = 7 ; f or w = 12 ; f or w = 47. 

9. Evaluate 2 n -f 1 for n = 1 ; for » = 7; f or n = 59. 

Copi/ and write the values : 

10. Sn-j 71 = 7,5,9,39. 15. 5w-l; n = 43, 72,67. 

11. 3w + l; 71 = 7,6,11,77. 16. 671; 71 = 32,48,79,87. 

12. 371-1; 71 = 5,7,16,28. 17. 671 + 1; 71 = 75,97,128. 

13. 5n; 7i = 17, 39, 179. 18. 77i + 1 ; 7i = 36, 42, 88. 

14. 571 + 1; 7^ = 26,37,79. 19. 77i-l; 71 = 44,78,96. 

Taking ir = 3,1416^ evaluate the following : 

20. 2 7rr; r = 15. 25. 2 7rr; r = 37. 

21. TTT*; r = 12. 26. irr^; r = 75. 

22. TTT^A; r = l, A = 3. 27. irr^h; r = 2,h = 7. 

23. 4717^; 7- = 12. 28. 47n^; 7- = 7i. 

24. f7rr»; r = 9. 29. jW»; r = 12. 

30. If a; =? 21, find the values ofa: + 7; a; — 7; 7ic; a-*- 7. 

31. If a; = 51, find the values of 96 + aj ; 96 — a; ; 96 a;. 

32. If a; = 75, find the values of a; + 25 ; X'-25; 25x. 

33. A rectangular subway is to be made w feet wide and h feet 
high. The earth weighs p pounds per cubic foot. How many 
tons of earth will be removed in I feet of length ? Evaluate 
the result for w; = 35, A = 16, Z = 1000, p = 70. 
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17. Passing from Words to Symbols/ One of the great values 
of algebra is its power of expressing words by symbols. This 
we have already seen in several formulas. 

For example, instead of writing ** the square of some number added 
to four times the number, and the sum diminished by 7,*' we may write 
X* + 4x — 7, or n* + 4n — 7. 

To express algebraically five times any number, we may write 5n, 
5JV, or 52, etc. Capital letters are often used, particularly in formulas. 

Exercise 9. From Words to Symbols 
Examples 1 to S, oral — Examples 4 to SO, written 

1. Express algebraically three less than twice any numberi 

2. Express algebraically the sum of any t^o numbers ; twice 
the sum of any two numbers. 

3. Express algebraically the difference of any two numbers ; 
three times the difference ; half of the difference. 

Write in figures^ udng tJie appropriate signs: 

4. 6 times the sum of 4 and 5. 

5. 5 times the difference between 17 and 8. 

6. I of the sum of 9, 16, 18, 27, 33, and 36. 

Express algebraically : 

7. n times the sum of a and 3 ; of a and 3 h. 

8. n times the difference between 19 and 7 ; between a and b 

9. 7 less than twice a ; than half of a ; than a times b. 

10. y more than the quotient of a divided by 6. 

Ea^ess the cost of: 

11. 3 things at 5^ each ; n things at 5^ each. 

12. n things at c cents each ; at 3 c cents each. 

13. n things at 60^ a dozen ; at c cents a dozen. 
14» n things when a of them cost c cents. 

15. X things at 4 for 25^; at n for c Q^nts ; at fc for 3^. 
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State the distance traveled in : 

16. 3 hr. at 3 mi. per hour ; h hours at m miles per hour. 

17. T hours at 46 mi. per hour ; at m miles per hour. 

18. t hours at 1 mi. in 2 min. ; at M miles in H hours. 

19. m minutes at 4 mi. per hour ; at a miles in b hours. 

Expresi algebraically the following statements : 

20. The square of the sum of two numbers ; the sum of the 
squares of the numbers. 

21. The square of the difference of two numbers ; the differ- 
ence of the squares of the numbers. 

22. The sum of two numbers is equal to their difference plus 
twice the smaller number. 

23. The sum of two numbers plus their difference is equal 
to twice the larger number. 

24. The sum of the squares of two numbers is equal to twice 
the product of the numbers, plus some other number. 

25. The weight in pounds of a pine beam with a square end 
is 40 times the length multiplied by the square of the thickness, 
the foot being the unit. 

26. The weight in pounds of a cube of granite is 168 times 
the third power of its edge, the foot being the unit. 

27. The square of the sum of two numbers equals the sum 
of their squares, together with twice their product. 

28. The square of the difference of two numbers equals the 
sum of their squares, less twice their product. 

29. The product of the sum of two numbers and the differ- 
ence of the numbers equals the difference of the squares of the 
numbers. 

30. The sum of two numbers multiplied by the larger num- 
ber equals the square of the larger number together with th^e 
product of the two numbers. 
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Exercise 10. FormulAS 

Examples 1 to 12, oral — Examples 13 to 33, written 

1. It is usually shown in axithmetic that the volume (y) of 
a cylinder equals the product of the base (h) and height (A). 
Express this in a formula. 

2. It is also shown that the volume equals the 
product of the height and tt times the square of tte 
radius of the base. Express this in a formula. 

Hoepress the following statements in formulas: 

3. The volume (V) of a cube equals the third power of an 
edge {e). 

4. The entire surface (5) of a cube equals six times the 
second power of an edge (e). 

5. The lateral (or side) area of a cylinder equals the prod- 
uct of the circumference and height. (Use L for lateral area, 
c for circumference, and h for height.) 

6. The lateral area of a cylinder equals 3.1416 times the 
diameter multiplied oy the height. 

7. The lateral p,rea of a cylinder equals twice 3.1416 times 
the radius multiplied by the height. (Use r for radius, and in 
general use the initial letter for a word in a formula.) 

8. The volume of a prism equals the product of the base 
and height. 

9. The volume of a cylinder equals the product of the base 
and height. 

10. The volume of a cylinder divided by the base equals 
the height. 

11. The volume of a pyramid equals one third the product 
of the base and height. 

12. The volume of a pyramid divided by one third the height 
equals the base. 
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13. The volume of a cone equals one third the product of 
3.1416 times the square of the radius of the base multiplied by 
the height. 

14. The formula for the lateral surface of a cone in terms of 
the circumference (c) of the base and the distance (k) from the 
vertex to the circumference of the base is Z = J kc. 
Write this as an ordinary sentence. 

15. The formula for the lateral surface of a 
cone in terms of the radius of the base and the 
distance from the vertex to the circumference of 
the base is I = irkr. Write this as an ordinary 
sentence. 

16. The formula for the surface of a sphere is « = 4 ttt*. 
Write this as an ordinary sentence. 

17. How many square inches in the surface of 
a sphere of which the radius is 7 in. ? 

18. The formula for the volume of a sphere is 
V = ^ TTT*. Write this as an ordinary sentence. 

19. How many cubic inches in the volume of a sphere of 

which the radius is 7 in. ? 

• • 

20. The square on the hypotenuse of a right triangle is, as 
seen in the following figure, equal to the sum of the squares 
on the other two sides. Letting AB = x, BC = y, and AC = z^ 
we have z^=a^-{'i/^, ov z= V^-f-^. Suppose a = 4 and y = 3, 
find the' value of z. 

21. Given z = VoM-pj find the value of 
z when a; = 24 and y = 32. 

- 22. In the same formula find the value of 
z when a; = 36 and y = 27. 

- 23. In the same. formula find the value of 
z when x = 33 and y = 44. 

24. In the same formula find the value of z when a; = 48 and 
y = 36; when x = 5.1 and y = 6.8; when x = 0.51 and y = 0.68. 
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25. If an automobile has a constant rate of 12 mi. an hour, 
how far will it go in 3 J hr. ? Write a formula for d^ the dis- 
tance that it will go in t hours, at v miles per hour. 

26. What is the volume of a box 12 in. long, 8 J in. wide, and 
6 in. deep ? Write a formula for v, the volume of a box that 
is I inches long, w inches wide, and d inches deep. 

27. The formula for the radius of a circle in terms of the 
circumference is r = - — Write this as an ordinary sentence. 

Z IT 

28. If it is c inches around an iron pipe, the diameter is 
— inches ; that is, <:? = — • Write this as an ordinary sentence. 

TT IT 

29. The circumference of a water pipe is 22 in. Using the 
formula in Ex. 28, and taking 3f as the value of tt, find 'the 
diameter. 

30. The circumference of a wheel is 13. 2 ft. Find the diam- 
eter. Find the radius. 

31. A man who runs a stationary engine for hoisting iron 
reads in a book about engines that if s is the area of the 
outside shell of his boiler and h is the heating surface, 
then h^\s. What does this mean ? What is the value of 
A if « = 120^^1 sq. ft. ? 

32. A foreman of a shop has a - 
hoist like this for lifting heavy 
weights. He reads in a trade jour- 
nal that in order to lift a weight 
Wy the power P must be such that 
p = J TT. What power must his p/ 
engine apply to the cable so as to ^^^^yyyy^yy^^^^^^ 
lift a weight of 18,000 lb. ? 

33. I'he volume of a cylinder being represented by t; = tt/^A, 
what will the water in a cylindrical water tank weigh when 
r = 7, A = 10, TT = 3j, the dimensions being in feet and the 
weight of 1 cu. ft. of water being 62 J lb. ? 
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Exercise 11. Formulas and Problems' 

Examples 1 to 4, oral — Examples 5 to 11, written 

1. State in your own language the rule for finding the area 
of a rectangle. State this as a formula. 

2. State the rule and also a formula for finding the area of 
a triangle. 

3. State the rule and also a formula for finding the area of 
a parallelogram. 

4. State the rule and also a formula for finding the circum- 
ference of a circle. 

Write the formulas for the following rules^ using initial 
lett^rSy and evaluate for the given values of the letters : 

5. The volume of a prism equals the product of the base 
and height. (Let ^> = 27, A = ^,) 

6. The volume of a cube equals the third power of the 
edge. (Let e = 21.3.) 

7. The volume of a pyramid equals one third the product 
of the base and height. (Let h = 48, h = 35.) 

8. The volume of a cylinder equals approximately 3.1416 
times the square of the radius, multiplied by the height. (Let 
r = l,A = 2.) 

9. The volume of a cone equals one third of ir times the 
square of the radius of the base, multiplied by the height. 
(Let r = 10, A = 30, TT = 3.1416.) 

10. The volume of a sphere equals four thirds of 3.1416 
times the cube of the radius. (Let r = 2. 
Also solve for r = 10.) 

11. If the radius of the large circle in this 
figure is R and the radius of each of the 
small circles is r, write a formula for the area 
of that part of the large circle not covered by 
the small circles (see § 16). Evaluate for R = 10.77, r =: 5, 
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Exercise 12. Commercial Formulas . 
Examples 1 to 4, oral — Examples 5 to 14, written 

1. At 6% a year, what is the interest on $200 for 1 yr.? 

2. If ?• is the rate for 1 yr., what is the interest on p dollars 
for 1 yr. ? 

3. At 6% a year, what is the interest on |200 for 2 J yr.? 

4. If r is the rate for 1 yr., what is the interest on j> dollars 
for t years ? 

5. If the list price of some goods is $575 and a discount 
of 10% is allowed, what is the discount ? What is the net 
price ? . 

6. If the list price of some goods is I dollars, and the rate 
of discount is r, what is the discount ? Write a formula for n, 

.the net price. 

7. If some stock is selling 7% below par, what will be the 
cost of $1500 worth, par value, brokerage not considered ? 

8. If some stock is selling at r% below par, what will be the 
cost of J) dollars' worth, par value, brokerage not considered ? 

9. What is the amount of principal and interest of $1700 
for 2 yr. at 5% ? 

10. What is the amount of principal and interest of p 
dollars for t years, the rate of interest being r? 

11. A trade price list gives the cost in dollars per foot of 
sewer pipe of diameter d inches, as follows : c = 0.004 d^ + 0.14. 
Find the cost of 300 ft. «)f 16-inch pipe. 

12. From the formula of Ex. 11, find the cost of half a mile 
of 18-inch pipe. 

13. From the formula of Ex. 11, find the cost of 30 rd. of 
8j-inch pipe. 

14. If the amount of d dollars on interest for n years at r% 
is rf(l + nr<^c)j what is the amount of $750 for 3^ yr. at 5% ? 
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. Exercise 13. Shop FormulM 

Examples 1 to 4, oral — Examples 6 to 16, written 

1. Given ^ = 7, A = 9, what is the value of bh ? 

2. Given b = 12, h = 20, what is the value of^bh? 

3. Given r = 10, what is the value of r^ ? of r* ? 

4. Given r = 1, tt = 3^, what is the value of irr^ ? 

5. The diameter of a steel shaft of circumference c is 

— • Evaluate to two decimal places for c =■ 10, tt =. ^. 

TT 

6. A bar of metal has for cross section an equilateral tri- 
angle each side of which is s. The area of the cross section is 

given by the formula a = \s^ Vs. Find to two decimal places 
the area of the cross section when 8 = 1, 

7. The foreman of a shop reads in his book of instruction* 
that the safe load (T) in pounds that can be hoisted by a rope 
c inches in circumference is given by the formula I = 100 c^. 
How many pounds can he safely allow for a rope that is 2\ in. 
in circumference ? 

8. A carpenter wishes to put up a circular arch of height h 
a,nd span 2 s. It is necessary to find the radius of the circle so 
that he may make his pattern. He knows that 

r = — x-T — Find the radius, given A = 2, « = 4. 

JU lb 

9. The area of a pircle with radius a being Tra^ and of one 
with radius b being irh^y the area of the ring between the two 
circumferences is ira? — irb^. What is the area of 
the ring if a = 7, J = 4, and tt = 3| ? 

10. A workman needs to find the area of the 
metal in a cross section of iron pipe of which the 
exterior diameter is 10 in. and the interior diameter 9 in. 
Find this from the formula ira^ — irb^, where a and b are 
radii (semidiameters), and tt = 3i^. 
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11. In the shop a workman has to cut a circular hole in a 
circular iron plate. The diameter of the plate is 12 in. and 
the diameter of the hole is 7 in. The formula foe the area of 
a circle in terms of the diameter is J ttcP. Required the area 
of the circular plate left after cutting the hole. Take ir = 3}. 

12. On the roof of a shop is a water tank in which the sur- 
face of the water is 40 ft. above the ground, and from the 
tank a pipe leads down through the shop. The owne* wishes 
to find how strong this pipe must be so that it will not burst. 
He reads in a book on water pipes that the formula for the 
pressure of water in pounds on every square inch, the surface 
of the water being h feet above the ground, is denoted by the 
formula p = 62^ h -^ 144. What is the pressure on the pipe 
at the level of the ground ? 

13. Given v = irr^h as the formula for the volume of a cylin- 
der, find the weight of a steel shaft 6 ft. long and 2 in. in 
diameter, a cubic inch of steel weighing 0.283 lb. 

14. This circular plate has a radius of r inches. 
A square hole s inches on a side is cut in the 
plate. What is the area of the remaining part ? 

15. A machinist is making a "crank pin" 
(a kind of bolt) for an engine, according to this drawing. 
He considers it as weighing the same as three steel cylinders 
having the diameters and lengths 
in inches as here shown, where 7|" 
means 7| in. He has this formula 
for the weight (w) in pounds of a 
steel cylinder where d is the diam- 
eter and I is the length in inches : w = 0.07 irdH. Taking 
IT = 3^, find the weight of the pin. 

16. The volume of a cylinder being represented by v = ttt^A, 
what will the water in a cylindrical water tank weigh when 
r = 9 f t., A = 10 ft, TT = 3^, and the weight of 1 cu. ft of water 
is 62 J lb. ? 
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18. Equation. An expression of equality between two num- 
bers or quantities is called an equation. 

For example, x + 5 = 7. This means that some number increased by 
5 equals 7. Evidently this number is 2. 

In this equation x is usually called the unknown quantity. It is really a 

number to be determined . Unknown quantities are usually represented by 

X, y, or z, or else by initial letters, such as p for pounds or d for dollars. 

• In this equation x + 6 is called the first member and 7 is called the 

second member, 

Exercise 14. Using Subtraction 

Examples 1 to 10, oral — Examples 11 to 18, toritten 

1. What number increased by 4 equals 7 ? In the equation 
71 4- 4 = 7 what is the number n ? 

2. What weight increased by 5 lb. equals 11 lb. ? In the 
equation ^ + 5 = 11 what is the value oi p? 

3. What number increased by 7 equals 15 ? What is the 
value of X in the equation 
a; 4- 7 = 15? 

4. If these scales balance 
when we place (x + 6) oz. on 
one side and 15 oz. on the 
other side, how much will 
be left on each of the sides 
if we take 6 oz. from each ? What is the value of aj ? 

5. If we take 10 oz. from one side, how much must we 
take from the other side to keep the scales balanced? 

6. If equals are subtracted from equals, what can be said 
of the remainders ? 

Find the value of x in the following : 

7. a; + 9 = 21. 11. x -f 1.7 = 9.1. 15. x + 9^ = lOJ. 

8. aj + 19 = 21. 12. a + 5.7 = 9.2. 16. a; + 3^ = 4^. 

9. aj -f 19 = 49. 13. X -}- 0.76 = 0.93. 17. aj -f 5f = 7f . 
10. aj -f 29 = 79. 14. x -h 0.77 = 0.95. 18. x + 9^ = lOf. 
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Exercise 15. Using Division 

Examples 1 to 19 oral — Examples 20 to 29, written 

1. If twice a certain number equals 16, what is the num- 
ber ? If 2 n = 16, what is the value of n ? 

2. If 5 times a certain number equals 35, what is the num- 
T3er ? If 5 » = 35, what is the value of » ? 

3. At 6^ each, how many oranges can I buy for 48^ ? If 
6 n- = 48, what is the value of n- ? 

4. At 12^ a yard, how many yards of ribbon can I buy for 
48^ ? If 12 r = 48, what is the value of r ? 

5. At 40^ a dozen, how many dozen eggs can I buy for 
$1.60 ? If 40 e = 160, what is the value of e ? 

6. If I put equal weights on the two sides of some scales 
like those shown on page 22, then \ of the weight on one side 
will just balance what part of the weight on the other side ? 

7. If equals are divided by equals, what can be said of the 
quotients ? 

Find the value of x in the following : 

8. 2aj = 6. 14. 7 aj = 21. 20. 13a; = 117. 

9. 3aj = 9. 15. 9a; = 63. 21. 17 a; = 119. 
10. 3 a; = 6. 16. 7 a; = 91. 22. 16 a; = 128. 

.11. 4 a; = 8. 17. 4 a; = 72. 23. 1.9* a; = 11.4. 

12. 5x = 5. 18. 5 a; = 75. 24. 2.3a; = 25.3. 

13. 6 a; = 6. 19. 6 a; = 72. 25. 0.27 a; = 0.324. 

26. What number multiplied by 15 equals 240 ? 

27. What number multiplied by 17 equals 221 ? 

28. A man paid $780 for a certain number of cattle at $65 
a head. How many did he buy ? 

29. A dealer paid $10,325 for some automobiles at an average 
price of $1475 each. How many did be buy ? 
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Baierciae 16. Using Addition 

Examples 1 to ISy oral — Examples 14 to SO, written 

1. What must be added to 3 to make 8 ? to 8 — 5 to make 
8 ? to a; — 5 to make x? to n — 6 to make n ? 

2. li X — 5 = 20y what must be added to these equals to 
make the first member x ? What does the second member then 
become ? What is the value oix? 

'3. If n — 7.= 31, what must be added to these equals to 
make the first member n ? What is the value of n ? 

4. If n — 9 = 35, how will you proceed to find the value 
oi n? What is the value of n ? 

5. If 6 is subtracted from a certain number, the result is 12. 
What is the number ? 

6. If equals are added to equals, what can be said of the 
results ? 

Find the value of x in the following : 

7. a; - 1 = 7. 14. x - 27 = 72. 21. a; - 2^ = 3^. 

8. X - 2 = 7. 15. x - 34 = 62. 22. a; ~ 2J = Sf. 

9. a; ~ 4 = 6. 16. a: - 71 = 89. 23. a; - 6f = 7f . 

10. aj - 5 = 8. 17. aj - 8.7 = 8.7. 24. x - 4J == 5f . 

11. x - 6 = 9. 18. aj - 4.9 = 5.7. 25. a; - 3^ = 8^. 

12. x - 7 = 3. 19. X - 0.78 = 0.35. 26. a; - 6f = 4^^. 

13. aj - 8 = 5. 20. x - 0.87 = 0.63. 27. aj - 9f = 8J. 

28. If 59 is subtracted from a certain number, the result is 
59. What is the number ? Prove it. 

29. If 279 is subtracted from a certain number, the result is 
643. What is the number ? Prove it. 

30. A book has a certain number of pages. After we have 
read 169 pages there are 138 more to be read. How many 
pages are there in the book? 
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Exercise 17. Using Multiplication 

Examples 1 to IS, oral — Examples 13 to 28, written 

1. By what must } in. be multiplied to make 1 in. ? 

2. By what must ^ x be multiplied to make x ? 

3. By what must | be multiplied to make 3 ? 

4. By what must | x be multiplied to make x ? 

X 

5. By what must both members of the equation - := 7 be 
multiplied to give the value of a; ? What is the value of x ? 

X 

6. If Q = 9, what is the value of a; ? Prove it. 

7. If equals are multiplied by equals, what can be said of 
the results ? 

Find the valiLe of x in the following : 

13. ^ = 10. 18. ^ = 26. 

14. ^ = 16. 19. ^ = 32. 

15. ^ = 14. 20. -^ = 3.9. 
lo 4.1 

16. jz = 12J. 21. ^ = 1.7. 

17.g = 14j. 22.^ = 0.75. 

23. What number divided by 26 equals 26 ? 

24. What number divided by 3J equals 4| ? 

25. If ^ of a certain distance is 29.4 ft., what is the distance ? 

26. If ^ of the thickness of a steel plate is ^ in., what is 
the thickness of the plate ? 

27. If ^ of the diameter of a steel rod is ^ in., what is the 
diameter of the rod ? 

28. If 1^ of the cost of a house is ^47.50, what is the cost 
of the house ? 



8. 


- = 9 


9. 


- = 7 
3 ^• 


10. 


--8 


9 

11. 




12. 

• 


2 = 4 
6 • 
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19. Axioms. A general statement admitted to be true without 
proof is called an axiom. 

The axioms needed in the beginning of algebra are six in 
number. Others will be added as required. 

1. If equals are added to equals, the results are equal, 

2. If equals are subtracted from equals, the results are equal, 

3. If equals are multiplied hy equals, the results are eqvuL 

4. If equals are divided hy equals, the results are equaL 

5. Like powers or like roots of equals are equal. 

6. Quantities equal to the same quantity are equal to each other. 

Exercise 18. Use of the Axioms 

Examples 1 to 7, oral — Examples 8 to 19, loritten 

1. If 2 a = 16, what does a equal ? What axiom is used ? 

2. If 2 a + 1 = 9, what does 2 a equaL? What axiom is 
used ? Then what does a equal ? What axiom is used ? 

3. If 3 a — 1 = 14, what does 3 a equal ? Then what does 
a equal ? What two axioms are used ? 

4. If ^ a + 1 = 7, what does J a equal ? Then what does a 
equal ? What two axioms are used ? 

5. If J a — 1 = 4, what does J a equal ? Then what does a 
equal ? What two axioms are used ? 

6. If fa = 12, what does ^a equal? Then what doed a 
equal ? What two axioms are used ? 

7. If we divide both members of the equation f a == 12 by 
I, what is the result ? What axiom is used ? 

Find the value of a in^ the following : 

8. 3a = 111. 12. 3a + 1 = 112. 16. § « = 70. 

9. 7 a = 112. 13. 7 a + 6 = 118. . ; 17. | a = 66. 

10. 8 a = 112. 14. 8 a + 9 = 121. 18. | u = 72. 

11. 9 a = 135. 15. 9 a - 5 = 130. 19. | « = 75. 
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20. Algebra and Arithmetic compared. If to twice a certain 
number we add 7, the result is 33. Required the number. 

Solution hy Algebra 

Let n stand for the number. ^ 
Then 2 n is twice the number, 

and 2 n + 7 = 33, as stated in the problem. 

Therefore 2 n = 26, by subtracting 7 from equals, 

and n = 13, by dividing equals by 2. 

Check or Proof. 2 x 13 + 7 = 33. Therefore the work is correct. 

Solution hy Arithmetic 

Because twice the number added to 7 equals 33, therefore if 33 

7 is taken away from 33 there will remain twice the number. 7 

Therefore 26 is twice the number. Therefore once the number 2 J 26 

is half of 26, or 13. 13 

21. How to solve a Problem. From the above problem we 
see that the algebraic solution makes the reasoning clearer. 
To solve a problem by algebra, 

(1) Write a letter for the number sought ; 

(2) Use this letter in the statement of the problem ; 

(3) This will give an equation representing the problem ; 

(4) ^ind the value of the letter ; that is, solve the equation. 

Exercise 19. Solution of Problems 

Examples 1 to 6, oral — Examples 7 to 21, written 

1. If we wish to find a certain number such that if 7 is 
added to 3 times this number the result is 40, by what shall 
we represent this number in an equation ? 

2. Then how shall we represent 3 times the number ? 

3. How shall we represent this added to 7 ? 

4. How shall we express this sum as equal to 40 ? 

5. What shall we do to these equals so as to leave n alone 
on one side of the equation ? 

6. How shall we check or prove that our result is correct ? 
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7. If to a certain number we add 11, the result is 29. What 
is the number ? 

8. If to 7 times a certain number we add 3, the result is 45. 
What is the number ? 

9. If to 23 times a certain number we add 47, the result is 
300. What is the number ? 

10. If from 19 times a certain number we subtract 17, the 
result is 173. What is the number? 

11. If from 2.3 times a certain number we subtract 2.8, the 
result is 13.3. What is the number ? 

12. If from 3J times a certain number we subtract 2J, the 
result is 16J. What is the number? 

13. If to twice a certain number we add 3}, the result is 4^. 
What is the number ? 

14. If from twice a certain number we subtract 3J, the re- 
sult is 4 J. What is the number? 

15. The length of a room exceeds the width by 6 ft. The width 
is 18 ft. What is the length ? What is the area of the floor ? 

16. Twice the width of a room is 8 ft. more than the length 
of the room. The width is 12 ft. What is the length ? 

17. If to 4 times the length of a room we add 6 ft., the re- 
sult is 70 ft. ; and if to 5 times the width of the room we add 
10 ft., the result is also 70 ft. Find the length and width. 

18. A biplane traveling at the rate of d miles a minute goes 
8.4 mi. in 7 min. Find the value of d, ' 

19. A train traveling at the rate of m miles an hour goes 
w 112J mi. in 2J hr. Find the value of m. 

20. If a man's annual income is increased by $600, the re- 
sult is the same as twice his annual income decreased by |1800. 
What is his annual income ? 

21. If a man's annual income is increased by $100, the 
result is the same as three times his annual income decreased 
by $3900. What is his annual income ? 
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Mule some paper and draw lines to show the following : 

7. The season's record of a certain baseball team is as fol- 
lows : To May 1 the per cent of games won to games played 
was 68.4% ; to June 1 it was 67.6% ; to July 1, ^ 
67.2% ; to Aug. 1, 63.7% ; to Sept. 1, 64.2%; 
to Oct. 1, 64.7%. The line is here shown. Draw 
a similar line for these per cents: 65%, ^^^oy 
65.5%, 64.2%, 63.5%, 62%. Draw a similai* 
line for these per cents ; 54%, 48%, 39%, 45%, 52%, 55.5%. 

8. The pressure on the steam gauge of a boiler varies as 
follows : 6 A.M. 120 lb., 7 a.m. 122 lb., 8 a.m. 132 lb., 9 a.m. 
130 lb., 10 A.M. 126 lb., 11 A.M. 130 lb., noon 124 lb., 12.30 
P.M. 120 lb., 1 P.M. 125 lb., 2 p.m. 130 lb., 3 p.m. 128 lb., 
4 P.M. 126 lb., 5 P.M. 124 lb., 6 p.m. 112 lb. 

9. A boy's height from the age of 5 to the age of 15, stated 
in inches, varied as follows : 5 yr., 42 ; 6 yr., 44 ; 7 yr., 46 ; 
8 yr., 49 ; 9 yr., 52 ; 10 yr., 54 ; 11 yr., 56 ; 12 yr., 58 ; 13 yr., 
61 ; 14 yr., 63 ; 15 yr., 68. 

10. A girl's height from the age of 5 to the age of 15, stated 
in inches, varied as follows ; 5 yr., 42 ; 6 yr., 44 ; 7 yr., 45 ; 
8 yr., 48 ; 9 yr., 50 ; 10 yr., 52 ; 11 yr., 54 ; 12 yr., 58 ; 13 yr., 
60 ; 14 yr., 63 ; 15 yr., 65. 

11. The population of the United States, in millions, for 
various years was as follows : 1820, 10 ; 1830, 13 ; 1840, 17 ; 
1850, 23 ; 1860, 31 ; 1870, 39 ; 1880, 50 ; 1890, 63 ; 1900, 76 ; 
1910, 92. In such a case it is convenient to use 0.1 in. to 
represent 10 millions. 

12. In order to determine the course of a tunnel a cross- 
section plan of a river bed had to be made from soundings 
taken at various distances from the left bank, the measure- 
ments being made in feet. Draw a plan of the river bed froin 
the following data : 

Distance from bank, 0, 10, 20, 30, 40, 45, 50, 51, 52, 55, 60. 
Depth of river, 9, 12, J5, 25, 25, 28, 35, 37, 35, 20, 8. 
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23. Numbers below Zero. When it is necessary to distinguish 
between temperature below zero and temperature above zero, we 
write 10® aboive zero, + 10® ; and 10® below zero, — 10®. 

If the temperature is 20® above zero and it decreases 
15®, it is then 6® above zero, or + 5®. If it decreases 5® 
more, it is then 0®. If it decreases 5® more, it is 5® below 
zero, or — 5®. If it decreases 20® more, it is 25® below 
zero, or — 25^. 

We therefore find a new meaning for the signs + 
and — . They not only indicate addition and subtrac- 
tion (signs of operation), but they tell on which side 
of zero a number is (sign of quality), 

SS4. Positive Numbers. The ordinary numbers which 
we use in arithmetic are called positive numbers. 

Thus 3°, 3 in., J, Vs, are all positive numbers. If we wish to 
make this fact emphatic, we may write them thus : + 8°, + 8 in., 
^ 1^ + Vs, but otherwise the + sign is unnecessary here. The 
expression + 3 is read "positive 8" or "plus 8." 



p 



25. Negative Numbers. Numbers on the other side of 
zero from positive numbers are called negative numbers. 

Thus — 3° is a negative number. If distance upwards, above 
the earth^s surface, is called positive, distance below the surface 
is called negative, so that we may have + 10 ft. and — 10 ft. 
The expression — 3 is read "negative 3" or "minus 3." We may 
think of zero as either positive or negative, since it divides the 
two classes of numbers. 

If the temperature is 20® below zero, or — 20®, and 
it increases 7®, it is then 13® below zero, or — 13®. If it 
increases 9® more, it is 4® below zero, or — 4®. If it increases 
4® more, it is then zero, or 0®. If it increases 32® more, it is 
then 32® above zero, or -f- 32®. 

26. Absolute Value. The numerical value of a quantity, 
without reference to its sign, is called its absolute value. 

The absolute value of — 4 is 4, and that of —a is a. 
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27. Curve Tracing with Negative Numbers. If the tempera- 
ture in St. Paul, on a winter^s day, falls from -f 40* at noon 
to — 20* at 2 A.M., and then rises again 
to -f 10* at 8 A.M., as here shown, the 
curve telis us that it was below zero 
from 8 P.M. until about 7 a.m. . 

In this case we represent negative 
numbers below the horizontal line, io 
which represents zero. 




Exercise 21. Curve Tracing 

Examples 1 to 7, oral — Examples 8 to 10, written 

1. By the above curve, when was the temperature 35* ? 

2. At what times was it - 10* ? + 10* ? + 5* ? - 5* ? 

3. What was the temperature at 6 a.m. ? at 8 a.m. ? 

4. At what time did the temperature cease falling ? 

5. How much did it rise from 2 a.m. to 6 a.m. ? to 8 a.m. ? 

6. What was the difference in temperature at 6 p.m. and 
10 P.M. ? at 8 P.M. and 2 a.m. ? at 10 p.m. and 2 a.m. ? 

7. When the temperature is — 10*, how much must it rise 
to be 0*? to be + 10*? to be + 20*? 

Trace the curves to show the following variations in temper- 
ature for the twenty-four hours: 

8. Noon 33*, 2 p.m. 42*, 4 p.m. 34*, 6 p.m. 30*, 8 p.m. 22% 
10 P.M. - 8*, midnight- 8*, 2 a.m. - 10*, 4 a.m. - 5*, 6 a.m. 0% 
8 A.M. 12*, 10 A.M. 3Q*, noon 34*. 

9. Noon 48*, 2 p.m. 45*, 4 p.m. 40*, 6 p.m. 25*, 8 p.m. 0% 
10 P.M. - 5*, midnight - 8*, 2 a.m. - 5*, 4 a.m. 0*, 6 a.m. 5% 
8 A.M. 10*, 10 A.M. 20*, noon 35*. 

10. Koon 0*, 2 P.M. 5*, 4 p.m. 10*, 6 p.m. 8*, 8 p'.m. 0*, 10 p.m. 
- 5*, midnight - 10*, 2 a.m. - 5*, 4 a.m. - 2*, 6 a.m. 10*,. 8 a.m. 
20*, 10 A.M. 32*, noon 45*. 



USES 6f negative numbers 



88 







Y 




• 


























+ 










_ 






+ 






y 













X 








— 












7' 









28. Qtlier UseB of Negatiye Numbers. If we call some special 
point on a line zero (0), we usually call distances to the right 
positive and distances to the left negative, 
just as we call distances up (as on the 
thermometer) positive and distances down 
negative. But because we usually call 
weight positive, we speak of the weight of 
a balloon (which pulls upwards) negative. 

The following are some additional illus- 
trations of negative numbers : 

If a man is worth $1000, we piay say that he has 4- JlOOO; 
but if he is $1000 in debt, we may say that he is worth 
— $1000. 

If we have 25 on a score in a game, we have + 25 ; but if 
we are 25 worse off than nothing, we have — 25. 

If we call latitude north of the equator positive, we may 
call south latitude negative. 

If we call longitude west of Greenwich positive, we may call 
east longitude negative ; and if we call west longitude negative, 
we should call east longitude positive. 

If we call the motion of a piston rod of an engine positive 
when it is to the right, we may call it negative when it is to 
the left. 

If we call downward pressure positive, we may speak of 
upward pressure as negative. 

If we call distance above the earth's surface positive, we 
may call distance below the earth's surface negative. 

We therefore see that negative numbers are just as real as positive 
numbers, for the temperature is just as real when the thermometer indi- 
cates that it is below zero as it is v^hen the mercury rises aborve zero, and 
a man^s debts are just as real as his capital. 

In ancient times people used only whole numbers (integers). Other 
kinds of numbers were invented as they became necessary, and these 
are sometimes called artificial numbers. Artificial numbers like J, Vs, 
and — 3 all have their uses, as we have seen, not only in the theory of 
algebra but in its practical applications. 
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29. Adding Negative Numbers. If we tie tx) a 10-pound weight 
a toy balloon that pulls upward 1 pound, what will the two 
together weigh ? From the answer tp this question 
we find the following : 

To add a positive number to a negative number^ 
take the difference of their absolute values and pre- 
fix the sign of the numerically greater number. 

Thus + 10 lb. and — 1 lb. are + 9 lb. ; 

+ 10 lb. and — 10 lb. are lb. ; 
+ 10 lb. and — 15 lb. are — 5 lb. 

Similarly, to add a negative number to a negative num- 
ber, take the sum of their absolute values and prefix the 
negative sign. 

Illustrate this, using two balloons, one pulling upward 5 lb. and the 
other pulling upward 6 lb. 

Exercise 22. Addition 

Examples 1 to 5, oral — Examples 6 to 36, written 

1. What is the combined weight of -f- 25 lb. and — 5 lb. ? 

2. What is the combined weight of 30 lb. and — 60 lb. ? 

3. A freight engine is switching in front of a station. If it 
runs 500 ft. to the right of the station (-|- 500 ft.) and then 
backs 525 ft. ( — 525 ft.), how many feet is it from the station ? 
(Add 500 and - 525.) 

4. In drilling a well the drill is raised -f 8 ft.' above the 
surface of the ground. It is then dropped 16 ft. (— 16 ft.). 
Where is it then with respect to the surface ? (Add 8 and — 16. 
A negative distance above the surface means below the surface.) 

5. A boy is fishing in deep water with a line 22 ft. long. 
If the tip of the pole is -f 6 ft. above the water, how far is 
the sinker from the surface of the water, if it is 3 ft. from 
the hook ? (Add 6, - 22, and 3.) 
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12. 243 + (- 48). 

13. 300 4- (-97). 

14. 421 + (- 84). 




'5 



10 


6 


10 


3 


-10 


3 


10 


6 


10 




Add as indicated : 

6. -275 + 316. 9. -481 + 296. 

7. _ 486 + 531. 10. -370 + 198. 

8. -279 + 603. 11. -760 + 436. 

15. A man who was worth ^4500 lost #1750 and then earned 
$900. How much was he then worth ? (Add 4500, — 1750, 
and 900.) 

16. A man who was $450 in debt contracted another debt of 
$250. He then earned $1000. How much was he 
then worth ? 

17. A game is played by throwing bean bags in 
the direction of the arrow. Suppose the score 
stands - 5, 5, 3, 10, - 10, 5, 10, 10, 3, 3, - 5, 
how much is the total score ? 

18. If this board without any weights at the 
ends just balances, and if I put 5 lb. at one end and 8 lb. at 
the other end, how much must I add to ^ » g j, 
the 51b. to make it balance? Instead ^ 

of adding to the 5 lb., how much must I add to the 8 lb. ? 

19. A boat that goes 14.1 mi. an hour in still water is going 
against a stream flowing 3.8 mi. an hour. What is the rate at 
^which the boat will travel ? (14.1 mi. and — 3.8 mi. are how 
many miles ?) 

20. If a mine is opened 400 ft. above the base of a moun- 
tain and a shaft is sunk 750 ft., how much is the base of the 
shaft above or below the base of the mountain ? 

Add the follovring : 



t 



21. 


22. • 


23. 


24. 


25. 


26. 


-62 


75 


60 


-30 


-90 


-35 


62 


-80 


-60 


-40 


-72 


-75 



27. Find the average noon temperature for the week in which 
the noon temperatures were 15**, 3^ 0**, - 7^ - 20^ 6°, 26^ 
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28. A mass of iron and wood is placed in a tank of water. 
The iron tends to sink the mass with a force of 20 lb., and the 
wood tends to buoy it up with a force of 16 lb. What does the 
mass weigh under water ? 

29. If my watch is 5 min. faster than the schoolroom clock, 
and the clock is 7 min. slower than the correct time, how near 
is my watch to the correct time ? 

30. In. a tug of war one group of boys pulls to the north 
with a force of 256| lb., and the other group pulls to the south 
with a force of 252 J lb. What is the resulting force ? 

31. On a rock that is 6 ft. 8 in. below the average level of 
the sea a lighthouse is built 81 ft. 4 in. high. How high is the 
top of the lighthouse above the average sea level ? 

32. At a point on a hill 329 ft. above a valley the shaft of a 
mine is sunk to a depth of 401 ft. How far is the bottom of 
the shaft below the valley ? 

33. An aeroplane that can fly 58.2 mi. an hour in still air is 
flying against a wind that retards it 9.7 mi. an hour. At what 
rate does the aeroplane fly ? 

34. An elevator starting from the main floor of a high build- 
ing runs up 9 stories, then down 10 stories, and then up 1 
story. Where is it then ? Express the solution by using posi- 
tive and negative numbers. 

35. A certain office building is 37 stories above the street 
and 4 stories below. An elevator starting at the street level 
ascends 28 stories, descends 30, ascends 35, descends 37, and 
ascends 26, Where is the elevator then? Represent the 
movements by a diagram, using positive and negative signs. 

36. A man having $374.75 in the bank deposits $176.50 on 
Monday, checks out $482.60 on Tuesday, deposits $243.85 on 
Wednesday, and checks out $281.45 on Thursday. What is 
his balance ? Add the positive numbers, then the negative 
numbers, and then the two sums. 
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30. Subtracting a Negative Number. If the temperature is 
— 10** at midnight and 4- 40® at noon, the difference in temper- 
ature is evidently 50**, for the mercury must rise 10** to reach 

0**, and 40** more to - -^ 

reach + 40^ Likewise, ^' -26 +4 X 

in this figure the difference between — 2 and -f 4 is 6 ; for a 
point must move 2 spaces to get from — 2 to 0, and 4 more 
to reach + ^ ; that is, 6 must be added to — 2 to make 4. 

To subtract a negative number we may obtain the same result 
by adding a 'positive number with the same absolute value. 

That is, 4~ (- 2) = 4 + 2 = 0. Likewise - 6- (- 3) = - 5 + 8 = - 2. 

This is the usual rule for subtracting a negative number, but it is never 
necessary actually to change the sign of the subtrahend. If we subtract a 
smaller from a larger number, such as — 10 from — 4, the result is 
necessarily positive. If we subtract a larger from a smaller number the 
result is necessarily negative. 

Exercise 23. Subtiraction 

"Examples 1 to 8, oral — Examples 9 to 16 y written 

1. How much difference in price is there in selling a horse 
at |25 below cost or at $30 above cost ? 

2. The temperature on one morning was + 11**, and the next 
morning — 7**. What was the difference in temperature ? 

3. If there is a house for every number, how many houses 
would you pass in going from 48 East Washington Street to 
17 West Washington Street, including both these houses ? 

4. Jefferson Street is 6 blocks east of Adams Street, and 
Monroe Street is 9 blocks west of Adams Street. Monroe Street 
is how many blocks west of Jefferson Street ? 

.5. 4 - (- 3). 9. - (- 47). 13. 13.7 - (- 27.8). 

6. 5 - (- 7). 10. 36 - (- 49). 14. 16.6 - (- 43.4). 

7. 6 - (- 3). 11. 69 - (- 69). 15. 37.8 - (- 96.8). 

8. 7 - (- 7). 12. 78 - (- 96). 16. 62.7 - (- 88.9). 



.1 
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31. Sulytracting a Positive Number. If the temperature is 
— 10® at midnight and falls 2** more during the next hour, it 
is then — 12**. That is, to subtract 2® from — 10® is the same 
as to add - 2® to - 10®. Therefore 

In mhtr acting a positive number we may obtain the same result 
by adding a negative number mth the same absolute value. 

Hence (+ a) — (+ 6) = (+ a) + (— 6) = a — 6. It is not necessary to 
remember such a rule, for if we are taking a smaller from a larger number 
the result is positive, and in the contrary case it is negative. 

Exercise 24. Subtraction 

Examples 1 to 17, oral — Examples 18 to 29, written 

1. How much is 10®- 5® ? 0®- 5® ? - 5®- 5® ? 

2. How much is $20 - $10 ? #0 - #10 ? $6 - #10 ? 

3. How much is 16 ft. - 6 ft. ? 0ft.-6ft.? -12ft.-6ft.? 

4. How much is 12^ -- 7^ ? 7^ - 7^ ? 50 - 7^ ? 

5. Howmuchis251b.-151b.? 161b.-151b.? 51b.-161b.? 

6. 17-7. 9. 6-5. 12. 7-3. 15.-4-7. 

7. 17 - 17. 10. 4-5. J3. 1 - 3. 16. - 5 - 6. 

8. 17 - 27. 11. - 4 - 5. 14. - 1 - 3. 17. - 8 - 3. 

18. If a man has $178 and incurs a debt of $275, how much 
is he then worth? 

19. If a man has — $178 (that is, if he is $178 in debt) and 
incurs a debt of $275, how much is he then in debt ? 

20. 69 - 32. 23. 48 - 75. 26. - 36 - 92. 

21. 69 - 72. 24. 52 - 86. 27. - 49 - 76. 

22. -69-32. 25. 73-91. 28. -56-83. 

29. If two trains pass each other in the opposite direction 
at 9.45 A.M., one going at the rate of 47.6 mi. an hour, and the 
other at the rate of 39.7 mi. an hour, how far apart will they 
be at 10.15 a.m. if these rates are maintained ? 
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32. Multiplying and Dividing Negative Numbers. We multiply 
and divide negative numbers just as we multiply and divide 
positive numbers. If a man has — #5 (is #5 in debt), he will 
have — $10 if he is twice as much in debt. 



That is, 
and 



2x(-|6) = -$10, 
- jflO -^ 2 = - |6. 



Exercise 25. Multiplication and Division 

Examples 1 to 4, oral — Examples 5 to 20, written 

1. If one balloon pulls up 400 lb. (weighs — 400 lb.), what 
will be the upward pull of 3 such balloons.? Represent the 
weight as a negative number. 

2. If the thermometer indicates — 8®, what is the tempera- 
ture when it indicates half as much below zero? When it 
indicates twice as much below zero? 

3. If a carrier pigeon can fly 38 mi. an hour in still air, at 
what rate will it fly against a 15-mile wind ? against a wind 
that blows twice as fast ? against a hurricane that blows three 
times as fast ? 

4. A checker of bales of cotton finds one bale 16 lb. short, 
a second bale twice as much short, and a third bale half as 
much short in weight. Express these shortages of weight in 
algebraic language. 

5. A man's debts amounted last year to |475. The year 
before they were 4 times as much. This year he has paid his 
debts and has |826 in the bank. What is the difference between 
his financial standing year before last and now ? 



6. 3x( 


;-86). 


11. 


1.7 x(- 3.2). 


16. 


- 43.4 -^ 7. 


7. 4 x( 


;-49). 


12. 


2.8 X (-4.9). 


17. 


- 5.58 -1- 9. 


8. 6x( 


;-73). 


13. 


- 125 ^ 25. 


18. 


- 7.92 -h 9. 


9. 7 x( 


;-89). 


14. 


- 493 -f- 17. 


19. 


_- 40.7 -5- 3.7. 


XO, 8 X ( 


;-96), 


15, 


4.93 -r- IJ, 


20. 


- 5,39 -f- 4.a 
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33. Multiplying by a Negative Number. We cannot pick up a 
book 2§ times. Kevertheless we say that 2J times |3 equals 4^8. 
That is, we define what is meant by multiplying by 2f , and 
then we use the word ** times " just as we do with integers. 

Similarly, we cannot pick up a book — 2 times, but we may 
define what we mean by multiplying by — 2, and then we may 
use the word " times " as we do with positive integers. 

Because 3 x ( — 2) = — 6, therefore —2x3 ought to equal 
— 6. Therefore we define multiplication by a negative number 
to mean multiplication by a positive number having the same 
absolute value, the sign of the product being then changed. 

Therefore 

2 x(~3) = -6. a'{-h) = -ah, 

— 2x3=— 6. — a-5=— a6. 

--2 x(-3)=6. -a.(-ft)=aft. 

If two numbers have like signs, their product is positive ; 
if they have unlike signs, their product is negative. 

Exercise 26. Multiplication 

Examples 1 to 7, oral — Examples 8 to 13, written 

1. If each of 3 men spends $2 in a store, how much does the 
store receive ? How much is 3 x ^2 ? 

2. If each of 3 men steals #2 from a store, how much does 
the store gain or lose ? How much is 3 x (- *2) ? 

3. If ^ men who would have spent |2 each in a store are 
persuaded to trade elsewhere, how much does the store gain 
or lose in gross receipts ? How much is — 3 x $2 ? 

4. If 3 men who would have stolen $2 each from a store 
are arrested before the theft, how much does the store gain ? 

5. 3. (-9). 8.-27-63 11.-9683. 

6. -3.9. 9. -42. (-76). 12. - 2- (- 3). (- 7). 

7. «3-(--9). 10. -29-(-38). 13, - 8.(- 8).(- 9), 
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34. Diyiding by a Negative Number. Division being the 
inverse of multiplication, because 

' 2x3 = 6, therefore 6^3 = 2 

2 X (- 3) = - 6, therefore - 6 -^(- 3) = 2 

- 2 X 3 = - 6, therefore - 6 -j- 3 = - 2 

- 2 X (- 3) = 6, therefore 6 h- (- 3) = - 2. 

If two numhevB have like 9iffn8j their quotient is positive ; 
if they have unlike signs^ their quotient is negative. 

Exercise 27. Division 

Examples 1 to 16, oral — Examples 17 to S3, written 

1. . How much is 2 . (- 7) ? -14-*-2? -14h-(-7)? 

2. Howmuchis -38? _24-^(-3)? _24-h8? 

3. How much is - 7 . (- 9) ? 63-!-(-7)? 63-f-(-9)? 

4. How much is — a • (— ft) ? aft -j- (— a)? aft -^- (— ft) ? 

5. 25 -h (- 5). . 9. 36 -J- (- 4). 18. 56 ■+■ (- 8). 

6. -26-h5. 10. -36-1-4. 14. 56h-(-7). 

7. -25-4-(-6). 11. -36 ^(-4). 15. -66-f-(-8). 

8. -25-i-(— 25).' 12. -36 ^(-9). 16. -66-!- (-7). 

17. By what number must 17 be multiplied to make 544? 
to make — 544 ? 

18. By what number must — 19 be multiplied to make — 399 ? 

19. By what number must — 22 be multiplied to make 770 ? 
to make - 770 ? 

20. 626 -f- 25. 27. - 3367 ^ (- 37). 

21. 626-^(-25). 28. - 3367 -^ (- 91). 

22. -626-i-25. * 29. 34.3.-!- 7. 

23. - 626 -!- (- 25). 30. 34.3 -s- (- 7). 

24. -676-^(-25). 31. -34.3-i-7. 

25. 3367 -+-37. 32. - 34.3 -«- (- 7). 

26. 33.67 -*- (- 37). 33. - 34.3 -*- (- 0.7). 
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35. The System of Integ^ers. We now. see that our system 
of integers extends indefinitely on both sides of zero, thus : 

6, - 5, - 4, - 3, - 2, - 1, 0, 1, 2, 3, 4, 5, 6- . . 

36. The Properties of Zero. The following are the important 
properties of zero: 

a -{- = a, — a =— a, 0-a = 0, 

a — = a, a- = 0, -i- a = 0. 

The expression a -i- may be thought of for the present as having no 
meaning, division by zero not being allowed. It is considered later. . 

Exercise 28. Review 

Examples 1 to 32, oral — Examples 33 to 44, written 

1. 4-f(-3). 8.-5+7x3. 15.-8x9. 

2. 6 + (- 9). 9. _ 5 _ 9 -5- 9. 16. - 7 x (- 8). 

3. 9 -f (- 3). 10. - 7 - 2 X 4. 17. 8 +(- 2). 

4. l + (- 9). 11. 2 X (-7) X 3. 18. - 8 -s- 2. 

5. 74- (- 3). 12. 5 X (- 3) - 2. 19.-6-5- 2. 

6. - 2 4;: 8 X 2 -^ 4. 13. 8 X (- 6) + 6. 20. - 8'-j-(- 2) 

7. - 8 + 4 ^ 2 X 3. 14. - 5 X 7 - 4. 21. - 7-h(-l). 

22. How much is - 3 x (- 3)? (- 3)^ ? (-7)^? (- 9)^? 

23. How much is 9 - 2 x (- 2) x (- 2)? 9 - (- 2)»? 

24. (-1)^. 26. (-2)*. 28. (-5)1 30. (-1)«. 

25. (-1)^ 27. (-2)^ 29. (-6)1 31. (-1)^ 

32. If ar = - 2, what is the value oIt?? of - a; ? of (- xf? 

If a = 4 and b = — 3, find the value of: 

33. a + h. 35. -h, 37. {-h)\ 39. -3aZ^. 

34. a* - 2 5. 36. a^ ^ \h, 38. 3 a%\ 40. a* - l^. 

If a =i 6 and b = — 3^ find the value of: 

41. (a + ft) (a -ft). 43. a^^Sa^ + b, 

42. a^ + 2aft + b\ 44. a« + 3a^ft + 3aft' 4- b\ 



CHAPTER III 

ALGEBRAIC EXPRESSIONS 

37. Terms used in Algebra and Arithmetic. As already seen, 

many of the terms of mathematics are used in algebra exactly 

as in arithmetic. Thus we speak of addition, addends, and 

sum ; of subtraction, minuend, subtrahend, and remainder ; of 

multiplication and division, with the various numbers entering 

into these processes ; of fraction, numerator, and denominator •, 

and of various other operations and terms, these being used in 

algebra in the same way that they are used in arithmetic. 

Since they are well known, such terms usuallji do not require 

further definition, although a few are formally defined at this 

time for future reference. 

It should always be remembered that the letters of algebra represent 
numbers. This is the reason why the terms used in arithmetic may prop- 
erly be employed in connection with algebraic expressions. 

38. Factor. Any one of two or more numbers which multi- 
plied together form a product is called a factor of the product. 

Thus just as 2 and 3 are factors of 6, so a and h are factors of ob ; 
(6 + V) and A are factors of (6 + fr') A j m and m are factors of m^ ; and 
2, TT, and r are factors of 2 irr. 

39. Literal and Numerical Factors. A factor containing a letter 

is called a literal factor ; one that is expressed by a numeral is 

called a numerical factor. 

In most cases factors are considered to be integers. In an expression 
like 2 TTT^ for example, tt is considered a factor because it has the form 
01 an integer, although it equals 3.1416 — ; and r is considered a factor 
although its numerical value may be fractional. Similarly, we may speak 
of Vs as a factor of 2 V5, since no misunderstanding will arise from 
so doing. We would not, however, say that 6 is factorable, although it 
equals Vs • Vs. 

43 
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40. Coeffident. If an expression is the product of two fac- 
tors, either factor is called the coefficient of the other. 

ThiuB in the expression a&, a is the coefficient of 6, and b is the coeffi- 
cient of a. 

The factor that is considered the coefficient is usually written first. 
Thus in 2 «r, 2 is the coefficient of vr, and 2 t is the coefficient of r. 

The coefficient 1 is omitted, x being the same as 1 z. 

41. Power. The product of several equal factors is called 
a power. 

Thus 2x2x2 = 2*, or 8; and 2*, or 8, is the third power of 2. Simi- 
larly, as already stated, aaa is the third power of a, and is written a'. 
Other kinds of powers will be considered later. 

42. Exponent. The number placed to the right and slightly 
above another to indicate a power is called an &tponefU. 

Thus in a*, 3 is the exponent of a. 

In 2 r*, 2 is th^ coefficient of r*, and 3 is the exponent of r. The two 
should be carefully distinguished. The coefficient shows the number of 
equal addends ; the exponent shows the number of equal factors, 

A letter without an exponent is considered as having the exponent 1. 

« 

43. Root. One of several equal factors of an expression is 
called a root. 

For example, we have square roots and cube roots, as already defined 
in § 7. Furthermore, since 2^ = 16, it follows that 2 is the fourth root 
of 16. That is, Vl6 = 2. 

44. Absolute Term. If a polynomial contains a numerical 
term, this is called the absolute term. 

Thus in the polynomial a^ + 3 a — 4 the absolute term is — 4, and in 
the polynomial 3x^+ V2 the absolute term is \^. 

45. Similar Terms. Monomials that have a common factor 
are called similar terms or similar monomials. 

Thus a, 8 a, and — 7 a are similar with respect to a ; 2 Vs and — | Vs 
are similar with respect to VH ; 2 • (— 7) and 4 • (— 7) are similar with 
respect to — 7 ; and ax^ and bx^ are similar with respect to x^. 

Terms that are not similar are said to be dissimilar. 
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Exercise 29. Algebraic Expressions 

Examples 1 to Sly oral — Examples S2 to 45, written 

1. What are the factors of aJb? of a^ ? of a^b ? of 3 a% ? 

2. What are the terms of a -^? ofa + 2ft? ota^-2aI}-\-b'^? 

3. What are the numerical coefl&cients in a? 3a? — |a^'? 

4. What are the exponents in a*? 3a*? a%«? xYz* ? 

5. What other way is there of writing a + a + a? a -a- a? 

6. What monomials form the trinomial a^ — 2 ai + ^^ ? 

7. From2a^-7a«,-6a,-Ja«,-5a,4a»,7a^-3a^2a«, 
select four similar terms ; three bther similar terms. 

If a = 2^ find the value of: 

8. a\ 11. 2 a. 14. Ja. 17. -7 a, 20. 4a^ 23. ^a\ 

9. a». 12. 3 a. 15. | a. 18. - 9 a. 21. 2 a*. 24. J a\ 
10. a*. 13. 4 a. 16. } a. 19. - 6 a. 22. 8 a*. 25. \ a^ 

If a =3 and 6 = — ^, find the value of: 

26. a + ^. 28. a«-ft. 30. 2a + 5. 

27. a^h. 29. a«+ft2. 31. 2a -^. 

If x^ 2 and y =^— 3^ find the value of: 

32. bx^ 4- 7y». 34. a^ -f y*. 36. a* -f y*- 

33. 7a:2 - 22/*. 35. a^ + 2xy -|- jr*. 37. x* + 3y*. 

38. The factors of a monomial are a, a;, 6, a, 4, x, and ^. 
Write the monomial in the usual way. 

39. The terms of a polynomial are 3 x^y, a;', y", and 3 xj^. 
Write the polynomial, beginning with the highest power of x 
and letting the exponents of x decrease by 1 to the right. 

If x^ 10^ find the value of: 

40. 2a; + 1. 43. 4aj»4- 2 a;^ + 3 a; -f- 7. 

41. 3x^4- 2a; + 1. 44. 5x» -f 5a;* -f 5a; -f 5. 

42. 5a;" -f- 9a; + 1. 45. a;* -h x^-\'X^-\'X + 1. 
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46. Function. An algebraic expression that depends upon 
another for its value is called a function of the latter. 

For example, the formula for the circumference of a circle is c = 2 itr. 
Here the factors 2 and tr are definite numbers, but r may have any value, 
and the value of c depends upon the value we give to r. Therefore c is 
called a /unction of r. 

Similarly, in the area of a circle we have a = irr^. Here a depends 
upon the value of r, and therefore is a function of r. 

In computing interest we may use the formula i = pri. Here i is a 
function of p, a function of r, and also a function of t. 

47. Symbols. If some function of r is to be referred to sev- 
eral times in a discussion, it is convenient to have some symbol 
to represent it. It is customary to use f(r) as this symbol, and 
to read it " function of r," or simply "/ of r,^^ 

Thus if we are going to speak a number of times of the expression 
x8 + 3x2 + 3x + 1, it is convenient to let/(x) = x^ + Sx^ 4-3x4-1 and 
to speak of it always as/(x) in the discussion. If we have two different 
expressions that are functions of x, we may speak of one as /(x) and the 
other as ^{x), — "/minor of x " and **/ major of x," respectively. 

A series of dots is read ** and so on," as in x = 1, 2, 3, • • •, to 10. 

48. Evaluation of Functions. To evaluate f(x) is to put the 
given value of x in place of x in the function. 

Thus if /(x) = x^ — X — 9, we evaluate it for x = 3 by putting 3 in 
place of X. Then 3^ ^ 3 — 9 = — 3. This is usually expressed thus : 

If /(x) = x2 - X - 9, 

then /(3) = 32-3 -9 =-3. 

Tlfat is,/(3) means the value of /(x) when 3 is put in place of x. 

Exercise 30. Evaluation of Functions 
Examples 1 to 5, oral — Examples 6 to 20, written 

1. If f(x) = X -f 9, what is /(2) ? /(3) ? /( - 9) ? 

2. If f(x) = x^ - 1, what is /(2) ? /(4) ? /(5) ? /(7) ? 

3. If f(x) = a^ + x + l, what is /(I) ? /(2) ? /(3) ? /(5) ? 

4. If /(r)= V^, what is/(7)? /(I)? /(14)? /(})? ^ 

5. If /(i>)= ^%Py what is/(100)? /(lOOO)? /(2000)? 
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Evaluate the following functions : 

6. /(m) :?= 2m -f- 5, for m = 1.9 ; for m = 26. 

7. /(a;) = 0^ — a; + 7, for x = 3 ; f or x = 4. 

8. /(y)= 2y2 + y - 8, for y = 4; for y = 5. 

9. /(m) = m* + m^ + m + 1, for m = 1 ; for m = 2. 

10. /(a) = a»4-3a2-f-3a + l,fora = 3; fora = 4; fora = 10. 

11. If /(a;) = ic^ + 2 a: 4- 1, what is/(2) ? /(5) ? /(7) ? /(ll) ? 

12. If /(ic) = cc^ + a: + 1 and jP(cc) = ic^ — a; -f- 1, find the value 
of /(3) and F(4), and then of /(3) -f- F (4). 

13. lif{x) = 4aj^ + 1, and F{x) = 7a:2 -f- 2 x + 3, find the value 
of /(6) and F(2), and then of /(5) + F{2). 

14. If f{x) = x* - 4 X + 4, which is greater, /(2) or /(I) ? 
/(I) or/(0)? /(I) or/(3)? /(lO) or/(9)? 

15. If f(x)=x^ - 6x + 9, which is greater, /(O) or /(2)? 
/(I) or/(5)? /(2) or/(4)? /(6) or/(0)? 

16. If it is known that a rectangle is 10 in\ long and h inches 
high, the area is a function of what quantity ? What is the area 
when A = 1? 3? 9? SJ? 7,4? 0? 

17. If it is known that a triangle is 8 in. high and has a base 
b inches, the area is a function of what quantity ? What is the 
area when ^ = 5? 7? 9J? 5.7? 0? 

18. In the formula c = 2 irr, c is a function of what letter ? 
Give the various values of this function for r = 0, 1, 2, 3, 4, 5, 
using 3| for the value of tt in this and similar cases. 

19. If /(r) = TTr^, make a table of its values for the following: 



r = 





1 


2 


3 


4 


5 


6 


7 


8 


10 


/w = 



20. Make a similar table showing the values otf(x) = x^ + l, 
for aj = 0, 1, 2, . . ., 10. 
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Xzercise 31. Evaluating Expressions 

Examples 1 to 23, oral — Examj^les 24 to 48, toHtten 

1. Whati8thevalueof2-f-24-2? of 32? of 2.2.2?of2»? 

2. What is the value of 8 -!- 4 + 4 ? .of 8 -s-(4 + 4)? 

Simplify the follomng : 

3. -7- 2. 6. 16 -5- 2 -h 2. 9. (2 -|- 3)(3 + 2). 

4. -7-9. 7. 16 -*-(2 + 2). 10. (5 + 2)(5 ~ 2). 
• 5. _9_7. . 8. 16-^(2x2). 11. (2-h3)(3 + 4). 

If a ==2 and 6 = 4, find the value of: 

«A a ,^ a-{-b .^ a^ + b _, 2a 

12. 7- 15. — 7 — 18. — z — 21. -7— 

0.0 

13. — 16. — ; — 19. — i — 22. 



a ' b * 9 ' a -{- b 

14. -7- 17. 7-^ 20. — -. 23. — z 

b b ^ a . 4 8 

If a = 5 and b = 2, find the value of: 

24. 0.2 a. 27. 0.1 a^^^. 30. ^a^-\-b\ 33. 7a*. 

25. 0.56. 28. 0,2ba\ 31. ^a^-b\ 34. 76«. 

26. 0.7a6. 29. 0.3 a^^. 32. 25a« + 6«. 35. a*+^ 

If a ^6^ b = — 4^ and c = 2, find the value of: 

36. --^— 39. ^ ' 42. ^ — 

c a (T 

00 <r 

-- i + c .. a + b + e .. a' + 2ab + ^ 

00. • 41. • 44. T 

a . c c* 

If x = 2^ y^S^ and z=^ — 4^ find the value of: 
^b.x + y + z. 47. 3x2 -23^- 5«*. 

46. Sx-{-2y + 5z. 48. 2xy + Syz -^ ^zx. 
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Ezexcise 32. Representing Expi^ssions 

Examples 1 to S, oral — Examples 6 to 16, xoritten 

1. If a represents the greater of two numbers and h the less, 
how will you represent their sum ? their difference ? 

2. Using the same letters as in Ex. 1, how will you repre- 
sent the sum of the squares of two numbers ? the difference of 
their squares ? the product of their cubes ? 

3. How will you represent twice some number a ? 1 more 
than twice the number ? 1 less than twice the number ? 

4. How will you represent the square of the sum of two 
numbers ? the square of the difference of two numbers ? 

. 5. Using r for radius and c for circumference, how will 
you state the product of the radius and circumference ? half 
of this product? 

Letting a, 6, and c represent the three numbers^ eoopress 
algebraically the following : 

6. The sum of three numbers. 

7. The sum of the squares of three numbers. 

8. Five times the product of three numbers. 

9. The square of the first of three numbers divided by the 
sum of the other two. 

10. The sum of the first two numbers divided by three times 
the cube of the third. 

^ the three dimensions of a rectangular box are ly Wy and A, 
express algebraically the follorving : 

11. The volume of the box. 

12. The area of each side and of the bottom. 

13. The sum of the four edges that run lengthwise. 

14. The sum of the four edges that run crosswise. 

15. The sum of the four vertical edges. 

16. The sum of all twelve edges of the box. 
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Exercise 33. Eyaliiating Expressions 

Examples 1 to 5, oral — Examples 6 to 14, written 

1. If a = 7 and ft = 9, find the value of a^ ; of a*— ft ; of a* -f ^. 

2. If m = 5 and n = 30, find the value ofm-!-7i; oi n-i-m^ 
oi 36 m -I- 9. 

3. If a; = 8 and y = — 4, find the value of 2 y ; of 2 y -h a? ; 
of ^ -r- 05 ; of X — 2y. 

4. How do you represent 5 times one number plus 7 times 
the same number ? 

5. How do you represent 6 times one number, plus 7 times 
another number, plus 3 times another number ? 

Letting Xj y, and z represent the three numbers^ express 
algebraically the following : 

6. The sum of three numbers. Evaluate for x = y = z =7, 

7. The sum of the squares of three numbers. Evaluate for 
x=l,y = 2yZ =- 3 ; f or a = 0.1, y = 0.2, « = - 0.3. 

8. The sum of the cubes of three numbers. Evaluate for 
a; = 1, y = 3, « = 5 ; tov x = 7, y = 9, z = S. 

9. The product of three numbers. Evaluate for a; = 4, 
y =- 3, z =10; for a: = 17,y = -9,z = 24. 

10. The product of the squares of three numbers. Evaluate 
for X = 5, y = 6y z = — 7 ; for x = 0.1, y = 0.6, « = — 0.9. 

11. The sum of three numbers divided by their product. 
Evaluate for aj = 4, y = — 6, « = 10 ; for a; = 7, y = 9, « = — 3. 

12. The sum of the first two numbers diminished by the 
third number. Evaluate for x = — 10, y = 35, z = 17. 

13. The first number diminished by the sum of the second 
and third numbers. Evaluate for x =72, y = 29, z = — 16. 

14. If/ (x) = x^-\-l, and F(x) = x^ - 2 a; + 16, find the value 
of /(2) and F(5). Then find the value of /(2) • ^(5) ; of F{5) ^/(2> 
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ADDITION 

Exercise 34. Addition of Similar Monomials 

Examples 1 to ^2, oral — Examples 23 to 31, written 

1. Add 2 ft. and 3 ft. ; 2/and 3/; 2 • 5 and 3 • 6. 

2. Add7Vand9^;7cand9c; 7.2and9.2;7.10aiid9 10 

3. Add ^15 and Jll ; 16 d and 11 e^ ; 16 • 2 and 11 • 2. 

4. Add 3 in., 4 in., and 8 in. ; 3 1, 4 i, and 8 i, 

5. 7 mi. +14 mi 8. 6 bu. + 4 bu. + 9 bu. 

6. 7m4-14w. 9. 6^ + 4^ + 96. 

7. 7-24-14. 2. 10. 6.74-4.7-1-9.7. 

11. How do you proceed to add similar monomials ? 

12. ♦14-|17. 15. ah +15 ah, 

13. d+17d. 16. xY 4- 27 xy. 

14. ic* 4- 17 x\ 17. ahc + 32 abc, 

18. Add — 7,-3, and 11 ; — 7a, — Sx, and 11 a. 

19. —x 4- 2 a;. 21, —x — 2x — x. 

20. — y4-13y. 22. — 7a; — 4aj — a;. 

23. — 2a*4-3a^4-4a6— 7a*4-10a^. 

24. — 21 xyz 4- 30 a:y« 4- 2 a;y« ^ 3 a:y«. 

25. 2V24-3V24-4V24-6V24-IOV24-3V2. 

26. 4^ 4- 6j9. 29. 4(a 4- ft) - 2 (a 4- «>). 

27. 4(a 4- ^) 4- 6(a 4- h), 30. -3(a - ft) 4- 7(r^ - ft). 

28. 6(a-ft)4-2(a-ft). 31. -2 Var+~ft 4- 3 Vo+T. 
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48. Algebndc Sttm. The result obtained by adding two or 
more numbers considered with respect to their sigtis as well as 
their values, is called their algebraie sum. 

Thus the algebraic sam of 2 and — 3 is — 1, although 2 + 3 = 5. 

50. Addition of Monomials. To add similar monomiah^ find 

the algebraic sum of the coefficients of the common factor and 

prefix this sum to the common factor. 

For this purpose we may consider an expression like 27 (a — 6) as a 
monomial, as in Ex. 18, below. In case a letter has no coefficient, 1 is 
understood. Thus 5x + aJ = 6x. 

To add dissimilar monomials^ write the terms one after the 
other ^ each with its proper sign. 

Thus the sum of a, 2 6, and — clsa + 2& — c. 

Exercise 35. Addition of MonomiAls 

Examples 1 to 11 y oral — Examples 12 to 19, written 

1. Add 2 ft. and 3 ft. ; 2/ and 3/ ; 2 • 25 and 3 • 26. 

2. Add 3 yd., 2 ft., and 7 in., expressing the result as a 
compound number. Add 3 y, 2/, and 7 i ; 3 a, 2 ^, and 7 o. 

3. Add a, — 2 b, and 3c; x, — 2y, and 3 « ; m, — 2 ti, and 3p. 

4. Add — 2a,b, and 4c; —2x,y, and 4 « ; — 3 a, y, and z. 

5. Add 5 a, 6 &, and — 7c; 5p, 6 q^ and — 7 r ; 7 a, 4 5, and c. 

Add the follomng : 

6. a, - a. 12. 18 a%, 36 a%y - 7 a%. 

7. —a^a, 13. 2 Va, 13 Va, 15 Va. 

8. 19a, - 3a;, 3ic. 14. 16 Vm, - 23 Vw, Vm. 

9. — 4 a, 42 X, 4 a. 15. 92 o^c, 37 a^c, — 75 abc. 

10. 17 a, - 19 X, 19 ar. 16. 15 mn% - 7 mn% 16 mn\ 

11. —17 a, —19 a;, 17 a. 17. S6pqr, 49pqr, — 17 pqr. 

18. 27 (a - b), 38 (a - b), 33 (a - b), -17 (a - ft). 

19. 24(a:2 + f)y lT(x' + 2^^), -15(a;« + j/^), 46(a:2 4- /). 
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Exercise 30^ Addition of Polynomials 

» 
Examples 1 to 9, oral — Examples 10 to 17, written 

1. Add 2 ft. 3 in. and 3 in.; 2/+ 3 i and 3 1 

2. Add 7 yd. 2 ft. and 6 yd.; 7y + 2/ and 6y. 

Add the following : 

3. - 10. . 

6 ft. 4-7in. 3?/;-h2x-f-3yH-4« 

2 ft. + 3 in. 2w-'Sx + 2i/-^Sz 



4. 




11. 


6/H-7i 




a2 + 10y + 7« + 9 


2/+3i 




a;2- 3.v + 4«-9 


5. 


f 


12. 


654- 78 




72+ 6.7.3+ 3« 


25-1- 38 




72__ 2.7.3+ 32 


(?).5+(?)-8 


(?).72 + (?).7.3 + (9).3-2 


6. 




13. 


2 rd. + 8 ft. -h 9 


in. 


a.* + a;y+2^* + T2 + y« 


4 rd. -h 3 ft. - 2 


in. 


X* — a;y ^-'it — ^ — f 


7. 


14. 


2r + 8/-f9i 




a + 3J — c + c? — e+/ 


4r-h3/-2i 




a — 3^i + c-(^ + e— / 


8. 




15. 


2.3 + 8.7+9. 


4 


a8_3a% + 3a5^-ft» 


4.3 + 3.7-2. 


4 


a8 4.3a2^,-|-3a«»2 + ft» 



9. 

ar» + 10a;y + 15«^ 



16. 

a;« + 3xV4-3V + y» 
-a;' + 3x^-3^ + 2^ 



17. If/(a;)=a:* + 2a;2-.7a;+landF(x)=2a;»+a;«+10a! + 2, 
what does f(x) + F(iic) equal ? 
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51. Addition of PolynomiAls. It is eyident from the preceding 
exercise that 

To add polynomiah we write similar terms in the same col- 
umn and add these terms, writing their sums as a polynomial. 

52. Check. An operation that tends to prove the correctness 
of another operation is called a check upon that operation. 

Thus in addition we check by adding in the other direction. 

53. Checks in Algebra. One of the best checks on the opera- 
tions in algebra is the substitution of any vajues we please for 
the letters, as in the following example, where we let a = 1, 
y = lf and z = 1, 

Operation Check 

2aj-f-3y-4«-f 6 2-1^3-44-6 = 7 

Sx-Ty-^Sz-S 3-7 + 8-3 = 1 

5x-4:y + 4tZ'\-S 5 - 4 + 4 -h 3 = 8 

Here we have simply put 1 in place of x, y, and 2, in the addends and 
in the sum, and we have 7 + 1 = 8. Therefore the work checks. 

We may have an error in spite of this check, as would be the case if 
we should write 5y— 4x+ 4z + S instead of 6 x — 4 2/ + 4 2 + 3, or if 
we should make an error in computation in the check. In case of doubt, 
especially in case of exponents, use other values than 1. 

Exercise 37. Addition of Polynomials 

Examples 1 to 3, oral — Examples 4 to 28, written 

1. Add 2x -^ y and Sx -^y, 2x + y and 3x — y, 

2. Add 7x-\-Sy and Sx-\'7y; 7x-^Sy and — Sx — 7y. 

3. Add a-\-h -\- c and a — h-\-c\ a — h — c and a -\-h -\- c. 

Add the following and check the results: 

4. 7?'\-xy-\- y^y x^ — 2xy -{- f, o? -)r 2 xy + f. 

5. 7? -\-f,:x?- y\ 2x^-\-y',x^ + 2y\ x\ 3f, 

6. x^ -I- 7?y -f. xf -h 2/^ 2 aj« - 3a;V + 7 xf - 6y«. 
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Add the following and check the results: 

7. 5ic'-}-3xH-7, 6x^-305 + 7, x-f 2. 

8. 7a^-9a; + 2, 6x*-8a:4-3, a:- 9. 

9. 2a;*-f 3a;-9, 4a;»— 6a;-8, x + 4. 

10. 3a^-f5x4-6, 7ar»-7a; + 9, a;-4. 

11. 4a^-9a;-8,2«*-ra; + 1, a:» + 3aj-l. 

12. — a* + 2a: 4- 7, - aj^ - a; + 9, 3a;^ + 2^4-3. 

13. -6x^-73: + 9, -10ar^-14a:-hl3, 2a;2~8. 

14. a^-\-ab + h\ a^ - ah J^ h\ ^ a^ ^- ah - 6^ a^ + h\ 

15. a»4-a*4-« + l, a'- a^+ a - 1, a*4- a^- a + 1, - 3a« 

16. i?^ + y» + 4,^2-y» + 7, ~^' + ^2-8, -7?2_^2_3 

17. m^n 4- ^^^ + 7, w^n + ^^* — 7, m^n — 2 mn^, — 3 m^. 

» 

Simplify the following hy combining like terms: 

18. a* + 3^*-4c^ + 2eP-7 + 3a2-4^^2 + c2-2(^ + 7. 

19. a« + Za% + 3a&2 4-^^*- a« 4- 3a2& - 3aft2 - 6» 

20. a;» 4- 2a;2 4- 3a: - 14- 4x 4- 3a:2 4- 1 - a:» - 5a:^ - 7a;. 

21. rnhfi 4- win^ -|- mw — 3 mv? — mn 4- 4 m*». 

22. Add 3^' + 5^2^4^ + 2 and 2^ -f 3^?^ + 2^ 4- 5; also 
3642 and 2325. What do the polynomials equal if ^ = 10 ? 

23. How much is 2 ft. 4- 3 ft.? aft + b ft.? 2f+ 3/? 
af-\-bf? ax'{-bx? am -]- bm? 2-5 and 3-5? a-5and6.5? 

We may think of a ft. and b ft. as (a + 6) ft. Similarly, af-{- bf= (a 4 b)f. 
That is, we do not know the numerical value of the coefficients a and &, 
so we hidieate their sum. 

Add thefollomngy indicating the sums of the coefficients: 

24. p yd. H- q yd.; py + qy, pm -\- qm\ p-6 + qb, 

25. am, + bm ; oa: 4- ^a; ; axy + bxy ; a-2-3 + ^-2-3. 

26. m Va + w Va ; ma* + na^ ; m Va + 6 + ti Va 4- ^' 

27. aa: 4- ^a: + ex*, am^ -|- />m* 4- ''w/^; « vm -f- /> Vm 4- cy/m. 

28. a: V2+y V2 — « V2; x^a -b -^-y^a — b - z^a — b 
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« 

54. Equations involying Addition. We have already studied 
equations involving addition, subtraction, multiplic^^tion, and 
division. We shall use all of these processes as necessary, but 
shaU now consider some special features in addition. 

Required to solve the equation x -{- S x -\- 4: x = 64. 

Since x + 3x + 4a; = 64, 

therefore 8x = 64, by uniting terms, 

and a; = 8, by dividing equals by 8. 

Check, Substituting 8 in the original equation, we have 

8 + 8 . 8 + 4 . 8 = 8 + 24 + 32 = 64. 

Exercise 38. Equations involving Addition 

Examples 1 to 8, oral — Examples 9 to IS, written 

1. Solve the equation a -|- 2 aj = 9. How will you check ? 

2. Solve the equation aj + 4 a; = 25. Check the result. 

Solve the follomng and check the results: 

3. aj + 7a; = 72. 6. « + 2x + 3a; = 6. 

4. 2aj + 6aj = 49. 7. 2aj + aj -f 4a; = 14. 

5. 3a; + 2ar = 75. 8. 3a; + 3a; -h 3a; = 27. 

9. A rectangle is twice as long as wide. If w represents the 
width, represent the length in terms of w. Represent the per- 
imeter in terms of w. Draw the figure. 

10. A rectangle is twice as long as wide. The perimeter is 
12 in. What is the width ? the length ? 

11. A rectangle is three times as long as wide. The perimeter 
is 24 in. What is the width ? the length ? 

12. A rectangular field is four times as long as wide. The 
perimeter is 100 rd. What is the width ? the length ? ^ 

13. A rectangular box is twice as wide as deep, and twice as 
long as wide. If the sum of the twelve edges is 28 in., what 
is the depth ? the width ? the length ? 



CHAPTER V 

SUBTRACTION 

Exercise 39. Subtraction of Similar Monomials 

Examples 1 to 17, oral — Examples 18 to 26, written 

1. How much is 7 ft. - 4 ft. ? If-^A./? 7.2-4-2? 

2. How much is 10 mi. - 3 mi. ? 10m-3m? 10a-3a? 

3. How much is 16 yd. - 9 yd. ? 16y-9y? 163- 93? 

4. How much is 27 rd. - 14 rd. ? 27r-14r? 276-14. 5? 

State the value of: 

5. |30 - #12. 8. 15 a; - 7 aj. 11. 29 a - 11 a. 
e.S0d-12d. 9. 15ax--7ax. 12. 29 «« - 11 ««. 

7. 30a -12a. 10.16Va-7Va. 13. 29V^-llV«y. 

i4. How do you subtract one monomial from a similar 
monomial ? 

15. How much is a ft. — h ft. ? a mi. — b mi. ? a^ — hx? 

16. From V subtract 6**; from V subtract V ; from 7* sub- 
tract 8^ What miist be added to 6 to make 7 ? to 7 to make 7 ? 
to 8 to make 7 ? 

17. How many degrees from —1® to +7®? How much is 
7«-(-l<»)? 7-(-l)? 7a-(-a)? 

State the value of: 

18. 4.7 a - 3.9 a. 21. 3 x - 2j x. 24. V - (- 3**). 

19. 5.1 aj» - 2.8 a^. 22. 13| a; - 5 J «. 25. 7 c? - (- 3 rf). 

20. 7.2 mn.- 3,9 mn. 23. 12\ y^l\y, 26. 7x-(-3aj). 

67 
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55. Subtraction of Monomials. It is evident from the preced- 
ing exercise that 

To %ubtract a monomial from a similar monomial^ we find 
the difference between the coefficients of the common factor 
and multiply this difference hy the common factor. 

Thus, 9a— 4a = 5a, ax — 6x= (a — 6)x, andmac* — 4naj2=(m-T-4n)x2. 
In case a letter has no coefficient expressed, 1 is understood as usual. 
Thus6x — x = 4x. 

If the monomials are dissimilar we indicate the subtra-ction. 

Thus, as we may write 7 ft. — 8 in., so we write 7/— 3i, or 7x — 3y, 
or 7 Va + & — 3 Vx + y- 

Exercise 40. Subtraction of Monomials 

Examples 1 to S, oral — Examples 4 to 16, written 

1. What must be added to 3 to make 7 ? to 3 a to make 7 a? 
to 3 a% to make 7 a% ? How much is 7a^-3 a% ? 

2. What must be added to — 3° to make 7® ? to — 3 x to 
make 7a;? to — 3 Va tomake 7 Va? How much is 7a — (—3a)? 

3. What must be added to — 10® to make 4® ? to — 10 a; to 
make 4 a;? How much is 4 a; — (— 10 a;) ? 

State the value of: 

4. 30Va-17Va. 7. 7Jw — Sjm. 10. 7.1a^-3.8a&. 

5. 5.1a;*- 3.9 a:^. 8. 8§^-7|^. 11. 9.3 a^ - 6.7 a*». 

6. 7 J m - 3| w. 9. 9 a - 9| a. 12. a%^ - ya%«. 

13. From the sum of 4 a and 7 a subtract —5 a, 

14. From the sum of 5 xy and 9 xy subtract — 12 xy, 

15. From the sum oil db and 8 db subtract the sum of — 2 aJ, 
15 db^ and — 9 ah. 

16. From the sum of 6 a;*, 9 a;*, and — 3 a;*, subtract the sum of 
17a;*, - ^7?, -9a;*, and 3a;*. 



SUBTRACTION^ OF MONOMIALS 59 

56. Subtraction as the Inverse of Addition. We may think of 
subtraction as the operation by which we find the number that 
added to the subtrahend will equal the minuend. 

Thus, because 3 added to 4 makes 7, therefore 7—4 = 3. 
Because 7 added to — 3 makes 4, therefore 4 — {— 3) =7. 
Because 6° added to — 9° makes — 4°, therefore — 4° — {— 9°) = 5°. 

We therefore have the following cases in subtraction : 
4 + 5 = 9, therefore 9 — 5 = 4; 
4 + (- 5) = - 1, therefore - 1 - (- 5) = 4; 
— 4 + 5 = 1, therefore 1 — 5 = — 4 ; 
-4 + (- 5) = - 9, therefore - 9 - (- 5) = - 4. 

Therefore, to subtract one quantity from another , find a quan- 
tity that added to the subtrahend will equal the minuend. 

If the student will think of this when he subtracts, he will rarely be 
troubled in the matter of signs. If he is confused, he should, as already 
stated, remember that in taking a smaller number from a larger one the 
result must be positive, and in taking a larger number from a smaller one 
the result must be negative. 

Exercise 41. Subtracting Monomials 

Examples 1 to 16, oral — Examples 17 to 26, written 

1.3 — 4. 9.5ax-Sax. 17. 73a -19a. 

2. 3 - (- 4). 10. 5 aa: - (- 3 ax). 18. 37 a - (- 19 a). 

3. - 3 - 4. 11. 7 m* - 4 m^ 19. - 71 a^ _ 39 a\ 

4. -3-(-4). 12. 7m2-(-4m2). 20. - 71 a' - (- 39 a*). 

5. 3a — 4a. 13. —6c -7c. 21, 51 ab — 27 ab, 

6. 3a -(-,4a). 14. -6c -(-7c). 22. 62 a^> - (- 35 a^). 

7. —3a — 4a. 15. — 9 a; — 10 a:. 23, ax^ — (— bx^. 

8. -3 a -(-4a). 16. -9a;- (-10 aj). 2^, ah^^ - (- bh^Y)- 

25. Prom the sum of 3 a; and 7 x subtract 5 a; — 2 aj. 

26. From the difference between 37.5 ax and 29.3 ax subtraet 
the difference between 42.9 ax and 40.7 a^. 
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Bxercise 42. Subtracting^ Polynomials 

Examples 1 to 11 ^ oral — Examples 12 to 25, written 

1. From 4 ft. 8 in. subtract 2 ft. 3 in. 

2. From 8 ft. — 4 in. subtract 2 in.; subtract 6 ft. 2 in. 

3. If tbe thermometer registers 4- 2® and the temperature 
falls 4°, what does it then register ? 

4. "If the thermometer registers — 2° and the temperature 
falls 4*, what does it then register ? 

Subtract : 

5. 12. 19. 

71b.4oz. 8a + 45 17icy + 16a;y 

3 lb. 2 oz. 3a + 25 12a;y + 14a;y 

6. 13. 20. 

7a; + 42/ 8a + 46 2^a%-l^hh 

Sx-\-2y 5a + 4:b 17 a'b + 16 bh 

7. 14. 21. 

73 + 4.2 89 + 4.5 23.10-153 

33 + 22 5.9 + 4.5 17. 10+ 16. 3 

8. 15. 22. 

9 w + 48/ 15 m + 7 n 71 oo; + mby 

4 m + 20/ 9m + 6n 47 oa; + ri^y 

9. 16. 23. 

9a% + ^Sc 15p+Tq 29x^y + axf 

4.a% -{■ 20c 12jp + 7 y 30 x^y + ^a;^' 

10. 17. 24. 

15 ft. — 4 in. 15^ + 7 S' aw^ — 21 mv? 

8 ft. + 2 in. 14jp + 8g ymH + 15 mw^ 

11. 18. 25. 

15 « — 4 y 20 a; — 8 y oaj^ + cxy 

8a; + 2y ^ 13 a; + 9 y bxY + <^3/ 
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57. Subtracting PolynomiAls. From the preceding exercise we 
see that 

To subtract one polynomial from another^ we arrange similar 
terms under one another and svhtract these terms separately. 

For example, subtract 4a* — 3a^ + l from 6a* — 8— 9a6. 
Rearranging, we have the following : 

Operation Check 

6a*-9a^-8 6 - 9 - 8 = - 11 

4a*-3aft-f 1 4 - 3 -|- 1 = 2 

2a*-6aZ»-9 2 - 6 - 9 = - 13 

Here the work is checked by letting a = 1 and 6 :± 1. If a check upon 
the exponents is desired, use other values than 1 for a and &. 

Exercise 43. Subtracting Polynomials 

Examples 1 to 6, oral — Examples 7 to 13, written 

1. From 4 a + 3 6 take 2 a + 3 ft. 

2. Subtract 6 m — 3 n from 7 m — 3 n. 

3. From 9a; — 7y +1 take lOic — 82^ + 1. 

Svhtract and check : 

4. 7. 10. 

12ab — 15cd 7?-\-xy^-%f a»-f3a*-f4a 

11 ah — 15 cd x^ — xy-\-y^ a^ — Sa^ — 4:a 

5. 8. 11. 

16air-17ay a2_2a^ + ^' 4a* + 3a -4 

14aa;-18ay a^-\-2ab-b^ 2 a* - 4 a + 7 

6. 9. 12. 

19mn — 15pq 2x^ — 4:xy + 7 f 6x* + 5x-7 

' Umn-25pq 2x* + 4a;y-7y* 4a;*-7g;-9 

13. From 4 a«4-7 a%-e a&*-8 b"" take 3 a8-9 ab^'+T b'^-ea^k 
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Exercise 44. Sttbtracting Pol3riiO]nial8 

Examples 1 to 8, oral — Examples 9 to 32, written 

1. From a take — a ; from a -\-h take a — h. 

2. From — b take h ; from a — b take a + b. 

Subtract : 

3. a? - h^ from a^ + b\ 6. oaj - 1 from awe +1. 

4. a^ + 6^ from a? -b\ 7. aa; + 1 from ax-l, 

5. _ a^ - 62 from a* + 6^ 8. 1 - oa from oaj - 1. 

9. From 7aj — 2y + 3 take 4a; + 2^^ — 3. 

10. From 9a + 3ft — 4c take 8a + 45 — 7c. 

11. From 6a2 - 9Z^2 + Tc^ take 6 a^ _ 86^ - 6c^ 

12. From 11 ab - 19cd + 26c/ take 20ab - 30cd + 40c/, 

Rearrange the terms properly and subtract : 

13. a' + i^-b^ from a^-{-b^- (?. 

14. a» -3c2 + 7^2 from 662-7c2-9al 

15. oa; -f c« — 5y from aa; + 2 ^ — 3 c«. 

16. a%^ + mV - xY from 3 wV -f- 4ary - 5 a^V. 

17. a^ -h 6^ - c' + 4(^2 from 3a2 - 7e^* - Oc^. 

18. From 3 a ft. + 2 ft in. take a ft. -|- ft in. 

19. From 3 af take af\ from 3 a/-|- 2 bi take a/+ bi, 

20. From a/-f- yt take a/+ fti; from xf-^-y take t</-h «y. 

i/" A = 2a^-}-Sab-b^, C=-a^-h5ab, 

B= a^-Sab + ft^ D^-Ba^'-Tab - 9ft^ 

^?w? ^A« expression for : 

21. A -5. 25. ^-fB-C. 29. A + B+C+D. 

22. C-2>. 26. ^H-C-5. 30.^ + 5- C-fc-i). 

23. X-C. 27. 5+C-X. 31. A--B-hC-D. 

24. ^-D. 28. B-A-C, 32. 4-^,-C-i). 
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Exercise 45. Equations involying Subtraction 

Examples 1 to 26, oral — Examples 27 to 53, voriUen 

1. How much is4a — 3aj? 4x — a;? 4a; — 4a;? 4a; — 5x? 

2. If 4 a; — 3 a; = 7, what does x equal ? Prove it. 

3. If 7 a; — a; = 30 + 6, what does x equal ? Prove it. 

Solve these equations : 

4. 6a; -2a; = 24. 8. 9a -a = 72. 12. 12y-7y = 5. 

5. 9a; - 3x = 42. 9. 7a - a = 72. 13. 16y - 8y = 49. 

6. 7a; - 2a; = 35. 10. 6a - a = 75. 14. 17y - 9y = 72. 

7. 8a; -3a; = 30. 11. 6a- a = 64. 15. 36y-7y = 29. 

16. In the equation 7 a; + 3 = 24 what must first be sub- 
tracted from both members ? By what do we then divide ? 

Solve these equations : 

17. 7a; + 4 = 39. 20. 4 a; -f- 3 = 43. 23. 8 a; -f 3 = 27. 

18. 7a; + 9 = 79. 21. 6a; + 7 = 22. 24. 8a; + 9 = 33. 

19. 9a; + 5 = 60. 22. 6a; + 7 = 19. 25. 8a; -f- 7 = 87. 

26. How do you prove that your result is correct in the solu- 
tion of an equation ? Illustrate. 

Solve these equations and check the results : 

27. 9a; -a; = 16. 36. 6 x + J = 6J. 45. 16a - 3a = 60. 

28. 2a;-h|=2|. 37. 6a; + 9 = 64. 46. 15a -3a = 66. 

29. 7a; - a; = 24. 38. 7a; + 8 = 57. 47. 17a - 4a = 26. 

30. 7a; -2a; = 16. 39. 7a; + 8 = 58. 48. 17a -4a = 27. 

31. 8a;-5ar = 46. 40. 8a;-h7 = 71. 49. 21y-7y = 28. 

32. 8a; - 7a; = 60. 41. 8a; -h 7 = 76. 50. 21y - 7y = 36. 

33. 6a; -3a; = 76. 42. 9a; + 6 = 60. 51. 33m-4m = 29. 

34. 6a; -3a; = 78. 43. 9a; + 6 = 63. 52. 33m-4wi = 32. 
85. 6a; - 3a; = 60. 44. 9a; -f 6 = 66. 53. 32 j? - 7^ = 80. 
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£xerci«e 46. Equations involying Subtraction 

Examples 1 to 14, oral — Examples 15 to 27, written 

1. In the equation 6 a; = 10 -far, what must first be sub- 
tracted from both members ? By what do we then divide ? 

Solve these equations : 

2. 2x = 9-\-x, 6. 7a; = 10 + 2a;. 10. 12a; = 81 + 3a;. 

3. 3a; = 8 + a;. 7. 8a; = 12 + 2a;. 11. 13 a; = 4.5 + 4 a;. 

4. 4a; = 9 + a;. 8. 9a; = 36 + 3a;. 12. 14a; = 2.1 + 7a;. 

5. 5a; = 8 + a;. 9. 9a; = 40 + 4a;. 13. 15 a; = 3.5 + 8 a;. 

14. In the equation 7a; + 5 = 4a; + 17, what literal term 
should we first subtract from both members ? Then what 
numerical term ? By what do we then divide ? 

Solve these equations : 

15. 9a; + l = 2a; + 15. 18. 1.2a; + 4 = 0.9a; + 16. 

16. 9a; + 3 = 3a; + 27. 19. 1.4 a; + 3 = 0.8 :r + 39. 

17. 9a; + 5 = 5a; + 25. 20. 1.5 a; + 0.8 = 0.9 a; + 6.8. 

21. If I add 3 to 12 times a certain number, the result is 123. 
What is the number ? 

22. If I add 5 to 8 times a certain number, the result is 29. 
What is the number ? 

23. If I add 7 to 6 times a certain number, the result is A?*. 
What is the number ? 

24. If from 6 times a certain number I take twice the number, 
the result is 48. What is the number ? 

25. If from 10 times a certain number I take 7 times the 
number, the result is 39. What is the number ? 

26. If 7 times your age plus 4 times your age is 165 years, 
how old are you ? 

27. If from 9 times a certain number I take 7 times the num- 
ber, the result is 96. What is the number ? 



f 
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58. Problems in Percentas^e. Problems in percentage axe often 
more easily solved by algebra than by arithmetic. For example : 

1. If 15% of a number is 9166, what is the number ? 

Solution by Arithmetic 
Since \ 16% of the number = 9165, 

therefore 1% of the number = ^ of 9166, or 611, 

and the number = 100 x 611, or 61,100. 

Solution by Algebra 
Let X represent the number. 
Then 0.16 a; = 9166, 

and X = 61,100, by dividing both members bj 0.16. 

2. What number increased by 66^ % of itself equals 276 ? 

Solution by Arithmetic 

Since 100% of the number = the number, 

therefore 66§% of the number = the increase, 

and 166|%, or j, of the number = 276. 

Therefore ^ of the number = J of 276, or 66, 

and the number = 3 x 56, or 166. 

Solution by Algebra 
Let X represent the number. 
Then x + 0.66g x = 275, 

and X = 165, by dividing both members by 1.66§. 

3. After deducting 10% from the marked price of some 
goods, a dealer sold them for $13.50. What was the marked 
price ? 

Let X represent the number of dollars of marked price. 

Then x — O.lOx = 13.50, 

or 0.90x = 13.50. 

Therefore by dividing equals by 0.90, x = 13.50 -^ 0.90 

= 16. 
Therefore the marked price was f 16. 

Check, $15 - 10% of $16 = $16 - $1.50 = $13.60. 
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Exercise 47. Percentage 

Examples 1 to 10, oral — Examples 11 to 24, written 

1. A number less 10% of itself is what per cent of itself? 

2. A number plus 10% of itself is what per cent of itself? 

State the per eent of x in thefollounng : 

3. x-h0.05aj. 5. x + 20%x, 7. aj-h 0.50a;. 9. a; + 75% a;. 

4. a; — 0.05a:. 6. x — 20%a;. 8. x — 0.50a;. 10. a;— 75%a;. 

11. What number less 10% of itself equals 72? 

12. What number less 17% of itself equals 166 ? 

13. $435 is 6% of what sum of money ?, 

14. $19.75 is 5% of what sum of money ? 

15. $38.25 is 4^% of what sum of money ? 

16. What is the number of which 14.4 is 66f % ? 

17. What is the sum of which $41.25 is 15% ? 

18. What is the sum of which 33 J % is $2.25 ? 

19. A certain number increased by 12 J % of itself equals 
819. What is the number ? 

20. A boy now weighs 84 lb., which is 12% more than he 
weighed a year ago. How much did he weigh then ? 

21. A certain school gained 15% this year over the number 
last year. It now has 161 pupils. How many had it last year ? 

22. A dealer saved $1968 this year from his store. This 
is 18% less than he saved last year. How much did he save 
last year ? 

23. A dealer was obliged to sell some damaged furniture at 
10% less than cost. He sold it for $85.50. How much did it 
cost ? How much did he lose ? 

24. A farmer sold his milk to a factory where he received 
credit for 1045 lb. of butter fat. If his milk tested 3.8% butter 
felt, how many pounds of milk did he sell ? 
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59. Removal of Parentheses .preceded by the Positive Sign. If 

to |4 we add |3 + ^2, we have in all $4 + $3 + $2, or $9. 
It is evidently of no consequence whether we add ^2 to the 
sum of $4 and $3, or add $5 to $4. 

Hence #4 -f ($3 + $2) = J4 + *3 + $2. 

Similarly, 6^ + (2 ^ + 7^) = 6^ + 2^ + 7^, 

a + (ft + c) = a + 6 + c, 
and a + (& — c) = a + 6 — c. 

If an expre8»ion inclosed within parentheses is preceded by 
the sign +, the parentheses may he removed without any change 
in the signs of the terms. 

Similarly, we may have any other sign of aggregation. 

Thus 7 + 3+1 = 7 + 3 + 4, and 12 + [5 - 2] = 12 + 6 - 2 = 16. 

Exercise 48. Removal of Parentheses 

Examples 1 to 10, oral — Examples 11 to 18, written 

1. How much is $4 plus the sum of $3 and ^^9 ? How much 
is the sum of $4, J3, and $9 ? 

Remove the parentheses and simplify the results: 

2. 7 +(9 4- 6). 6. 4a+(3a + a). 

3. 7+(9-6). 7. 5a+(7a + 3a). 

4. 8 +(15 + 5). 8. 7a-i-(7a-3a). 

5. 8-f(15-5). 9. 6a;y +(9a;y-icV'^. 

10. How much is the sum of 7 and 3 increased by the simi 
of 4 and 2 ? How much is the sum of 7, 3, 4, and 2 ? 

Remove the parentheses and simplify the^results: 

11. (2a4- 3a)H-(7a + a). 15. (6a; + 9y) + (6aj - 3y). 

12. (2a + 3a) + (7a-a). 16. a — ^+(a + ^). 

13. (2a-3a) + (7a + a). 17. a^ - h^ -{- (a? -{- h^, 

14. (.2a-3a) + (7a-a). 18. 5a + 17 + (5a - 17). 
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60. Removal of Parentheses preceded 1>y the Negative Sign. If 

we subtract ft -f- c from a, and ft — c from a, we have the fol- 
lowing results : 

a a 

ft + c ft — c 

a — ft — c a — b -\- 

We therefore see that 

a — (ft -I- c) = a — & — c, 
and a — (& — c) r= fl — ft + c. 

If an expression inclosed within parentheses is preceded hp 
the negative sign, the parentheses may he removed provided the 
sign before each term is changed. 

That is, a; + y — (x — y) = a; + y — x + y = 2y; 

3 6-4 3-5+4 2 , 
and = = - = 1, 

2 2 2 2 ' 

the fraction har having the force of parentlieses. 

If /(a:) = a;2 + 2«-l, 

and F(a;) = x2_7a;-8, 

then f(x) - F{x) = x2 + 2x-l-a;2 + 7x + 8 = 9x + 7, 

and F(x) -/(x) = x^ - 7x - 8 - x^ - 2x + 1 =- 9x -7. 

Exercise 49. Removal of Parentheses 

Examples 1 to 8, oral — Examples 9 to 48, written 

1. Subtract 7 — 5 from 10. Subtract 7 from 10 and add 5. 

2. Subtract 7a — 5a from 10a. How much is 10a — 7 a -f 5a? 

Remove the parentheses and simplify the results : 

3. 20 -(8 + 2). 6. 4a -(3a -a). 

4. 20 -(8 -2). 7. 7x-(4a;-2aj). 

5. 30 -(9 -4). 8. 9a; -(5a; -3a;). 
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9. Jif{x)=7? - 3aj - 16, and F(x)z=a? - 9a; - 11, what 
is the value of f(x) - F(x)? of F(x) - f(x) ? 

10. In Ex. 9 what is the value of x^-f(x) ? oix^-\-7 -f(x) ? 

11. In Ex. 9 what is the value oif(x) - (x^- 5a; 4-7) -F(x)? 

12. In Ex. 9 what is the value of F(x) -(x^^9x-6) -/(a;) ? 

13. How much is (17 a + 16 ft) -(12 a - ft) ? 

Remove the parentheses and simplify the results : 

14. 12a; -(9a; 4- 7a;). 19. 39aft+(aft + l). 

15. 17y-(12y-4y). 20. 66 a" - (3 a^ + 7). 

16. 39 a - (16 a + ft). 21. 48 j» + (27^? - 2). 

17. 47a - (16ft + 7a). 22. 63^ -(49 + 4^). 

18. 667i+(27n-4n). 23. 79 a; - (79 - 79 a;). 



24. How much is 26a*- 2 a* + 1? 25a2+2a*-fl? 
Remove the bars and simplify the results : 



25. 4 a — 3 a — a. 29. aft -|- 3 — oft. 



26. 7 a — 4 a -H 2 a. 30. a:y — 7 -f- xy. 

27. 8 a -|- 6 a — 3 (i. 31. ^2' — 5 — ^>^. 



28. 9a; - 7 a; - 2a;. 32. xY -^y^-1. 

Remove the brackets and simplify the results : 

33. 27 a« - [4 - 27 a*]. 38. [36 a; + 1] - 1. 

34. 36 oft - [6 -f 36 ah'], 39. [42 -x^-^-x. 

35. 42a;y-[-a;y-h42]. 40. -[27 + aft] -aft. 

36. 76 ar*2/* -f [- a;*2/* + 7]. 41. - [a:y - 24] -f 24. 

37. 80w7i + [76 — 80m?i]. 42. - [ww -f- 76] -f 76. 

Remove the parentheses and brackets and simplify the results : 

43. [a + ft]-(a-ft). 46. -[a -f ^]-(- a - ^»). 

44. ^a-b']^(a + by 47. -[a -&]-(- a + 5). 

45. [a + ^] + (-a-/;). 48. [^ -^ f - z^] ^ (x" - f -^ a^. 
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61. Removal of Several S3rmbol8 of Aggregation. The symbols 
of aggregation most frequently used in algebra are the following : 

Parentheses, as in a — (^ 4- c) ; Brackets, as in p — [g^ — r] ; 
Bar or vinculum, as in x — 3/ — « ; Braces, as in w — {m + w} . 

When one symbol of aggregation incloses another, we may 
remove either the outer one or the inner one first. Beginners 
usually find it less confusing to remove the inner one first. 



1. Required to simplify the expression 10 —(4 — 3 — 2). 

10 - (4 - 3^=r2) = 10 - (4 - 3 + 2) 

= 10-4 + 3-2 

= 7. 

2. Required to simplify the expression 20 a— [10 a— (a— ft)]. 

20a — [10 a — (a — 6)] = 20a — [10 a— a + 6] 

= 20a- [9a + &] 
= 20a— 9a— 6 
= 11 a - 6. 

3. Required to simplify the expression 



20a-{10a-[6a-c-(5a-ft)]H-c}. 

20a— {10a — [6a — c - (5a - 6 )] + c} 
= 20a — {10a— [6a— c — 5a + &] + c} 
= 20a — {10a — [6a — c + 6a — 6] + c} 
= 20 a— {10 a— 6a + c— 5a + & + c} 
= 20 a — 10 a + 6a — c + 5a — 6 — c 
= 21a — 6— 2c. 

Problems like Ex. 3 are so rarely found in algebra that they may be 
omitted unless the student is preparing for some examination in which 
they are required. 

62. Insertion of Parentheses. From what we have learned of 
the removal of parentheses we see that 

Two or more terms may he inclosed in parentheses preceded 
hy a plus sign without changing the signs of the terms. 

Two or more terms may be inclosed in parentheses preceded 
by a minus sign, provided the sign of each of the terms is 
changed. 
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Exetcise 50. Remoral of Symbols of Aggregation 

Examples 1 to 4, oral — Examples 5 to 22, written 

1. Simplify a _ (5 + c) + (ft - c). 

2. Simplify a - (ft _ c) - (ft + c), 

3. Simplify h —(c — d)\ a — [ft — (c — dy\, 

4. How do you remove several symbols of aggregation ? 

Remove the Bymboh of aggregation and simplify: 

5. 12a-(7a-ft)-f-(6a-4ft). 

6. 17a;y-(16a;y-f 4)-(2a:y-8). 

7. 25 aft — (6 aft -f c) + (5 aft — c). 

8. {a — h) — (h — c) — (c — d) — {d — e) — {e-- a), 

9. a — (ft — r) -f ft — (c — c?) -f c — (c? — a). 

0. a^ + 2.aft + ft2 _(a« _ 2aft + ft^. 

1. a^ - (2 aft - ft2) - [a^ - (2 aft + ft^}]. 

2. a;2_[-^2_(^2_2a-?/ + /)+2xy-y^]. 

3. a'* -(Sa^ft - 3aft^) + ft* -[a« -(Sa^ft - Saft^ + ft»)]. 

4. a + 7-(2a-7)-[a-7-(2a-3«-7)]. 

5. x'-iSx'j/ -3xf)-{-[i/-x' + (Sx'y - So^y^ + y»)]. 

6. a— [a + ft— (c — 6?4-e — a)-|-c]— ft — c + c? — e. 

7. 2 a - {3 a + ft -'c - 4 c + [3 a - (ft - c-2ft)]}. 

8. 7a — {2a — ft4-c-f4c— [4a4-(a — ft-h3 c)]}. 

Remove the parentheses^ leaving the brackets : 

19. [a^ - (ft2 4- c^)] X [a^ - (ft^ - c^)]. 

20. [aft - (cfl^ -f 1)] X [aft - (cc? - 1)]. 

21. In- the expression a^— 2aft -f- ft^ inclose the last two terms 
in parentheses, arranging the signs so as not to change the 
value of the expression. 

22. In the expression aM-\-hx-\'Cx —px^ — qa? — rx^ inclose 
the last three terms in parentheses without changing the value. 



Li 
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Exercise 51. Equations involying Parentheses 
Examples 1 to 5, oral — Examples 6 to S4, written 

1. Solve the equation 6 « = 49 — «. 

2. Solve the equation 5 a; = 49 — 2 oj. 

3. Solve the equation 5x = 50 —(1+ 2x). 

4. Solve the equation 4 ar = 60 — (11 -f- 3 x). 

5. Solve the equation lOx = 64 — (4 -f- 2 a;). 

Solve the follounng equations : 

6. 10a: = 28-(5x-2). 11. 30aj = 60 -(3aj - 6). 

7. 14x = 36 -(3 - 3aj). 12. 30aj = 99 -(a: + 6). 

8. 16a; = 85~(4a: + 6). 13. 17 a; = 85 - (3 aj + 5). 

9. 25aj = 39 -(5a;.+ 9). 14. 31aj = 80 -(6 - 6x). 
10. 27a: = 80~(5-2a;). 15. 31aj = 67 -(1+ 2a;). 

16. If from 25 I subtract a certain number diminished by 5, 
the result is 14 times the number. Required the number. 

17. If from 30 1 subtract a certain number diminished by 3, 
the result is 10 times the number. Required the. number. 

Solve the followiTig equations : 

18. 25a; -12 = 8a; -(-7+ 2a;). * 

19. 34a;-ll+a; = 9a;-(~3-ar)-ha;. 

20. 75a; -15 -aj = 60a; -(5 -10a;)- a;. 

21. 90a; +10 + 2a; = 60a; -(- 50 -10a;)+ 2a;. 

22. Solve the equation 27 a; - (3 a; — 9) = 3 a; + 30. 

23. If to twice a certain number I add 7, and take this sum 
from 60, I have 7 less than 10 times the number. Required 
the number. 

24. If to three times a certain number I add 19, and take 
this sum from 93, the result is one fourth of the sum of twice 
the number and 16. Required the number. 



CHAPTER VI 

MULTIPLICATION 

Exercise 52. Multiplication of Monomials 

Examples 1 to 20, oral — Examples 21 to 38, written 

1. Multiply by 6: 2mi.; 2ft.; 2m; 2/; 23; 2x. 

2. Multiply by 7 : 3 yd. ; 3 y ; 3 times a given number ; 3 n. 

3. Multiply, by 9 : 4in.; 4i; $4; 4<^;4^; 4c; 4xy; 4.7. 

4. If the temperature is 3® below zero, what will it be when 
it is twice as much below zero ? 

5.' How much is 2 x (- 3**) ? 2 x (- 4**) ? 2 x (- 3 rf) ? 
2x(-4cO? 2x(-41b.)? 2x(-40? 

6. 2 X 12a. 10. 3 x 20a;. 14. 4 x 50m. 

7. 2 xl2a^. 11. 3 X 20 xy, 15. 4 x 50 m'. 

8. 2 X (- 12). 12. 3 X (- 20). 16. 4 x (- 50). 

9. 2 X (-12a^. 13. 3 X (- 20 ic^. 17. 4 x (- 60 V^). 

18. How do you multiply a monomial by a positive integer ? 

19. How may a x a be written more briefly ? a x a X a? 
a X a^? a^ X eu? ax c?'^ a^ X a^ ? «• X a^ ? 

. 20. State a rule for multiplying a' by a*. 

21. 3 X 4 al 27. 7 x 17 m\ 33. 15 x 17a. 

22. ax4a2. 28. 1 m xVI m\ 34. 15a x 17 a. 

23. 3 a X 4 a\ 29. 8 x 36 x». 35. 15 a« x 17 a\ 

24. 5 X ^x\ 30. '%x X 36x1 36. 27 a» x 17a«. 

25. x^ % 6x». 31. 9x2 X 36x1 37. 35 «♦ x 27 a*. 

26. bx" X 6x». 32. 9x2 ^ 43^.8 33 55^4 ^ 92^*. 

7.S 
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63. Laws of Exponents. Since a^ means a • a, and (^ means 
a-a-a^ we see that 

aJ^'O^ = a-a x a • a • a = a* + ' = a*. 

Furthermore, tf" . a" = a"» + «. 

For aJ^ = a taken m times as a factor, 

and a?^ = a taken n times as a factor. 

Therefore (ff^'ce^ = a taken m + n times as a factor. 

In multiplying monomials, the exponent of any letter in the 
product is equal to the sum of the exponents of that letter in 
the factors. 

Since {a^^ means c^ci^o?^ or a® and (a"*)" means dJ^a^a^ • 
(n times), therefore 

That is, (a^)^ = a^^, (x^)* = x^^ and so on. 

64. Law of Signs. The law of signs in multiplication is given 
on page 40. Briefly stated it is as follows : 

In multiplication, two like signs produce plus, two unlike 
signs produce minus. 

m 

That is, + a .(+&)=+ a&, + a . (— 6) =— a6, 

— 0'(— 6)=+a6, — a ' {-{■ b) = — db. 
Therefore 2x^y'6 x^y^ = 10 x^, 

2xy • (- 6x22/2) =- lOxV. 

Evidently, therefore, the product of an even number of neg^ 
ative factors is positive, and the product of an odd number of 
negative factors is negative. 

65. Degree of a Term. The number of literal factors in a term 
is called the degree of the term. 

Thus a2 is of the second degree, a* is of the third degree, a»» is of the 
' mth degree, and a*» + ^ is of the m + 3 degree. Similarly, x*^ is of the 
fifth degree, because xxyyy has five literal factors. 

We may, however, speak of x^ as of the second degree in x, or as of 
the third degree in y, if we mention specifically the letter. 
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66. Degree of a Polynomial. The degree of the term that is 
of the highest degree in a polynomial is called the degree of 
the polynomial. 

Thus aH^ + ftsc + c is of the fourth degree, because aW is of the 
fourth degree^ It is, however, of the second degree in x, because a%e^ is 
of the second degree in x. 

Similarly, a^x^ + 1 is of the sixth degree, but it is of the second degree 
in X and of the fourth degree in a. 

67. Homogeneous Polynomial. A polynomial of which all of 
the terms are of the same degree is said to be homogeneotts. 

Thus 05* + 8 x^ + 3 xy^ + y^ is homogeneous, because every term is 
of the third degree. 

Similarly, x* + x^^ + y* is a homogeneous trinomial of the fourth 
degree. 

68. Multiplication of Monomials. As we have seen in the ex- 
ercise on page 73, to find the product of two monomials ^we 
may proceed as follows : 

Find the product of the numerical coefficients^ writing after 
this product the letters, each letter having an exponent equal 
to the sum of its exponents in the factors. 

It will be found better to write the product in this order : the sign 
of the product ; the product of the numerical coefficients ; the letters in 
their alphabetical order, each with its proper exponent. 

For example, 

4a6 • 5a6 = 4 • 6 . a . a . 6 • 6 = 20a262 J 

8 a«6 .4a^ = 8.4.a»»a«-6-6 = 12a'» + »&2; 
(- 7xV)" = - 7 . (- 7) . a;7 . a;7 . y6 . j,6 := 49x1*3/" ; 
- 6a6c . (- 7a262c2) = 6 • 7 • a . a^ . 6 . 62 . c • c^ = 42a^l^(^ ; 
— Sptf' (— 4j9^) = 6'4'pff -p^.^.yS _. 20i)«+V + 8. 

In practice the result should be written down rapidly, or stated orally, 
without the intermediate step here given. 

In multiplying a by &, instead of saying **a times & 'Mt is common to 
say "a into 6." The expression is a very old one and the word **into," 
used in this sense, has lost its original meaning, but the student will often 
bear it used in algebra. 
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Bxercise 53. Multiplication of MonomialB 

Examples 1 to 45, oral — Examples 46 to 62, written 

1. aV. 16. a«'a^. 31. 3a.(-4a). 

2. b*b\ 17. a«V^. 32. 3a.(-.4a^. 

3. cV. 18. abab. 33. 3a~.(-5a»). 

4. c?^c?\ 19. a%'a%. 34. fl^.(-a^). 

5. eV. 20. a%^'a%\ 35. -o^-o^. 

6. mW\ 21. a*^' • aW 36. -ah- (- oZ?). 

7. p^p^. 22. ^V •/?•• 37. xY . (^ 2 xy). 

8. a"a. 23. 5 a"' • 6 a^ 38. — 3 ay* • (— 7 a:^^). 

9. a"a. 24. 7 a« • 8 a\ 39. - 4 xV • (~ 6 x^y), 

10. a"»a. 25. 9 «"• • 7 x. 40. - 6 a^y • 10 a?f. 

11. a^'a*. 26. 9a:™. 8x1 41. abcabc. 

12. a'»a''. 27. 8a;"'. 6 x". 42. a%h*'Oihc. 

13. aj V. 28. — a^ • 3 a*. 43. aHc . a»^c. 

14. a'aK 29. - a» • 5 al 44. (a^bV(P)\ 

15. a^^a'. 30. - 2 a* • 6 a^, 45. (pYr^sy. 

46. If the circumference of a circle is ttc?, what is the sum 
of the circumferences of 7 circles of the diameter d ? 

47. If the circumference of a circle, ttc?, is multiplied by 
d, what is the result ? What is the result if it is multiplied 
hyid? 

48. If an edge of a cube is 4a:, what is the volume of the cube? 

49. - 27 a;"* . (- 23 a:'). 56. 37a;*"'. 67a;»"'. 

50. - 42 a;" • (- 34 a;^). 57. 83x"»+^ 76a;"-\ 

51. -68j9"».(-272?"). 58. 43 aP+^ -72 aP-\ 

52. - 47jjx . (_ 3i^y)^ 59^ - 49a:«+*..32a;«-^ 

53. -96^.(-41j32'). 60. -26x«+".34a;— ". 

54. (17a»)»; (96 x*)*. 61. 72a2*+i .33a**-a^ 

55. (24 x^] (73 x'y. 62. 34 aj«-^ • (- 42 a;*«+»). 
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69. Multiplication of a Polynomial by a Monomial. If we mul- 
tiply 6 ft. 2 in. by 3, we have 16 ft. 6 in. In the same way, if 
we multiply 6 times one number and 2 times another number 
by 3, we have 15 times the first plus 6 times the second. That is, 

5 ft. 2 in. 5/-f2i 5x4- 2y 

3 3 3 



15 ft. 6 in. 15/+ 6 6 15a; -fOy 

In the same way we have the following : 

Oi*ERATioN Check 

a= -2a& +35« 1-2 + 3 = 2 

ah 1=1 



a»^ - 2a%^ + 3a^« 1-2 + 3=2 

It should be noticed that in algebra it is more convenient to write the 
multiplier at the left and work from left to right. 

In this check we let o = 1 and 6 = 1. This checks the coefficients, 
where the error is most liable to occur, but it does not check the expo- 
nents, since any power of 1 is 1. If a checis upon the exponents is desired, 
let o = 2 and 6 = 2, or take other values. In case either factor becomes 
zero in the check, use some other values for the letters. 

It is also a good check to notice that if both multiplicand and multi- 
plier are homogeneous, the product will also be homogeneous. 

To multiply a polynomial hy a monomial^ multiply each 
term of the polynomial by the monomial and add the partial 
products. 

Exercise 54. Multiplying by a Monomial 

Examples 1 to 6, oral — Examples 7 to 12, written 

1. a(b + c). 7. 2x\x^ - 2x7/ + f), 

2. - a(b - c). 8. 4a:«(a:2 - 3a; + 27). 

3. 3 a\a + b). 9.-7 ab(a^ -2ab-{- b% 

4. -Za^ia^b). 10. -%a%{a^-2ah + b'^), 

h, a(b ^ c - d). 11. 35 aV((X^ - 3 aV + 2 ax''). 

6. ^a{b-c^d) J.2, =r g a;"2/« (ic»2^ - 7 ay - 13). 
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70. Multiplication of a Pol3rnomial by a Pol3rnomial. If we 

multiply 43 by 21, we multiply first by 1 unit and then by 
2 tens, and then add the partial products, thus : 

Multiplicand 43 40 + 3 

Multiplier 21 20 + 1 

Multiplying by 1 unit 43 40 + 3 

Multiplying by 2 tens 86_ 800+ 60 

Sum of partial products 903 800 + 100 + 3 

In a similar manner we multiply 3 a^ — ft by a* + ^, thus : 

Operation Check 

3a^-ft 3-1 = 2 

g^ + ft 1 + 1 = 2 

Multiplying by c? 3 a* — o?h 4 
Multiplying by h Sa%-b^ 

3a* + 2a^ft-ft« 3 + 2-1 = 4 

To multiply a polynomial by a polynomial^ multiply the 
multiplicand hy each term of the multiplier^ and add the 
partial products. 

Exercise 55. Multipl3ring by a Monomial or Binomial 

Examples 1 to 10, oral — Examples 11 to 20, written 

1. a(a + h). 11. (a + ft) (a - ft). 

2. ft (a + ft). 12. (a + ft) (a + ft). 

3. -4a(a-ft). 13. (a^ - b^(a -- b). 
4.-7 a\a - ft). 14. (a^ - ft«) (a« + ft^). 

5. -9a2(a«-ft2). 15. (a - 7)(a^- 7a + 1). 

6. 15(2 iry + 1). 16. (2x - l)(4aj» + « - 1). 

7. 15(2iry-2). 17. (3a: - 2)(3a:«- 4a; + 7). 

8. - 8 (4 a;V - 3). 18. (a^ft* + 1) (a%« + 4). 

9. - 7 (7 xY - 9). 19. (abc - 1) (a^ftV + 6). 
10. - 12 a; (6 a;- - 3 x»). 20. (aVc - 2) {aVc + 2). 
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71. Ananging a Polynomial. A polynomial in whicli the ex- 
ponents of a certain letter in the successive terms decrease 
from left to right is said to be arranged according to the de- 
scending powers of that letter. 

Thus x' + Sx^ — 4x + l is arranged according to the descending 
powers of x, and an^ + ahi — a* is arranged according to the descending 
powers of n. 

Similarly, a polynomial may be arranged according to the ascending 
powers of a letter. Thus a* — 80*6 + 306^ — 6* is arranged according 
to the ascending powers of b. 

In multiplying it simplifies the work if the polynomials are 
arranged according to the ascending or descending powers of 
some letter. 

Multiply 4a» - 2a* +7- a by 3 + a» - 3a. 

Operation Check 

Rearranging', we multiply thus : • 

4a«- 2a*- a 4-7 =8 

gg- 3a + 3 =1 

4a*- 2a*- a»-h7a* 8 
-12a* H- 6a« + 3a*-21a 

12a»-6a*- 3a + 21 

4a*-14a*-|-17a» + 4a*-24a + 21 =8 

In the operation we multiply first by a^, then by — 3 a, and finally 
by 8. We then add the partial products. 

In the check we have let a = 1. We have then only to add the co- 
efficients, having 4—2—1 + 7 = 8, and 1 — 3 + 8 = 1, and similarly for 
the product. 

Multiply a^ - Sxy + 3 y^ by y^ + ar*. 
Bearranging, we multiply thus : 

ne^-Sxy +33^ =1 

^+ y" • ^ 

x^-Sa^y-^Sx'y' 2 

a* - 3ic«y + 4a:y - 3 V + ^y* =2 
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Exercise 56. Multiplying by a Polynomial 

Examples 1 to 4\ oral — Examples 5 to 50, written 

1. Arrange a^ + a^ -\- 1 -\- a for multiplying. 

2. Arrange x -{-1 -\- x* — x^ -\- S x^ -{- x^ -^ x^ according to 
ascending powers of x. 

3. Arrange x^ + y^ -\- 2 xi/ according to descending powers 
of X, How is it then armnged with respect to j/? 

4. Apply the check of a: = 1, ?/ = 1, and find ii x^ -}- S xj/ + i^ 
can be the product of x -f ?/ and x + j/. 



Multiply and check: 

5. (P + !/) (i> + !/)• 

6- (« + Z/) (^ + y). 

7. (m + n)(m -{■ n). 

8. (a + ^^) (a + 2 Z^). • 

9. (a + 2b){a-Sb). 
10. (r^ + l)(x2 + l). 



11. (i' + 9)(P- 9)' 

12. (x + y) (« - y)' 

13. (x^ + 1) (x* - 1). 

14. (x-^ + 2/^(x2 + 22^. 

15. (xij 4- 3) (ary + 4). 

16. (xt/z -f- 1) (xyz — 6). 



17. Since a rectangle with length b and width a has an 
area ah, show that these squares and rectangles illustrate the 
products indicated beneath : 



a 



ah 



a 



ab 


ac 



X 



a 



a xb = db 



a(6 + c) 
z= ab + ac 



xb 
ab 


xc 


ac 



y 



X 



xy 




x» 



X 



y 



= jc6 + a6 + ac + ac 



= (?) 



18. Multiply the product of a H- ^ and a — ^ by a* -f b^, 

19. Multiply the product of x -|- y and x + y by x^ — y^. 

20. Multiply the product of vi ■+- 7 and in— 7 by rn? + 49. 

21. Multiply the product of 2 + y and 2 — y by 4 4- y*. 
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Multiply and check : 

22. a« + 2a^ + ^^ by a + ^. 

23. a' — 2 a^ + ft« by a - h. 

24. x' + 2xy-\-fhYx'-^2xy + f. 
2h. x'^ + ^xh^ + ^xf + ifhyx-^-y. 

26. x^ + 2xy + y» by aj2 - 2xy + 2/*. 

27. a" — a^y 4- xy^ — t^^y X -[-y. 

28. a:» + a:V + ay* + 2/*by a; — y. 

29. 2x» + 3a:V - 4^2/^ + 3/ by aj^ - 2a:y + 4:y^. 

30. 4m« + 3m*7i — 7m7i' + n»by m^ + 7i*^. 

31. 6w* + 3m2 + 2m+l by m2 + 3m-T-2. 

32. ry + Sj^^ 4- 6j9 - 4 by j^^ - 4^? 4- 1. 

33. Sx* - 4:0^ + 7 X - e by x^ - 5x - S. 

34. a^ft^ + 4a^^ - 7 by a^'b^ - 7 a^ + 9. 

35. aV — oar* + a; — 7 by aV — x + 4. 

36. a^ 4- a:^ — ax -f 5 by a* — a:* + «^ — 6. 

37. a« 4- Z»« - a% 4- ab^ by a^ -- ab -\- b\ 

38. 6a« 4- 4a* 4- 3a« 4- 2a 4-1 by 2a 4-1. 

39. 3 a;^ — x'* 4- j/* — 4 aij/* by a;^ + ?/* 4- 4 ay. 

40. 5 77t* 4- 7 m^ — 9 m 4- 1 by m^ — 4 4- m. 

41. »»- 3x^4- 7 -4a; by »» 4- 3- 6a; + 2a;«. 

42. a%V 4- aVc» - a^»c 4- 7 by a%^ 4- 1. 

43. aV + 1 — a*a;* — aV — aa; by aV — oa; 4- 3. 

44. 25a2 4-50aZ»4-lby 25a2-50aZ>4-l. 

45. .a%V - 4 a^^a; 4- 1 by a^^^V 4. 4 ^^,3; 4- 1. 

46. a" 4- a""*^ + a'*"^ by a ; also by a^ ; also by a 4- 1. 

47. a"* + b"^ by a"* — ^"•, and this product by a^"* -f ft'"*. 

48. x"* — x"*"^ 4- x"*-^ — x™-*^ by X 4- 1. 

49. x^^^ 4- a;"* + x"'"^ + x"*"^ by x 4- 1. 

50. a*"* — 2 aH"^ 4- ^^"^ by a^"* 4- 2 a"*^^'" + ^^^^ 
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Exercise 57. Equations iiiTOlYins^ MultipUcatloii 

Examples 1 to 3, oral — Examples 4 to 27^ written 

1. Kx*-|-2 = aj'-|-x, what should be subtracted from both 
members to obtain the value of x ? What does x equal ? 

2. If a^ + 2 = a; (x + 1), what is the first step in the solu- 
tion ? the next step ? What does x equal ? 

3. If {x -\-V){x -\-2) = x{x -^ 4), what is the first step in 
the solution ? the next step ? How will you check the result ? 

Solve the following equations^ checking the result by subgti' 
tuting it in the original equation : 



4. x^-i-6 = x(x + S). 

6. x^ + 15 = x(x-^5) 

6. x^-\-2S = x(x-{'7) 

7. a:2-36 = x(a;-4) 

8. x2-36 = a:(x-6) 

9. ic2-36 = x(ir-2) 



10. 3a;(a;-|-l) = 3a* -4-6. 

11. 5a;(x-|-2) = 5x*H-20. 

12. 7a;(a;-|-4)=7a^-f-28. 

13. 6x(x - 3) = 6a^ — 36. 

14. 4x(aj- 7) = 4x^ — 56. 

15. a:(2a;-4) = 2aj»H-40. 



16. If (n^ -f 2n -h l)(n^ - 2n -f- 1) = 71* - 271* -h w, what is 
the' value of ti ? Check by substituting in the original equation. 

Solve the follomng equations^ checking as before : 

17. (7i4-l)(^ + 2)=7i(n + 2)-|-4. 

18. (a-f2)(a + 3)=a(a + 4) + 7. 

19. + 3)(^-3) = j9*+i?+12. 

20. (^ + 4)(y-f 5)=2(4(^ + 5)-h7*. 

21. (x* + 2 a; + 1) (x -h 3) = X* (x -h 5) -h 6 (x -f 1) . 

22. {x" - X -l){2x + ^)=2x\x +1)^1 {x -1). 

23. (x* - 3x-7)(aj ~l) = x*(x - 4)- 5(aj - 2).* 

24. (ar»-2x-6)(x+l)=ar»(a:-l)-9(aj~l). 

25. (a^-|-4x-h4)(x-fl) = aj'(aJ + 5)-f7(x-h2). 

26. (ar*-x + l)(x4-l) + a;=(a: + 2)(a:*-2a:-h4). 

27. (a^ -h a; -h l){x - 1)+ 3x =(x -f- 2)(aj* - 2« -h 4). 
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Exercise 58. Review 
Examples 1 to 6, oral — Examples 7 to 64, written 

1. Add 2 JT -f 1 and 2 x — 1 ; also ax + 1 and ax — 1. 

2. Add 3 a; -4- 4 and 5x -{- 6; also ax -^ b and ex + d. 

3. Subtract a^ — b^ from a^ + 5^ ; also a^ — 5^ from a\ 

4. Subtract a* + 2 a* + ft* from a^-2ah-\-b^. 

5. Multiply a + ft by a ; by ft ; by oft ; by a^. 

6. Multiply 2 a — ft by a ; by — a ; by ft ; by — ft. . 

GHvenf(x) = a:^ — 7 a: -f 9, and F(x) = a; — 7, find : 

7. /(x) 4- F(x). 12. 6 . F(x) - 6 ./(x). 

8. F(x)-f{x). 13. 2 ./(x) • F(x). 

9. F(x)'f(x), 14. 3.F(x).F(a:). 

10. f(x)-5'F(x), 15. F(a;) . F(ar) ./(x). 

11. F(x)-7'f(x). 16. F{x)-f(x)'f(x), . 

6Hven/(a;) = x* -I- 4 a:^ — 5 a: — 9, and! i^(a:) = a:^ — a: — 6, ^wrf ; 

17. /(ic) + F(a:). 21. (x - 4) ./(x). 25. 3 x -/(x). 

18. f(x) -F(x). 22. (x H- 12) ./(x). 26. (5 x - 1) • F(x). 

19. F(x) -/(x). 23. (x^ - x) . F(x). 27. (7 x - 9) -/(x). 

20. (a; - 2) . F(x). 24. (x« + 1) • F(x). 28. /(x) • F(x). 

Simplify : 

29. (aH-ft)(a-3ft)-(2a + ft)(3a-ft). 

30. (a + ft + c)(a + ft - c) - (a^ +^ ft^ - c^. 

31. (a + ft + c) (a + ft — c) (a — ft + c). 

32. (a - ft)(ft - c)-h(ft - c)(c -^ t^)-|-(c - cQ(c£ - a). 

33. (x 4- l)(x + 2) + (x -f 2)(x 4- 3)- (2x + 3)(x - 7). 

34. (x + y) (y + «) — (« + M^) (x + 1^) — (x + «)(2^ — w), 

35. m*(x — y)— rn?(x -f- 2/) + wi^(y + «)+ ^^(2^ - «). 

36. 3[x - (y + ;5:)]- 3[y -(x 4- «)]- 6(x - y + «). 



45. 


AD, 


49. 


ABC. 


4*. 


BD. 


50. 


ABD. 


47. 


DC. 


51. 


A CD. 


48. 


CD. 


52. 


BCD. 
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Given -4 = a: H- y, B = x — y^ C = x^ + xt/ + i^y and 
i> = re* — rry + y*, find : 

37. C + D. 41. AB. 

38. C -D. 42. BA. 

39. D-C. 43. AC. 

40. C 4- 2 D. 44. 5C. 

53. Add aa^ -\- bx + c and tw^* + nx -i-p. 

54. From am^ -{- bm + c subtract pm^ + 2'^ + r. 

55. Add oa:, bx, ex, dx, — ax, 2 ax, x, and — x. 

56. Add afta;, — cdx, 2 abx, 3 c<^, 4, and — 2 c<:?a;. 

57. From the sum of dx and bx subtract (a — b)x. 

58. From the sum of a^x and — bhi subtract — b^x —ahi. 

59. If 1 more than a certain number is multiplied by the 
number, the product equals 3 more than the square of the num- 
ber. What is the number ? 

60. If 2 less than a certain number is multiplied by the 
number, the product equals 4 less than the square of the num- 
ber. What is the number ? 

61. If a certain nmnber increased by 1 is multiplied by the 
number increased by 2, the product equals the sum of 8 and 
the square of the number. What is the number ? 

62. If a certain number increased by 2 is multiplied by the 
number increased by 3, the product equals 16 more than the 
square of the number. What is the number ? 

63. If the number of students in a certain algebra class is 
increased by 4, and this sum is multiplied by the number in- 
creased by 5, the product equals 200 more than the square of 
the number. What is the number ? 

64. By multiplying a -\-b hy a^b show that the square of 
the sum of two numbers equals the square of the first plus 
twice the product of the first and second, plus the square of 
the second. Apply this law to squaring 20 + 5. 



CHAPTER VII 

DIVISION 

Exercise 59. Division of Monomials 

Examples 1 to 18, oral — Examples 19 to 34, written 

1. Divide by 2 : 4 mi. ; 4m; 4-6; 4a;; 4-3-5; 4 xi/. 

2. Divide by 5: 101b.; lOZ; 10»; lOn^; lOa-y; lOabc. 

3. Divide by 9 : 27 id. ; 27 r ; 36 in. ; 36 1 ; 45 acres ; 45 a. 

4. If the temperature is 4° below zero, what will it be when 
it is half as much below zero ? How much is — 4® -i- 2 ? 

5. 64/-^8. 9. -4*-*- 2. 13 75 aZ» -r- 25. 

6. 64c -5- 8. 10. -4a;-i-2. 14. 60a^-j-30. 

7. 64a:y-^8. 11. -4a^»c-5-2. 15. 45j9V -^ 15. 

8. 64■^/a-^8. 12. -16a;2^2. 16. 90V^h-45. 

17. How do you divide a monomial by a positive integer ? 

18. Divide $8 by $2; 8(^ by 2d', 8 ft. by 2ft.; 8/ by 2/; 
8 • 5 by 2 • 5 ; 8 times any number by 2 times the number. 

IHvide : 

19. 8a; by 2a;. 27. 125 a^ by 5 a\ 

20. 10 a; by 2 a;. 28, 275 x" by 2§ a;^. 

21. 15 y by 5 y. 29. 250^?^ by 50 p\ 

22. 16 « by 8 «. 30. 175 m by 25 m. 

23. 25mhy 5 m, 31. — 350 a^> by 70 a^>. 

24. 36 j9 by 4;?. 32. - 450^^ by 25 pq. 

25. 40 a by 10 a. 33. - 750 a^a; by 25a"a;. 

26. 75 b by 25 b, 34. - 925 abo by 25 abc. 
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72. Law of Ezpontnts. Division being the inverse of multi- 
plication, we have the following : 

Since a^ • a* = a*, therefore a* -^ a* = a^ ; 

since »*•«•'= a*+ ", therefore a* + "^ -f- a'' = a*, 

or fl^-5-a" = a^~". 

2%« eocponent of any letter in the quotient is equal to the ex- 
ponent of that letter in the dividend minu% the exponent of 
that letter in the divisor. 

That is, a»» -*- a'* = a"»-". 

Likewise, — 21 x*y* -s- 7 oc^y = — 3 x^y^. 

In algebra, division is usually expressed in the' fractional form, thus : 

= — 12 a*6'c2. 

— 4a6c 

73. Law of Signs. The Law of Signs is given on page 41. 
Briefly stated it is as follows : 

In division^ two like signs produce plus; two unlike signs 

produce minus, 

4 — 4 —4 4 

That is, - = 2, = 2, __=-2, and -l-=-2. 

'2-22 ' -2 

Exercise 60. Division of Monomials 

Examples 1 to 5, oral — Examples 6 to 20, written 

^ 11.1 x' - 119 mV -425jpVV 

^' ab' Sx" ' 7mV * ^ 5p^q'r 

^ m^n^ ^ -9.6m*w ,^ 144 mV ,^ 603aVc« 

Tan — 0.4 mw — 4 m*7i — 9 a© 

^ a;y „ 136a*5»c ,^ -175a^yV ,^ -504 a V« 

3. • 8. — z — ; • 13. 3 — ^i — r~' 18. — T-7. • 

xy bpibo —oaryz^ ox^y^ 

xY 96 gyV - 225 m^ny 25 g'^^c^ 

a^^ * — 6 xyz ' — 25 mn^ ' — 5 a>bc 

-4:a^ 1.21pyr 375 a^^^V - 36 a"'6"'c^ 
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74. Division of a Polynomial by a Monomial. If we divide 
lO ft. 8 in. by 2, we have 5 ft. 4 in. Similarly, we have 

2 )10 ft. 4 in. 4 )40 yd. 16 in. 9 )9 tens + 9 

5 ft. 2 in. 10 yd. 4 in. Iten +1 

2)10f±^ 4 )40-3 + 16>5 9 )9^ + 9 

5f'{'2i 103+ 45 ^ + 1 

That is, to divide a polynomial by a monomial. 

Divide each term of the dividend by the divisor and add 
the partial qaotientB, 

If we divide zero by any number, the result is zero. Division by zero 
has as yet no meaning ; the expression a -^ will be discussed later. 

Exercise 61. Division of a Polynomial by a Monomial 
Examples 1 to 9, oral — Examples 10 to 17, written 

1. Divide by2: 8ft.6in.; 8/-h6i; 8tens + 6; 8^ + 6; 86. 

2. Divide by 3 : 9 mi. 15 rd. ; 9 m -|- 15 r ; 9 iry -f 15 xy, 

3. Divide by a : a>x + ay\ ahc + axcy ; a Vx + a 'yy\ a + a\ 

Divide : 

4. pa^ + pj^ hy jp. 7. — aa; -f- ay by a. 

5. axy 4- amn by a. 8. — oa; + ay by — a. 

6. mpq — mxy by m. 9. am^ — an^ + aa? by a, 

Perform the indicated divisions ; 

SBp^m + 75p^m* 25m»p + S5m^q - 15 mV 

bphn ' —5 m* 

64 a^5 V - 48 a^V'(^ ai?i? - a%^c + a'& V 

75 g'yc' - 65 a'^V - 4aWa; - 6a% + %ahxy 

^^ -5aVc» * ^^' ^2ah 

,^ — 81mV+108wV ,„ -9wna«-|-15m^V-3mn 
— 9?»V —Smn 
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75. Division of a Pol3rnomiAl by a Polynomial. Since divisidj 
is the inverse of multiplication, the process of division is bei 
understood by first studying a case in multiplication. I 

Multiplicand a^ + 2ab + 1;^ 

Multiplier a -\- b 

1st partial product, by a a* -f 2 a% + ab^ 

2d partial product, by b a% + 2aJ)^ + b* 

Product hy a + b a« + 3 a% ^ 3 o^* -f ^»« 

Reversing this, required to divide a* -f 3 a% -f- 3 a6^ -j- b^ by 
a^-\-2db + b^. The work is more conveniently arranged by plac- 
ing the divisor at the right, thus : 

Dividend a« + 3 a^^ + 3 al? -f fr» | ag-h2a5 + ^' Divisor 

Product by a a^ + 2a% + ab^ a -]- b Quotient 

Remainder a^b -f 2 a^^ -h b^ 

Product by b a% + 2 aZ>^ -f b^ 

Dividing a*, the first term of the dividend, by a^, the first term of the 
divisor, we l\ave a, the first term of the quotient. 

Multiplying the divisor by a, we have 0^ + 2 a% + 06^, which is sub- 
tracted from the dividend, leaving a^b -\- 2 aJtf^ -\- Ifi still to be divided. 

Proceeding as before, and dividing a^ft by a*, the next term of the 
quotient is h. 

Multiplying as before, we have aPh + 2 06^ + 6^, which is 8ubtracte«l, 
leaving no renminder. 

We therefore see that in division we proceed as follows : 

Arrange both dividend and divisor in ascending or de- 
scending powers of some common letter. 

Divide the first term of the dividend by the first term of the 
divisor and write the result for the first term of the quotient 

Multiply the entire divisor by the first term of the quotient 
and subtract the result from the dividend. 

If there is a remainder^ consider it as a new dividend and 
proceed as before. 
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• 

76. niostratiye Problems. The following typical problems 

should be carefully studied: 

1. Divide 3? — 5x — S4khy x-{'7. 

Operation Check 

8 ^ 

-12a -84* 
-12x-84 ' 

We may check the result (1) by carefully reviewing the work, (2) by 
multiplying the quotient by the divisor, the product being the dividend, 
or (3) by substituting some convenient values for the letters. 

Applying the second of these checks, we can easily show that 
(a;+7)(x-12) = x«- 6X-84. 

Applying the third check, letting x = 1, we have 1 — 6 — 84 =— 88, 
1 + 7=8, — 88 + 8=— 11; and the quotient, x — 12, becomes — 11 also. 



a:»_ 5aj-84 


a;+7 


a:*-h 7x 


x-12 



2. Divide a* — 5" by a — b. 



OPERi 


iTION 

a — b 


a« - a% 


a^^ab-tlf^ 


a% - at 


^ 


at 
al 


i^-b* 



Check 
a = 2, 5=1 



In the check we cannot let a = 6 because this would make the divisor 
zero. We therefore let a = 2 and 6 = 1. Then the dividend is 7, the 
divisor 1, and the quotient 7. 

Since we cannot divide by zeroy in checking the work, 
tM iise some value for the letters that shall not make the 
divisor zero. 

It is also a good check to notice that if both dividend and divisor are 
homogeneous, the quotient is also homogeneous. In the case given above 
the dividend, divisor, and quotient are all homogeneous. 
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Exercise 62. Division of a Polynomial by a Polynomial 

Examples 1 to 5, oral — Examples 6 to 29, written 

1. In dividing a' + Zx^y + 2xj^ by x^ + 2 ay, what is tiie 
first term of the quotient ? 

2. How do you check the work in division ? 

State the first term of the quotient : 

3. a^ — 5x + 6 divided by x — 3 ; by aj — 2. 

4. 8 m^ — 10 mn — 3 w* divided hy 4: m -\- n ; by2m--3n. 

5. p^-Sp-S divided by - j9 + 3; hy p^ + 3p -f 1. 

Divide the following, checking the results : 



6. a^ + 3a + 2 bya + 1. 

7. ^a^5^»-h4by&4-l. 

8. c^+8c + 12by c + 2. 

9. (P-2d-15hy d + S. 
10. c2 + lle-f-28by e + 4. 
11. /'-3/-40by/+5. 

12. /-ll(7+18by^-2. 

13. A*-13A + 30by^-3. 



14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 



a^ — 5al> — 6b^hya'{-b. 
a^ — 6a^ -h 5ft^ by a — ft. 
(r^-f cc?-^6ci^by c4-3e?. 
J9^ — 9pq -\- 20q^ hy p — 5q. 
a^ + xy — 20y^ by x — 4y. 
p^ +pq — 20q^ hyp-\-5q. 
a^-\-llxi/-{'2Sfhyx + 7y. 
p^ + llpq-\-2Sq^hyp-^4.q. 

Arrange according to the descending powers ofxy and divide : 

22. cc^ + x^- 16x - 4 - 9a:» by 4 + x^ -h 4a;. 

23. 6 + a;*-12aj + llx^-5x»by 3-3a: + x*. 

24. 2a;* + 9aj-12-5x»-7a;2by l-x + ic^. 

25. -7a;»-10ar» + ic*-3-f-25ajbya; + aj^-3. 

26. 3a;» + aj*-6x-4x* + 4by 3x + ar»-2. (, 

27. 6a; - a;^ + a;* - 9 by ar* + 3 - « ; by a;^ + x - 3. 

28. If /(a;) = a;2 + 7a;-h2 and F(a;) = a;« -j- 8a;* + 9a; + 2, 
find F(x)-^f{x) ; F(x)^(x + 1) ; (/ (a;) + 10) -J- (a; + 3). 

29. Divide 2h + 8t + 8uhjh + 4:t + ^ui 288 by 144. 
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77. Fraction in the Quotient. In algebra as in arithmetic, the 
quotient may contain a fraction. 

For example, divide a* + ft" by a — ft. 

Operation Check 

a« + ft" a — b a = 2, ft = 1 

f =7+}=9 



a% + 
a*b- 








alr' + 
ab^- 


b" 
b* 



a 


-ft 




a^ 


+ oft + ft^ + 


2 ft" 
a — ft 



2 ft", remainder 

Here we have a remainder of 26^. If we continue the division, the 

next term of the quotient becomes — , and all of the other terms are 

fractional, the fractions being written precisely as in arithmetic. We 
therefore simply express the division by writing the remainder over the 

26* 2ft« 

whole divisor, thus : The quotient is therefore a^ -{■ ab '\- Ij^ •{ 

a—b a—b 

The subject of fractions is treated later. For the present we may write 
them as in arithmetic, except that in algebra we write the proper sign 

between an integer and a fraction, as in a + - . 



Exercise 63. Fraction in the Quotient 

Written Work 

1. Divide ic" -h 1 by a; ; by a; + 1 ; by aj — 1. 

2. Divide a;* + 1 by a* ; by aj* ; by a; + 1 ; a:" — 1 by a; -h 1. 
8. Divide a;^4-2aj + 2bya;-hl; bya;-l; bya:-f2. 

Divide the following : 

4. aj^ + 3a; + 1 by a; - 1. 8. a« + 2 a - 7 by a + 1. 

5. a^ - 4aj + 2 by a - 2. 9. a^ + 3 a - 8 by a -f 2. 

6. a^ — 2a; — 6 by a; — 3. 10. m^ -h 4 w — 4 by m + ^ 

7. a* + 7aj + 4 by a; — 2. 11. /?* + 6pq + q*hyp + q. 
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Exercise 64. Equations involying Division 

Examples 1 to 11, oral — Examples 12 to 32, written 

1. If 7 a; = 63, what is the value of a;? How do you prove it? 

2. If ox = 3 a, what is the value of a; ? Prove it. 

3. If 2 ahi = 4 a*, what is the value of aj ? Prove it. 

Find the value of x and prove that it is correct : 

4. 3aa; = 6a. 8. -2aMB = 24a«. 

5. 5 ahi = 10 a\ 9. 4.aa = - 16 a\ 

6. 7 a^a; = 14 a%^. 10. - 7 a»a; =- 66 a». 

7. ^abx = 27a^b\ 11. - obex i= -a^V^<?. 

12. If (a + ^)a; = a* + 2 o^ -f &^, what is the value of a? ? 

Find the value of x and prove that it is correct : 

13. ax — a^-h a^b, 18. (a — b)x = a' — b\ 

14. a*a; = a«-3a^ . 19. (a -{- b)x = a* -\- b\ 

15. a^a; = 3 a" - a\ 20. (a - 7)a; = a» - 343. 

16. — aa = — a* + a. 21. (a + 7)x = a« -f 343. 

17. - 17 ox = - 357 a»». 22. (a« - b^)x = a* - Z/*. 

Qiven the following polynomials : 

M^a^'\-2ab + b\ P = a» -|- 3 a% -j- 3 oZ^* + 6», 

i\r = a» - 2a* + ^^ Q = a» - 3a% + 3a*^ - *•, 

^nrf the value of x in the follounng : 

23. Mx = P. 26. iVir = Q. 29. (a — ft)a; = Q. 

24. il/a;= — P. 27. iVx=—Q. 30. (a + ^')x = P. 

25. Jfaj = -3P. 28. iVa;=-3Q. 31. MiNTx = PQ. 

32. If i = prt, what is the value of t in terms of i, /?, and r ? 
Evaluate the result if i = 21, p=^ 460, and r = 6% ; if t = 162, 
p = 460, and r = 6%. 



CHAPTER VIII 

SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY 

78. Simple Equation. An equation involving the first power 
and no higher power of the unknown quantity is called a 
simple eqvMion, 

Such an equation is also said to be of the first degree. It is also called, 
particularly in higher mathematics, a linear equation, 

79. Identity. An equation that is true for any value what- 
soever of any letter is called an identity. 

Thus (a + 6)2 = a2 + 2 oft + 6*. This is true if a = 8, 6 = 4, or if the 
letters have any other values whatsoever. 

An equation involving only numbers, like 2 + 8 = 5, is also called an 
identity. 

An identity is sometimes expressed by the symbol = ,asina+6 = 6 + a, 
read " a + 6 is identical to 6 + a." 

80. Satisfying an Equation. The quantity that, substituted 
for the unknown quantity, reduces an equation to an identity 
is said to satisfy the equation. * 

This quantity is the value of the unknown quantity. Thus if x + 7 = 9, 
then X = 2, and 2 satisfies the equation. 

If ox = a^, and we consider x as the unknown quantity, we see that 
X = a, and a satisfies the equation. 

81. Solving an Equation. To find the value or values of the 
unknown quailtity that will satisfy the equation is to solve 
the equation. 

Thus if X + 3 = 5 , then x = 2 ; for if we put 2 for x the two members 
of the equation become 2 + 8, and 5, which are the same in value. In 
other words, the equation then becomes an identity, 

98 
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82. Root. A value of the unknown quantity that satisfies 
an equation is called a root of the equation. 

Thus in X — 4 = 9, 13 is the root of the eqaation. 

Simple equations have only one root. We shall later study equations 
that have more than one root. For example, the equation z^ — 3x + 2=0 
is satisfied if x = 1, and also if x = 2. 

83. Transposition. We have already learned that we may 
subtract equals from equals and have equals left (§ 19). We 
have also seen that this amounts to taking a quantity from 
one side of the equation, changing the sign, and putting it on 
the other side. 

Taking a quantity from one side of an equation, changing 
its sign, and putting it on the other side is called transposition. 

For example, if 2x— 4 = 8 + x, 

we may subtract x from both sides and have 

X - 4 = 8. 

We may then subtract — 4 from both sides (or add + 4 to both sides) 

and have x = 12. 

The word * transpose ^^ is therefore unnecessary, since we can use 
** subtract ** or '' add ^* in its stead, but it is a word that is commonly 
employed by many teachers of algebra. 

84. Vumerical Equatioa. An equation containing no letters 
except those representing a root is called a numerical eqttatian. 
The following is the method of solving such an equation. 

Solve the equation 4a; — 7-|-a5 = 10 — 3a5 — 1. 

Combining the terms, 5x — 7 = — 3x. 

Subtracting — 7, 6x = 16 — 3 x. 

Subtracting — 8 x, 8 x = 16. 

Dividing by 8, x = 2. 

Check. 4x2-7 + 2 = 10 -3x2-1, 

or 3 = 8. 

The solution may be shortened, thus : 

Combining terms, 6x — 7 = 9 — 8x. 

Adding 7 and 8x, 8x = 16. 

Dividing, x = 2. 
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Exercise 65. Numerical Equations 

Examples 1 to 15, oral — Examples 16 to S^, tmitten 

1. Is a; + 3 = ^ an identity ? Give your reason. 

2. Isa; + 3 = 3 + a;an identity ? Give your reason. 

3. What value of x satisfies the equation aj — 4 = 5 ? Prove it. 

4. What is the root of the equation a -f 7 = 12 ? Prove it. 

5. What right have you to transpose — 3 in the equation 
a: — 3 = 9 ? Explain why the sign is changed. 

Solve the eqiuitiona : 

6. a; — 4 = 6. 9. a; + 6 = 9. 12. a + 7 = 16. 

7. a; + 4 = 6. 10. a; - 5 = 9. 13. aj + 16 = 7. 

8. 6 - a; = 4. 11. 9 - a; = 6. 14. a: - 16 = 7. 

15. How will you begin to solve the equation 4x-|-6 — 2a; = 
15 ? What will be your second step ? your third step ? 

Solve the equationB : 

16. 6a;-7 + 3aj = 9. 21. 8 + 2aj- 19 = a;. 

17. 7a; - 4 - 6aj = 10. 22. 6 - a; - 8 -f 6a; = 17. 

18. 9a; + 7 - 37 = 3a;. 23. 3 - 7 a; - 14a; - 1 = 23. 

19. 9a; — a; -44 = 4a;. 24. 6a; - 7 + 7a; - 6 = 36. 
7-:? + 7a; = 31. 25. 9^ a; -f 7 4- 3^ a; = 20. 



26. If to 6 times a certain number we add 2, the sum is 
20 diminished by 4 times the number. What is the number ? 

Solve the e^fuations : 

27. 6x -7 + 3a; + 6 + 8a; = 13 + 6a; 4- 40. 

28. 7a;-2-f 9a; -3-1- 6a; = 4 + a; + 31. 

29. 8a; + 7 -2a; -1-6 = 4a; +12 -(a; -30). 
80. 6a;-(4-9a;)-6 = 2a;-(7-3a;)-f 16. 

31. 3faj + 2i-(6ia;-7i)=7ia;-(6f-9fa;)-|-26i. , 

32. 2ta;-f-3i-|-(6ia;-9i)-12fa;=2ia; + 6f-(7ia;-12). 
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85. Problems relating to Kumbers. The following problems 
should be studied carefully before attempting the next exercise. 

1. Five times a certain number equals 75. Find the number. 

Let X = the namber. 

Then 6x = five times the number. 

But 75 = five times the number. 

.-. 6x = 76. 
Dividing by 6, x = 16. 

Therefore the required number is 16. 
Check, Substituting in the statement of the problem, 6 x 16 = 75. 

2. Five times a certain number equals the number increased 
by ?4. Find the number. 

Let X = the number. 

Then 6x = five times the number, 

and X + 24 = the number increased by 24. 

.*. 6x =p5 + 24. 
Subtracting x, 4 x = 24. 

Dividing by 4, x = 6. 

Therefore the required number is 6. 
Check. Substituting in the statement of the problem, 6 x 6 = 6 + 24. 

•3. The sum of two numbers is 39, and one of them is three 
more than five times the other. Find the numbers. 

Let X = the smaller number. . 

Then 5 x + 3 = the larger number. 

Since their sum is 30, 

(6x + 3) + x = 89.' 
Combining, 6x + 8 = 89. 

Subtracting 3, 6x = 36. 

Dividing by 6, x = 6. 

Then 6x + 3 = 6x6 + 8 

= 33. 
Therefore the required numbers are 6 and 33. 
Check. Substituting in the statement of the problem, 

6 + 33 = 39, 
and 33 = 6 X 6 + 3. 

■ 

After a little practice solutions of this nature may be shortened. 
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Exercise 66. Problems in Namerical Equations 
Examples 1 to IS, oral — Examples 14 to £9, toritten 

L If you represent a number by x, how will you represent 
four times the number ? five more than four times the number ? 

2. If one book costs x dollars, how much will seven books 
cost ? nine books ? fifteen books ? n books ? 

3. If a man bought 15 horses at d dollars each, how much 
did he pay for all the horses ? for a third of them ? 

4. How will you represent four times a number, increased 
by seven ? four times a number, decreased by six ? 

5. How will you represent the excess of a nimiber over 46 ? 
the excess of 45 over a number ? a number increased by 45 ? 

6. Express in cents the value of d dimes ; of q quarters ; 
of n dimes plus q quarters ; of d dimes and c cents. 

7. If you are n years old to-day, how old were you five 
years ago ? How old will you be in seven years ? 

8. A gallon contains 231 ca. in. How many cubic inches 
are there in g gallons ? in 2 ^ gallons ? in ^ ^ gallons ? 

9. If twice a certain number is 36, what is the number ? 

10. If half a certain number is 24, what is the number ? 

11. If the sum of 7 and a certain number is 20, what is 
the number? What is twice the number? 

12. If a certain number is 5 more than 7, what is the 
number? What is half the number? 

13. If twice a certain number, decreased by 1, is 9, find 
the number. Check the result. 

14. Four increased by three times a certain number equals 
19. Find the number. 

15. Four times a certain number is diminished by three, the 
result being 29. Find the number. 

16. If from five times a certain number seven is subtracted, 
the result is 33. Find the number. 
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17. Twelve more than three times a certain number equals 
46. Find the number. 

18. Eight times a certain number equals 27 diminished 
by the number. Find the numlDer. 

19. Nine times a certain number equals 75 diminished by 
six times the number. Find the number. 

20. Twelve times a certain number equals 80 diminished 
by eight times the number. Find the number. 

21. Fifteen times a certain number equals 58 diminished by 
fourteen times the number. Find the number. 

22. Nine times a certain number is diminished by 3.42, the 
result being 77.58. Find the number. 

23. Ten times a certain number is diminished by six, the 
result being 36 more than four times the number. Find 
the number. 

24. Twelve times a certain number is diminished by nine, 
the result being 54 more than nine times the number. Find 
the number. 

25. Six times a certain number is increased by 15, the result 
being 45 more than four times the number. Find the number. 

26. Seventeen ^times a certain number is increased by 13, 
the result being 77 more than nine times the number. Find 
the number. 

27. Twenty-three times a certain number is increased by 
five times the number, the result being 160 more than eight 
times the number. Find the number. 

28. From 5§ times a certain number 7 is subtracted, the 
result being 93 more than 2J times the number. Find the 
number. 

29. From 7| times a certain number 9J is subtracted, the 
result being 28^| more than 5^ times the number. Find 
the number. 
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86. Problems xelating to Per Cents. The following problems 
are typical of those met in percentage. 

1. A man receives 6^ on some money invested and adds 
J60 to the amount received, thus making $300. How much 
has he invested? 

Let X = the number of dollars invested. 

Then 0.06 x = the number of dollars received, 

and 0.06 X + 60 = the number of doUars stated, or 800. 

.-. 0.06x + 60 = 800. 
Subtracting 60, 0.06x = 240. 

Dividing by 0.06, x = 4000. 

Therefore he has |4000 invested. 

CJieck, 6% of f 4000 = f 240, and f 240 + |60 = $800. 

It should be observed that we do not let x equal the money , but we let 
X = the number of dollars. Then when we find that x = 4000, we know 
that this is the number of dollars, and that $4000 is the sum invested. We 
are thus relieved of the necessity of considering the dollar sign in the 
solution. In general, in algebra, this plan is pursued, all the numbers 
being considered abstract. 

2. What per cent above cost must a man mark his goods so 
as to allow a discount of 20% and still make a profit of 20% ? 

The question is to find what per cent the marked price is of the cost, 
and then to find how much this is above cost. 

Let c = the number of dollars of cost. 

Then 1.20 c = the number of dollars of selling price. 

Let m = the number of dollars of marked price. 

Then 0.80 m = the number of dollars of selling price. 

Therefore 0.80 m = 1 .20 c. 

Dividing by 0.80, m = 1.60 c. 

That is, the goods must be marked 50% above cost. 

Check. If from 1.50 c we take 20% of it, we have left 80% of 1.50 c, or 
1.20 c. This 1.20 c is 20% more thane. 

For example, if the goods cost $80 the dealer marks them at 1.50 x $80, 
or f 120. The selling price is then 20% less, or $96, and this is 20% more 
than $80. 
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Exercise 67. Problems relating to Per Cents 
Examples 1 to 12, oral — Examples IS to 20^ written 

1. Six is six per cent of what number ? 

2. Three is six per cent of what number ? 

3. Six is three per cent of what number ? 

Solve: 

4. 6% aj = 18. 7. 3% a; = 9. 10. a; + 6% x = 106. 

5. 5% X = 15. 8. 2% a: = 6. 11. a; + 5% a; = 105. 

6. 4% aj = 12. 9. 12% x = 24. 12. ar 4- 5% a; = 210. 

13. If 18% by weight of wheat is lost in grinding it into 
flour, how many pounds of wheat are used if the loss is 360 lb. ? 

14. From Ex. 13, how many pounds of wheat are needed to 
produce 820 lb. of flour ? 

15. From Ex. 13, how many pounds of wheat are needed 
to produce 779 lb. of flour ? 

16. A dealer sells a suit of clothes for |32.20. The suit cost 
him $28. What is his per cent of gain ? 

17. A suit of clothes was sold for $30.80, after a discount 
of 12% was allowed on the marked price. What was the 
marked price ? 

18. The profits on a business this year are 22% more than 
they were last year. This year they are $6344. What were 
they last year ? 

19. Water in freezing expands 10% of its volume. How 
many cubic inches of water will make 508.2 cu. in. of ice ? 
Allowing 231 cu. in. to a gallon, how many gallons of water 
are needed ?• 

20. At what per cent above cost must a dealer mark his 
goods so that he can deduct 25% and still make a profit of 
25% ? What will be the marked price if the goods cost the 
dealer $800 ? What will be the selling price ? 
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87. Problems relating to Miztuies. In various kinds of busi- 
ness it becomes necessary to mix certain ingredients, and the 
quantities are often found easily by algebra. 

How much water must be added to 12 qt. of a 26% solution 
of ammonia to reduce it to a 10% solution ? 

Let X = the number of quarts added. . 

Then 12 + x = the total number of quarts. 

Then 10% (12 + x) = the number of quarts of ammonia. 

But . 25% of 12 = the number of quarts of ammonia. 

.-. 10% (12 + X) = 25% of 12. 

Combining, 1.2 + 10%x = 8. 

Subtracting 1.2, 10% x = 1.8. 

Dividing by 10%, x = 18. 
Therefore 18 qt. of water must be added. 

Check. 25% of 12 qt. = 3 qt., the amount of ammonia. 

1^ qt. + 18 qt. = 30 qt., the amount of the mixture. 
Furthermore, 3 qt. is 10% of 30 qt., as required. 

Exercise 68. Problems relating to Mixtures 
Examples 1 to 5, oral — Examples 6 to 17, W7ntten 

1. In the equation 5% (l-ha;)= 20%, what is the first step 
in the solution ? the second step ? 

2. If we add x qt. to 4 qt. and take 10% of the sum, how 
shall we indicate the result ? 

3. If a certain ore yields 2% pure metal, how many pounds 
will it yield to the ton (2000 lb.) ? 

4. If a certain ore yields 60 lb. of pure metal to the ton, 
what, per cent does it yield ? 

5. If 20 lb. of tin is melted with 60 lb. of copper, what part 
of the mixture is tin ? copper ? What per cent of the mix- 
ture is tin ? copper ? The tin is what per cent of the weight 
of the copper ? The copper is what per cent of the weight of 
the tin ? 
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6. How much water must be added to a gallon of «. 20^ 
solution of ammonia to reduce it to a 10^ solution ? 

7. How much water must be added to 32 gal. of alcohol 
95% pure to reduce it to a 76% solution? 

8. How many pounds of water must be added to 160 lb. of 
a 6% solution of salt to reduce it to a 4% solution? How 
many gallons, allowing 8.351b. of water to a gallon? 

9. How much water must be added to a pint of a 5% solu- 
tion of a certain medicine to reduce it to a 1% solution ? 

10. How much water must be added to a barrel of vinegar 
85% pure to reduce it to a 50% solution ? 

11. How much vinegar must be added to a barrel of vinegar 
50% pure to make it an 85% solution ? 

12. How much ammonia must be added to a gallon that eon- 
tains 20% pure ammonia so that the mixture shall contain 
30% pure ammonia? 

13. In an alloy of 90 oz. of silver and copper there are 6 oz. 
of silver. How much copper must be added that 50 oz. of the 
new alloy may contain 2 oz. of silver ? ' 

14. In a mixture of 3 oz. of water and listerine there is 1 oz. 
of listerine. How much listerine must be added to make the 
new solution contain 75% pure listerine? 

15. Our silver coins are 90% pure silver. How much pure 
silver must be melted with 100 oz. of silver alloy containing 
80% pure silver to bring it to the standard required for our 
coinage ? 

« 

16. In Ex. 15 how much pure silver must be melted with 
200 oz. of silver alloy containing 75% pure silver to bring it 
to the 90% standard ? 

17. Air consists of five parts of nitrogen and one part of 
oxygen. How many cubic feet of oxygen are there in a school- 
room 40 ft. by 30 ft. by 10 ft. ? How high would a room 40 ft 
by 30 ft. be if it contained 2400 cu. ft. of oxygen ? 
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88. Problems relating to Motion. Algebra is useful in solving 
problems relating to motion. 

1. A train leaves Pittsburgh for the West at the same time 
that one leaves for the East. The former travels at the average 
rate of 42 mi. an hour and the latter at the rate of 38 mi. an 
hour. In how many hours will they be 240 mi. apart ? 

Let X = the number of hours. 

In 1 hr. they are (42 + 38) mi. apart, or 80 mi. apart. 
In X hr. they are x • 80 mi. apart, or 80x mi. 
Bat they are 240 mi. apart. 

.-. 80x = 240. 
Dividing by 80, x = 3. 

Therefore in 3 hr. they will be 240 mi. apart. 

Check, 3 X (48 + 32) mi. = 240 mi. 

2. A man starts from a certain place and travels on his 
bicycle at the rate of 16 mi. an hour. Forty-five minutes later 
an automobile starts after him at the rate of 24 mi. an hour. 
How long will it take the automobile to overtake him ? 

In 46 min. the bicycle has gone f of 16 mi., or 12 mi. 
The automobile goes 24 mi. an hour while the bicycle goes 16 mi., the 
automobile thus gaining on the bicycle 8 mi. an hour. 

Let X = the number of hours required. 

Since the automobile gains 8 mi. an hour, 

8x = the number of miles gained in x hr. 
But 12 = the number of miles to be gained. 

.•. 8x = 12. 
Dividing by 8, x = 1 J^. 

Therefore the automobile will overtake the bicycle in 1^ hr. 

• 

C?ieck, In 1} hr. the automobile will travel 1^ x 24 mi., or 86 mi., and 
the bicycle will travel 1]^ x 16 mi., or 24 mi. Adding 12 mi., the start of 
the bicycle, 24 mi. + 12 mi. = 36 mi. 

In all problems relating to motion the average rate is to be understood 
unless the contrary is stated. In other words, the motion referred to in 
SQch problems is to be taken afl uniform. 
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Exercise 69. Problems relating to Motkm 
Examples 1 to 4, oral — Examples 5 to 18 ^ written 

1. At 3 mi. an hour, how far will a man travel in 4 hr. ? in 
\ hr. ? in ^ hours ? in (a + ft) hours ? 

2. At r miles an hour, how far will an aeroplane go in i 
hours ? in 2 ^ hours ? in J hr. ? 

3. If two men travel in opposite directions, one at the rate 
of 3 mi. an hour and the other at the rate of 40 mi. an hour, 
how far apart will they be in 1 hr. ? in 2 hr. ? m h hours ? 

4. If two men start from Chicago and New York at the same 
time and travel toward one another, the first at the rate of 
a miles an hour and the second at the rate of h miles an hour, 
how much nearer one another will they be in ^ hours ? 

5. Two men start from Denver at the same time, one travel- 
ing south 36 mi. an hour, and the other north 38 mi. an hour. 
How many miles apart will they be in 3 hr. ? In how many 
hours will they be 292 mi. apart ? 

6. Two men start from the same place, one going east 
and the other going west, the former traveling twice as 
fast as the latter. In 4 hr. they are 300 mi. apart. Find the 
rate of each. 

7. Two men start from the same place, one to the north and 
the other to the south, the former traveling 5 mi. an hour 
faster than the latter. In 2 hr. they are 150 mi. apart. Find 
the rate of each. 

8. In Ex. 7 suppose the former travels 5 mi. an hour slower 
than the latter, and that in 2 hr. they are also 150 mi. apart. 
Find the rate of each. ^ 

9. A man leaves a friend at the railway station and starts 
to drive north just as his friend leaves on the train for the 
south. A half hour later they are 20 mi. apart. If the man 
drives one fourth as fast as the train travels, what is the rate 
of each ? 
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10. Two men start from places 30 mi. apart and travel 
toward one another, the first at the rate of 7 mi. an hour 
and the second at the rate of 3 mi. an hour. How soon will 
they meet? 

11. In Ex. 10 suppose the two men to travel at the same 
rate and to meet in 5 hr. Find the rate. 

12. Two men start from places 600 mi. apart and travel 
toward one another, the first traveling 5 mi. an hour faster 
than the second. They meet in 8 hr. Find the rate of each. 

13. A man starts on foot and walks at the rate of 3 mi. an 
hour. An hour after he has started a man sets out on horse- 
back to overtake him and travels 6 mi. an hour. How soon 
will the second man overtake the first ? 

14. In Ex. 13 suppose the first man walks 4 mi. an hour 
and the second rides 6 mi. an hour. How many miles will the 
second man have to ride to overtake the first ? 

15. A train leaves St. Louis for Chicago at 8 a.m. and travels 
35 mi. an hour. After an hour and a half a second train follows 
it on a parallel track at the rate of 47 mi. an hour. At what 
distance from St. Louis will the second train pass the first ? 

16. The distance from Albany to New York is 143 mi. A 
passenger train starts from New York at the same time that a 
freight train starts from Albany, and they travel toward one 
another. The passenger train makes 45 mi. an hour and the 
freight train 26J mi. How soon will they meet and at what 
distance from New York ? 

17. In Ex. 16 suppose both trains to be going from Albany 
to New York, the freight having a start of 2 hr. How soon 
will the passenger train overtake the freight and at what 
distance from Albany? 

18. In Ex. 16 suppose the trains travel 50 mi. and 25 mi. 
an hour, respectively, but the freight train is delayed 35 min. 
daring the first hour. How soon will they meet ? 
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89. Miscellaneous Problems. The following solutions should 
be studied before attempting the next exercise. 

1. The sum of three consecutive numbers is 48. Find the 
numbers. 

Let n = the middle number. 

Then n — 1 = the smallest number, 

and n + 1 = the largest number. 

Adding, 3 n = the sum. 

Then (n - 1) + n + (n + 1) = 48, 

whence 3 n = 48. 

Dividing by 3, n = 16. 

Therefore the numbers are 16, 16, 17. 

Check. 15 + 16 + 17 = 48. 

It simplifies the solution a little to take n — 1, n, and n + 1 for the 
numbers, instead of n, n + 1, and n + 2, although the latter plan is also 
correct. In this case we should have 

n + (n + 1) + (n + 2) = 48, 

whence 3 n = 45, 

and n = 15. 

Therefore the numbers are 15, 16, 17. 

2. A man is now three times as old as his son. Five years 
ago he was four times as old as his son. Find the age of each. 

Let X = the number of years in the son^s age. 

Then 3 a; = the number of years in the father^s age. 

Also X — 5 = the number of years in the son^s age 5 years ago, 
and 3x^5 = the number of years in the f ather^s age 5 years ago. 

But five years ago the father was four times as old as the son. 
.-. 3x— 6 = 4(x — 6). 

Multiplying, 3x— 5 = 4x— 20. 

Subtracting — 5, 3 x = 4x — 15. 

Subtracting 4 x, — x = — 15. 

Dividing by — 1, x = 15, the number of years in the son's age, 
and 3x = 45, the number of years in the father's age. 

CJieck, 45 = 3 X 15 ; five years ago they were 40 years and 10 years 
of age respectiyefy, and 40 = 4 x 10. 
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Exercise 70. Miscellaneous Problems 

Examples 1 to 6, oral — Examples 7 to 81, written 

1. Solve the equations 6«-f7 = 42; 6a; — 7 = 43. 

2. Solve the equations 2aj = 7; 2ar — 1 = 10; 2*4-1 = 10. 

3. What number is one more than half itself? 

4. A rectangle 5 in. wide has an area of 40 ^q. in. What 
is its leng:th ? 

5. A rectangular box 5 ft. long and 4 ft. wide has a capacity 
of 40 cu. ft. What is its depth ? 

6. A rectangular tank 5 ft. deep and 8 ft. wide has a capac- 
ity of 480 cu. ft. What is its length ? 

7. If it takes a steamer 5^ da. to go 3355 mi., what is its 
average rate per day ? 

8. After playing 20 games a ball team had won three times 
as many as it had lost. How many games had it lost? How 
many had it won ? 

9. A freight, train running 35 mi. an hour leaves a station 
three hours ahead of an express train that runs 50 mi. an hour. 
How soon will the express train overtake the freight ? 

10. The three angles of a triangle are together equal to 180^. 
In a certain right triangle one acute angle is three times as 
large as the other. Find the number of degrees in each angle. 

11. The vertical angle of an isosceles triangle is 30*. Find 
the number of degrees in each of the two equal angles at 
the base. 

12. A school building is in the form of a rectangle 60 ft. 
long and 49 ft. wide. An addition 35 ft. wide is to be made 
to cover half the area of the original building. How long is 
the iaddition ? 

13. If we can send a ten-word massage to a certain place 
for '35^, and a 24-word message for 63^, what is the charge 
for each additional word above ten ? 
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14. A miner secured 676 oz. of silver from some ore, this 
^iog 1% of the weight of the ore. How much did the ore 
weigh ? 

15. The top of a treei 120 ft. high is broken off. The length 
of the part broken off is four times the length of the part left 
standing. Find the length of each part. 

16. Three men buy a summer cottage for $3000. The second 
pays twice as much as the first, and the third pays as much as 
the first two together. How much does each pay ? If they 
used the cottage for three months, each occupying it alone, 
how much of the time should each be allowed to use it ? 

17. In 30 years from now a boy will be three times as old 
as he is at present. How old is he now ? 

18. Ten years .ago a boy was one third as old as he is at 
present. How old is he now? 

19. Four years ago a man was seven times as old as his 
son, and his son is now eight years old. Find the age of 
the father. 

20. A man has $9 in half dollars and quarters, having four 
times as many quarters as half dollars. How many coins of 
each kind has he ? 

21. A man has $3.85 in quarters and dimes, having three 
times as many dimes as quarters. How many coins of each 
kind does he have ? 

22. The sum of the ages of a father and his son is 60 years, 
and the father's age is three years more than twice the age of 
his son. Find the age of each. 

23. Some boys are laying out a circular running track that 
is to be just a quarter of a mile in length. What radius must 
they use in describing the circle ? (Use tt = 3|, as in § 16.) 

24. Ten men agreed to build a camp together, but two de- 
cided not to take their share, each of the others then having 
to pay $5 more for his share. Find the cost of the camp. 
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25. An ocean liner making 21 knots an hour leaves Boston 
when a freight steamer making 8 knots an hour is already 
975 knots out. How long will it take the liner to overtake 
the freight steamer? 

26. A river flows at the rate of 3 mi. an hour. A man who 
rows at the rate of 5 mi. an hour in still water wishes to row 
1 mi. up the stream. How long will it take him ? 

27. A river flows at the rate of 2 mi. an hour. A man who 
rows at the rate of 5 mi. an hour in still water wishes to row 
14 mi. down the stream. How long will it take him ? 

28. A river flows at the rate of 3 mi. an hour. A man rows 
a certain distance up the river in 12 hours and rows back to 
the starting place in 3 hours. If he keeps his regular rate in 
rowing, what is this rate in still water ? 

29. A man finds that it takes his naphtha launch two hours 
to go 24 mi. with the tide, and four hours to go 8 mi. against 
the tide. Find the rate of the tide in miles per hour. 

30. A certain kind of solder is composed of 1| oz. of tin to 
1 oz. of lead. How many pounds of each are required to make 
46 lb. of solder ? 

31. The circumferences of the front and rear wheels of 
a wagon are respectively 2 yd. and 3 yd. How far must the 
wagon go for the front wheel to make one revolution more than 
the rear wheel ? to make 50 revolutions more than the rear 
wheel ? to make 2 J revolutions more than the rear wheel ? 

32. If an emery wheel will stand a surface speed of 2200 ft. 
per minute, how many revolutions can it make per minute if 
its diameter is 21 in.? (Use ir = 3|.) 

33. A boy in a manual-training school is making a bookcase. 
The distance from the top board to the bottom is 3 ft. 10^ in., 
inside measure. He wishes to put in three shelves, each \ in. 
thick, so that the four book spaces will diminish successively 
by 1 in. from the bottom to the top. Find the spaces. 
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SIMPLE EQUATIONS 



Given the follomng formulas, and using 3j for ir wherever 
it occurs, find the value of the missing letter : 

Parallelogram Circumference Surface op Sphere 



a = 6A. § 5 



c = 2irr. §16 



« = 4irr2. P. 16 



34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 



a 


b 

n 


h 


48. 


c 


r 
7 


62. 

1 


8 


r 

3 










4i 


2i 


49. 




14 


63. 




6 


75 


16 




50. 




H 


64. 




6 


161 


23 




51. 




21 


65. 




10 


319 


29 




52. 


44 




66. 


154 




341 




11 


53. 


88 




67. 


616 




403 




13 


54. 


132 




68. 


1386 




437 




19 


55. 


77 




69. 


2464 





Cylinder 
v-tn^h, P. 16 



Area of Circle Volume of Sphere 

a = in^. §16 t> = |irr8. P. 16 



42. 
43. 

44. 
45. 
46. 
47. 



V 


r 
2 


h 

7 


56. 


a 


r 
2 


70. 


V 


r 
1 










7 


2 


57. 




4 


71. 




2 




2 


14 


58. 




7 


72. 




3 




7 


15 


59. 


154 




73. 


113| 




4400 


10 




60. 


616 




74. 


1437i 




1232 


14 




61. 


1386 




75. 


4i?r 





Oiven the area of a triangle (§6) a = J 6A, find h when : 
76. a = 15, A = 5. 77. a = 17.5, A = 5. 

From the same formula find h when : 

78. a = 8.25, b = b.b, 79. a = 10||, h = 3|. 

6Hv«w tA« area of a trapezoid (§ 13) a = J (6 + J') A, find : 

80. 5' when a = 40, 6 = 6, and A = 8. 

81. A when a = 64, 5 = 8, and ^' = 10. 



CHAPTER IX 



SPECIAL PRODUCTS AND QUOTIENTS 

90. Special Products and Quotients. There are certain products 
that are so often required in algebra that it is helpful to be 
able to write them at once without the labor of multiplying. 
In the same way there are certain quotients that we need to 
be able to write at once without taking thd trouble to divide. 

91. Square of the Sum or Diference of Two Numbera. If we 

multiply a + b hj a -i-b the product is a^ + 2(ib + h\ and if 
we multiply a — hhj a — h the product is a* — 2 a6 -f ft*, as is 
shpwn below. 

a + b a — b 

a + ft a — ft 



.2 



a'-^ 



ab 
oJb^V 



c? — ah 
- aft + ft 



.3 



a« + 2aft + ft* a*-2aft + ft« 

T)u %quare of the sum of two numbers is the square of the 
first, plus twice their product, plus the square of the second. 

That is, (a+ ft)« = a« + 2 aft + ft^. 

Therefore 

18« = (10 + 3)« = 102 + 2 X 10 X 8 + 32 = 169^ 

86« = (80 + 6)2 = 900 + 2 X 30 X 6 + 25 = 1226. 

It is easily seen that the figure representing the square 
on a + ft is made up of a', oft, oft, and &2, or a^ + 2 oft + ft^. 

The scpjuare of the difference of two numbers is the square of the 
first, minus twice their product, phis the square of the second. 

That is, (a-ft)« = a«-2aft+ft*. 

Therefore 872 = (40 - 3)2 = 402 - 2 x 40 x 8 + 82 = 1309. 

Ill 



db 


J» 


a* 
a 


ab 
h 
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Exercise 71. Square of the Sum or Difference 

Examples 1 to 46, oral — Examples 47 to 68, voritten 



1. 


(P + yf' 


11. 


(X- 


-y)'- 


21. 


(2 a + bf. 


31. 11". 


2. 


(p + ?)'. 


12. 


iP' 


-if- 


22. 


{2 a- bf. 


32. 12*. 


3. 


(m + nf. 


13. 


(m - 


-nf. 


123. 


(2 « + !)». 


33. 21*. 


4. 


(a + x)\ 


14. 


(a- 


-x)\ 


24. 


(2 a - If. 


34. 22«. 


5. 


(* + yy- 


15. 


(b- 


■ 2y)». 


25. 


(ix-\-yf. 


35. 16». 


6. 


(a + 1)\ 


16. 


(a- 


-2)\ 


26. 


(px-yf. 


36. 31". 


7. 


(a + 2y, 


17. 


(a- 


-If. 


27. 


{x-\-&yf. 


37. 14». 


8. 


(X + sy. 


18. 


(X- 


-&f. 


28. 


(X - 1 yf. 


38. 41«. 


9. 


(4 4- nf. 


19. 


(8- 


-nf. 


29. 


(2 a + 3)*. 


39. 61*. 


10. 


(5 + yy. 


20. 


(9- 


■yf- 


30. 


(2 a - Zf. 


40. 49*. 



41. Divide ar^ + 2 ajy + j/* by a + y ; a^ + 2 aj + 1 by a: + 1. 

42. Divide^" — 2^2' + 91^ ^Y P — q\ p^ -'2p + lhj p — 1. 

43. Divide m^ -|- 2 mn + n^ by m + ?i ; 1 + 2 w + n* by 1 + w. 

44. Divide m" — 2 mn + li^ by w — n ; 1 — 2 ri + n^ by 1 — n. 

45. How should you proceed if you wished to write the 
square of 5 a; + 3 y without multiplying in the usual way ? 

46. How should you proceed if you wished to write the 
square of 9 a;^ — 7 2^ without multiplying in the usual way ? 

47. (2aj + 3)^. 54. (12x^2^4-1)^. 61. {abc+lf. 

48. (2a:-3)^ 55. (12ajy-l)l 62. (abc--l)\ 

56. (15a;y + 2)3. 

57. (15ajy-2)«. 

58. (2-15a;y)l 

59. (xy-\-xy)\ 

60. (xY-xyy. 



49. (Tx + ey. 

60. (7 aj - 6)^ 

51. (5a^ + 9y. 

52. (5a^-9y. 

53. (9-5a^\ 



63. (7 -obey. 

64. (a^b^c + 12y. 

65. (a^b^e-^12y. 

66. (12-a%2^)2. 

67. (7aWc + ll/. 



68. Square (a + b)+ as if a + b were one term. Then 
remove the parentheses in the result. 



PRODUCT OF THE SUM AND DIFFERENCE 113 

92. Product of the Sum and Difference of Two Numbers. If we 
multiply a — h by a-\-by or a -{-h by a — ft, the product is 
a* — ft*, as is here shown. 

a — ft a -h ft 

g + ft a — b 

G? — ah a^ •\- ah 

a* -ft* a* -ft^ 

Therefore, the product of the sum and the difference of two 
numbers is the difference of their squares. 

That is, (a+6)(a-&) = a«-ft». 

SimUarly, (2 x + 1) (2 x - 1) = 4 x^ - 1, 

(6a + 86) {6a - 86) = 26 a« - 96^, 
83 X 27 = (80 + 8) (80 - 8) = 900 - 9 = 891. 

Exercise 72. Product of the Sum and Difference 
Examples 1 to ^S, oral — "Examples ^4 to 27, written 

1. (x-\'y)(x-y), 8. (2 x* + 1) (2 a;* - 1). 

2- {P + q){p-2y ». (3a;* + l)(3a:*-l). 

3. (a + 7) (a - 7). 10. (5 a:^ + 1) (1 - 6 x'), 

4. (9 4- wt) (w - 9). 11. (2a;4-32/)(2a;- 3y). 

5. (a -h 6) (6 - a). 12. (3a -f- 9ft) (3a- 9ft). 

6. (3 X + 8) (8 - 3a:). ' 13. (4 a* -f- 2) (4 a* - 2). 

7. (i?* + 3) (y - 3). 14. («"•&"• + 1) (a'^ft™ - 1). 

15. What is the product of 20 -f- 4 and 20 - 4 ? of 24 and 16 ? 

16. 32 X 28. 18. 41 x 39. 20. 51 x 49. 22. 61 x 59. 

17. 34 X 26. 19. 42 x 38. 21. 52 x 48. 23. 92 x 88. 

Multiply as indicated : 

24. (12 .r« 4- 16) (12 x^ - 16). 26. (36 -f 17ft"»)(36 - 17ft'»). 

25. (15aV + 35)(15aV-35). 27. (29a"-f (;")(29a^'-c"). 
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93. Prodttcts of Trinomials. Sinoe w£ may express the trino- 
mial a-\-b + c in 2i binomial form, as (a -f ft) -|- c or a + (5 -|- c), 
we may often apply the principle of § 92 in finding the product 
of two trinomials. 

For example, 

(a + 6 + c) (a - 6 - c) = [a + (6 + c)] [a - (6 + c)f 

= a» - (6 + c)2 

(X + y - 2) (« - l^ + 2) = [« + (l^ - 2)] [x - (y - z)] 

= xa-(y-2)« 
= x2-y« + 2yz-2». 

Exercise 73. Products of Certain Trinomials 

Examples 1 to 9, oral — Examples 10 to 16, ufritten 

1. State two ways in which x -\- y — z may be written in 
the form of a binomial. Do the same for x — y + z, 

2. How could (m + n + S) (m i- n — S) be considered as 
the product of two binomials ? Find this product. 

3. Multiply a + b + 5hja-\-b — 5. 

Multiply as indicated : 

4. (m 4- w + 2) (m -f ?i - 2). 7. (a + ^ + 9) (a -f- ft - 9). 

5. + ^ + 7)0 + ^-7). 8. (a + fta + l)(a4.fta-l). 

6. (x + y-\-z)(x+y-' z): 9. (a + ft^ + 3) (a + ft^ - 3). 

10. Write (1 + x — y) (1 — a; + y) as if it indicated the 
product of two binomials, and find this product. 

Multiply as indicated : 

11. (9 + x + y)(9-\'X-y). 13. (a + 2y- «)(ic- 2y + «). 

12. (a - 7 + ft) (a + 7 - ft). 14. (a^-xy-hy^ix'+xy-hf)- 

15. (p' + q'^pq)(p'+q'+pq). 

16. (a^ - 2 ooj + 4aj^ (a* + 2 oa; - 4aj^. 
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94. Products of Binomials. If two binomials have a common 
term their product can easily be written. For example, study 
the following : 

X +7 X + a 

X -\- 5 X -\-b 

a? •\- 1 X a^-\- ax 

5 a; + 35 hx + ah 

«* 4- 12 a; + 35 a? + {a + h)x + ah 

The product of two binomials having a common term equals 
the 9qaare of the common terroy plus the product of the common 
term by the sum of the other terms, plus the product of the 
other terms. 

That is, (x+ a)(x+ b) = x«+ (a + fr)x + aft. 

Thus (x + 7)(x-3) = x2 + 4x-21, 

because + 7 + (- 3) = 4, and + 7 x (- 3) =- 21*. 

Similarly, (x - 9) (x - 6) = x^ _ 15 x + 64, 

(a + 7) (a + 7) = a2 + 14a + 49 (as in § 91), 
and (a + 7) (a - 7) = a* + - 49 (as in § 92). 



Exercise 74. Products of Binomials 

Examples 1 to SO, oral — Examples 31 to 68, written 

1. (a + 2)(a + 3). 11. (a + 2)(a - 3). 21. (a - 2)(a - 3) 

2. (a + 5)(a + 7). 12. (a - 5) (a + 7). 22. (a - 6) (a - 7) 

3. (x + 9)(aj + 3). 13. (x + 9)(ic - 3). 23. (x - 9)(x - 3) 

4. (a 4- 4)(a + 5). 14. (a - 4)(a + 5). 24. (a - 4)(a - 6) 

5. (a + 7) (a + 3). 15. (a -f 7) (a - 3). 25. (a - 7) (a - 3)' 

6. + 9)0 + 4). 16. (p^9)(p + ^). 26. (p^9)(p^4.) 

7. (x + 6)(aj + 2). 17. (x + 6)(ic - 2). 27. (x - 6)(a: - 2) 

8. (x + 6)(x-h 9). 18. (x ^5)(x + 9). 28. (x -5)(x- 9) 

9. (x + 2) (a: + 7). 19. (x + 2)(x - 7). 29. (x -2)(x- 7) 
10. (a? + 8) (a: + 7). 20. (a; - 8) (a; + 7). 30. (a; - 8) (aj - 7) 
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31. Multiply a-7bya + 2;bya-2; bya-|-7; by a— 7. 
82. Multiply 2a:-flby2a; + 3; by2a;-3; by2a;-l. 
33. Multiply 7^? 4- 4 by 7p + 9; by 7^ - 9; by 7^ + 4. 

Multiply as indicated : 



34. (3 a + 7) (3 a + 19). 46. 

35. (3 a -f 7) (3 a - 19). 47. 

36. (3 a -7) (3 a + 19). 48. 

37. (3a-7)(3a-19> 49. 

38. (3 a + 7) (19 + 3 a). 50. 

39. (3 a -7) (19 + 3 a). 51. 

40. (4a; + 5)(4aj-9). 52. 

41 (7 ar + 3) (7 aj - 11). 53. 

42 (Sp-{-(/)(Sp-4:q), 54. 

43. (9i? + 4y)(92?+7g). 55. 

44. (5w + 3n)(5m — llTi). 56. 

45. (7m + 4n)(7m-9n). 57. 



(6a + 36)(6a-7^). 
(7a-36)(7a + 95). 
(a^ + 9)(a*~17). 
(3 oZ^ + 7) (3 a^ + 23). 
(a%3 + 9) (a%^ + 8). 
(aW+4)(a8^»-16). 
(S+pq)(pq-^27). 
(7-pq)(9.-pqy 
(a- + 4) (a« - 17). 
(5 a™ + 16) (6 »"• - 27). 
(a^Z^* + 4) (a'»Z;» + 7). 
(a'^b'' + 4) (a'*^" - 16). 



58. Since (a + 7) (a + 9) = a^ + 16 a + 63, what is the quo- 
tient of a^ + 16 a + 63 divided by a + 7 ? divided by a + 9 ? 



Divide : 

59. a* + 7a + 12 by a + 3. 

60. a^ + 9 a + 20 by a + 4. 

61. a^+8a + 12 by a + 2. 

62. jE?^-j9-12by7? + 3. 



63. j92 + 2;?-35byj9 + 7. 

64. p^-5^-36byj9-9. 

65. m2 + 10m + 21bym + 7. 

66. m^ — 4 m — 21 by m — 7. 



' 67. If f(a) = a + 15 and F(a) = a + 17, find f(a) x F(a) ; 
ia-S)x F(k) ; (a - 7) X f{a) ; 5 x /(a) X F(a). 

68. I^ ohe side of a square is 4.2 in. what is the area ? What 
would be the increase in area if we took the side as (4.2 + x) 
in. ? the decrease, if we took the side as (4.2 — x) in. ? To 
the nearest hundredth of a square inch, what is this increase 
or decrease if x = 0,02 ? Also to the nearest tenth ? 
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95. The Cube of a Binomial. If we raise a + 6 to the third 
power we shall have (a -|- ^) (a + ^) (a -h ^), which is the same 
as (a -f *) (a + ft)*, or (a + ft) (a* + 2 aft + ft^. Multiplying, 
we have a» + 2aft + ft* 

a H-ft 

a«H-2a*ft-f- aft* 

g'ft-f 2flft>-f ft* 
a» + 3a%4-3aft^-f-ft* 

?%^ <n£ft« (>/ the 8um of two numbers is the cube of the first, 
plus three times the square of the first multiplied hy the second^ 
pli{S three times the first multiplied hy the square of the sec- 
ond^ plus the cube of the second. 

That is, (a+ &)» = a» + 3fl»6+ 3aft^ + 6», 

and (a-&)» = a»-3a"& + 3a»»-6». 

Similarly, (a + 2)8 = a» + 3a« • 2 + 8a • 22 + 2« 

= a» + 6 a« + 12 a + 8. 



Exercise 75. The Cube of a Binomial 
Examples 1 to 10, oral — Examples 11 to 21, written 

1- (aJ + y)'- 6- (« + !)'• 11. (a* + 1)*- 

2. (x - y)\ 7. (a - 1)« 12. (a« - 1)« 

3. 0? + ^)l 8. (1 - ay. 13. (1 H- a^« 

4. Cp - y)*. 9. (1 - x)\ 14. (1 - ay 

5. (m 4- n)\ 10. (1 - y)*. 15. (1 - a*)" 

16. Cube a + 3; a-3; 3 + a; 3.- a; a* + 3; a2-3. 

17. Cube2a-hft; 2a-ft; a + 2ft; a-2ft; ft-2a. 

18. Cube 3a -f- 2ft; 3a-2ft;2a4-3ft;2a-3ft;3ft-2a 

19. Cube 4a4-l; 4a — 1; 1 — 4a; a + 4; 44-a; 4 — a. 

20. Cube 3 a + 7. Evaluate for a = 10. 

21. Evaluate 4 n -h 1 and also its cube for n = 10, and thus 
find, the cube of 41. 



118 Sl^EClAL PRODUCTS AND QUOTIENTS 

M. Quotients from diridiiig Squares or the Difference of Squares. 

Since a* + 2a^ + ft*= (a + *)(« + h), 

therefore — ! : — = a + 6. 

Since a* - 2 a^ 4-^^^ = (a - 6) (a - h)y 

therefore < = a — ft. 

a—b 

Since a^ — b^ = (a -\- h) (a — ft), 

a» — ft* 
tiieref ore — = a — ft, 

a + ft 

fl»-ft* 

and = a + ft. 

a— ft 



Exercise 76. Special Quotients 

Examples 1 to 12 ^ oral — Examples 13 to 21 ^ written 

1. Divide x^ + 4x + 4 by a: + 2. 

2. Divide a^ - 6 a + 9 by a - 3. 

3. Divide 26ir2 - 4 by 6aj + 2; by 5a; - 2. 

Divide : 

4. ^^ — 2'^ by J? + g'. 7. 16 — a;* by 4 — aj*. 

5. 9a;* - y* by 3a;" + f. 8. 81 - tw* by 9 - m^ 

6. 25 a* - 1 by 5 a" - 1. 9. 49^* - 64^* by 7p^ + 8^. 

State two binomials whose product is : 

10. 4a:2 - 25 yl 13. {a + ft)" - c". 

11. 36pV - 1- 14. a" - (ft + c)\ 

12. 49 a"ftV - 1. 15. a" - (ft - c)". 

Divide : 

16. a;«-lby a:« + l. 19. (a; + y)" - «"by a; + y-«. 

17. 4a«-9by 2a»-3. 20. {x — yf-z^hyx — y-z, 

18. 9jp« - 25 by 3^?" + 5. 21. (a; -y)' -^hjx^-y^z. 
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97. Dividing the Sum or Difference of Two Cubes. I£ we divide 
«• + 6* by a -h by we obtain a^ — ab + b\ Therefore 

The 9um of the cubes of two numhers is divisible by the 
9um of the numbers^ and the quotient is the square of the firsts 
minus their product, plus the square of the second. 

That is, ^"'"^ = fl»-aft+y. 

a + b 

If we divide a* — 5* by a — ft, we obtain a^ + ab + b\ Therefore 

The difference of the cubes of two numbers is divisible by 
the difference of the numbers, and the quotient is the square 
of the first, plus their product, plus the square of the second. 

That is, = a» + a6+ft*. 

a — b 

'For example, {m^n* — jfi) -i- (mn — p^) = m^n^ + mnp^ + p*. 

Exercise 77. Dividing the Sum or Difference of Cubes 

Examples 1 to 9, oral — Examples 10 to 22, written 

t. («» + 3^)H-(a; + y). 9. (a;» - 8)^(a; - 2). 

2. (x» - 3^ -f- (aj - y), 10. (a»ft» + c«) -5- (ab -f c). 

3- if '^f)-^{P + ?)• 11- (a'^* - c») -i- (oft - c). 

4. 0?« - y») -^ (i> - q), 12. (c» - a«ft«) -«- (c - ab), 

6. (m» + 1) -?- (m + 1). 13. (8a» + ft')^(2a +*). 

6. (w« - 1) -i- (w - 1). 14. (8 a» - &•) -i- (2 a - 6). 

7. (1 - m»)-f-(l - m). . 15. (ft« - 8 a«)-s-(ft - 2a). 

8. («» + 8)^(a; + 2). 16. (27a:« -h l)-4-(3a; + 1) 

Divide as indicated : 

17.^ r . or 19 — ?; r 21. -7r "T"^ • 

5a-\-2b lm-\-n 2x — 5y 

,. 64aV-|-8c« ^^ 343m«-n« ^^ 8x»~64t/*«« 
^ab + 2e 1 m — n 2x — ^yz 
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98. Sttmmary of Special Products and Quotients. The follow- 
ing special relations mentioned in this chapter should be 
memorized, both as formulas and in complete* sentei^ces: 

(a+6)« = a» + 2a6+6* 

(a + &)» = a» + 3 a* 6 + 3 flft^ + 6» 
(a- &y = a» - 30*6 + 3a6^ - ft» 

(x + a)(x+b) = x' + (n+b)x+<a 
fla + 2fl6+6* 



a+b 

aa,2a&+y 

a-b 



= a+b 
=za^b 



= a — o, and — = a + o 

a+b a—b 

a + b 

^^Z^z=(^ + ab + t^ 
a— b 

Exercise 78. Review of Special Products and Quotients 

Examples 1 to 12, oral — Examples IS to 60, toritten 

1. (a + mf. 5. {2a + tf, 9. Cp + qf- 

2. (a - m)\ 6. (2 a - 1)^. 10. (> - qf. 

3. (a + rrCf. 7. (1 + 2 a)\ 11. {q - p)\ 

4. {a - m)». 8. (1-2 a)\ 12. (^ - 1)«. 
13. Multiply a: + 7bya; + 7; bya;-7; bya; + 8; by a:- 8. 

Divide as indicated : 

4m*4-4m + l -^ 49 a^^ -f- 14 o^ + 1 
^** 2m + 1 ' 7a* + 1 

4m2-4m + l ,^ 49 a^^^^ - 14 a* + 1 
2m — 1 To* — 1 
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Divide as indicated : 

,„ 0.04 m^-1 ,^ 49flW-l ^^ 121 w«- 25 

0.2 m + 1 Toi — 1 11 m + 5 

21. Multiply ^-\-}^-\-xyhy3i?-\-t^^ xy, 

22. Midtiply a^ - 2aft + ^>« by a« + 2a5 + I^. 

23. If /(a;) = a:^ + 2x + l, and F(aj)= a* - 2« + 1, find 
f(ac)'F(x)'^ the square of /(a) — 1; the square of P(a;)— 1. 

24. If /(a)=a + l, and F{a)=a — 1, find the square of 
f(a) ; the square of F{a) ; the product of these squares. 

25. If f(a) = a* 4- 32, and F(a) = a* - 32, find the square 
of y(a); the square of -F(a); the product of these squares. 

26. If /(m) = m* — m + 5, and F{m) = wi* + m -f 5, find 
f(m)'F(m)\ the square of /(w); the square of F(m), 

27. Divide (a: + y)' + 2 (x + y) + 1 by a; + y + 1. 

28. Divide (x ^ yf + 2{x ^ y) + lhj x - y -{- 1. 

29. Divide (x + y)* — (cc —yf by (a; + y) — (aj — y), without 
simplifying either expression. Then simplify each and divide. 

30. Divide (x + y)' •\-(x — y)^ by (x + y) + (x — y), without 
simplifying either expression. Then simplify each and divide. 

31. Divide (x + y)' — (a — y)' by (a; + y) — • (x — y), without 
simplifying either expression. Then simplify each and divide. 

Divide as indicated : 

^^ ar» + 4a;y -f-4y^-l ^^ 36x^ -f 48a;y + 16y^ - 49 
a;-|-2y — 1 ' ' 6x4-4^ + 7 

9 a^ + 12 ab + 4:b^ -25 49a^ + 56^^ + 16^ - 64 

3a + 26 + 6 7a + 46 -8 

16jp«- 24^^4-9^^-36 81 a;^ - 90 xy 4- 25 y^ - 121 

4^-3^-6 9a:-5y4-ll 

__ a» 4- 3a^& 4- 3aZ>^ 4- 6' + a;^ 4- 3ar^y 4- 3a;y^ 4- y* 

«4-64-»4-y 

g' - 3«^6 4- 3ay - y - a;° 4- 3a:^y - 3a:y^ 4- y* 

a — b — X -{■ y 
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MvUiply as indicated : • 

40. (2 X -Zy - «) (2 a; - 3 y + »). 

41. (7a;-5y + 3«)(53/4-3«-h7a;). 

42. (3a;^-7 + 2y»)(7 + 3aj2+2y'). 
48. (7a*-4-7c^(7(r^ + 4 + 7a5). 

44. (5a + 32/-i)(5aj-3y + i). 

45. (9aj2-7a;3/ +2/*)(2/* + 9a^ + 7a;y). 

46. (a* - 5&* - 12 c^)(a2 - 5^2 + 12c2). 

47. (16a;2- 132/2 + 3;^^(15ar^ + 13y2 + 3«^. 

48. Divide the sum of the cubes of 17 05 and 19 y by 
17a + 19y. 

49. Divide the cube of 12 a minus the cube of 7^ by 12 a 
minus 7 h ; also the sum of the cubes by the sum of the 
monomials. 

50. Divide y + 16 a: + 63 by aj + 7 ; also by a; -f- 9. 

51. Divide x^ -- 3 a: — 54 by aj + 6 ; also by 9 — a;. 
52» Divide a^ — (y — «)^ by aj + y — «. 

, 53. Divide a? — x — 132 by aj — 12. What other exact divisor 
has it, and what is the quotient corresponding to that divisor ? 

54. Multiply a; + 13 by a; + 13 ; by a; - 13 ; by a; + H. 

55. Multiply 2a; + 21 by 2a: + 21; by 2a; -21; by 21 - 2a:. 

"56* Multiply a + aj + i/ by a — x — y\ by a — x -{-yy by 
a + a: ~ y ; by — a — a: — y. 

5t. Multiply a2 + 2 ab + b^ by a + b ; by (a + bf-, by.a* - 
2db^bK 

5a Multiply 4 a^ - 12a6 + 9^« by 2d- 35, and 4a^+ 
12a* + 9^>^ by 2a + 35. 

59. Multiply a: + 13 by a: + 7 ; by a: +11 ; by a; + 13 ; by 
« + 21 ; by a: + 17 ; by a: — 13 ; by a; — 17. 

60. Multiply 2 a: + 11 by 2 a> -- 11 ; by 2 i 4- 11; by2flr+13; 
by 2a: -13; by 2a: + 15; by 2a: - i5. 



CHAPTER X 

FACTORS 

99. Factor. Any one of two or more numbers which multi- 
plied together form a product is called a factor of the product. 

As already stated (§38), 2 and 3 are factors of 6; 2, tt, and r are 
factors of 2 irr, and (6 + 6') and h are factors of (6 + 6') h, 

A factor containing a letter is called a literal fojdor ; one that is ex- 
pressed by a numeral is called a numerical factor. In the expression 

2 a (4 + c), 2 is a numerical factor ; a and 4 + c are literal factors. 

Except where the contrary is stated, factors are limited to expressions 
that do not contain fractions or indicated roots. For example, although 

2a' 2 

3 • - = 2, and n • - = a, we do not speak of 3 and - as factors of 

3 n '3 

2, nor of n and - as factors of a. In the same way, although 

( Vx + Va) ( Vx — Va) = x— a (§ 92), we would not, at this stage, speak 
of a; — a as factorable. If fractions occur as coefficients they are admitted 
as factors. For example, §a+ §&= §(^ + ^)« 

100. Prime and Factorable Expressions. An expression that 
contains no factors except itself and unity is said to be prime. 

An expressioi) that contains factors other than itself and 
unity is said to be factorahle. 

In factoring an expression we separate it into its prime factors. Thus 
the factors of a^ are given as a, a, and a, although a^ is also a factor of a^. 

101. Reduction of Fractions. We use factoring in reducing 

fractions to lowest terms, exactly as in arithmetic. 

6 2 

Just as — is reduced to - by canceling the common factor 3, that is, 

16 ^2 

a a 

by dividing both terms by 3, so — is reduced to - by canceling the 

ah b 

common factor a. The subject is more fully treated in Chapter XI. 

123 
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102. Factors of Monomials. The factors of a monomial are 
found by inspection. 

For example, the factors of QaVi^ are 6, a, a, b, 6, 6. In factoring 
a monomial we do not attempt to factor the numerical coefficient. 
Similarly, we speak of the factors of 6tz + 6 6 as 6 and a + 6, although 
the 6 is also factorable. 

To reduce J to lowest terms we divide both terms by 2, the frac- 
tion becoming §. This is called canceling the factor 2. Similarly, to 

reduce — to lowest terms we divide both terms by (or cancel) the 

common factors a and 6, that is, the factors that are in both a^b and 

CL 

ab'^, the result being -. 

b 

Exercise 79. Factors of Monomials 

Examples 1 to 9, oral — Examples 10 to 27 ^ written 

1. Find the factors of a%^ ; of a'^^ ; of 3 a^T^f^ ; of 5 ax^y^. 

2. Find the common factors of M^ and a%^ ; of x^y^ and o^y. 

3. Find the common factors of mV and mV; of aj^ and 
a^y ; of dbc^ and a%c ; of ah^cd and ahc^d, ' 

Reduce to lowest terms by canceling the factors common to 
numerator and denominator : 

10 • 16 • 22. — ^— ^ . 

a^b* 9ab^ Upqr 

aV 6a^ 17 a'W 

a'b*' 9a%^' ' 51 abc ' 



4. 


a 




ab 


5. 


b 




ab 


6. 


a' 




ab 


7. 


b' 




ab 


8. 


ab 


aW 


Q 


a% 



16. 


Za% 


17. 


'^a%^ 


18. 


Sa-y 


12 xY 


19. 


8 w V 


14 mW 


20. 


bm^n^ 


15 mV 


oi 


s// 



a»6» 12a;V 67a^W 



a:V 8 mV 17 a'^'c 

a;y" 14 mW 85a6V' 

?y on 5"^*'^' ofi 21j?*yV* 
"• «»/■ 16 mV' 49^?^^ 

„ EV oi 8/2!. 27 ^^^V^' 
a«6« aiy' 20i>2 Slsry* 
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103. Monomial Factors of Polynomials. When the terms of a 
polynomial have a common monomial factor the expression 
may be factored by inspection. 

Eequired to factor 4 a* -f 6 d^h. 

It is evident that 2 is a factor of both terms, and that a^ is also a 
factor of both. We may therefore write the expression thus : 

4a8 + 6a26 = 2a2 . 2a + 2a^ . 86 = 2a2 (2a + 36). 

While the factors of a^ are a and a, it is customary to leave the result 
in the form given above. 

We may check the work by assigning numerical values to the letters, 
as in multiplication and division. In the above case, if a = 1 and 6 = 2 
we have 4 + 12 = 2 (2 + 6). 

Exercise 80. Monomial Factors of Polynomials 

Examples 1 to 10, oral — Examples 11 to 22, written 

1. Factor dx -\' hx ] ax •\- ay \ ax •\' hx -\' ex ] ax -\- ay -{- az, 

2. Factor aa? — bx^ ; a^ — a^y ; a^x -\- b^x -{- chi^ -^ d^x. 

Factor the following: 

3. 5a:2-f-15a;«. 12. 6 a% - 9 ab^ -\- S ab. 

4. 8a:» - 12 a;*. 13. Ap^q -h ^pq^ - SpY. 

5. 6a^-\-9a\ 14. 8 icV* - ^ ^V -f 10 o^y. 

6. 9 a^ - 6 a*. 15. 5 mV - 10 mV -f 15 m*n\ 

7. ^8 _|. ^2 ^ ^ iQ 12 abc + 8 a%V - 4 aVc\ 

8. a« + 3a2-4a. 17. 6 a*^> V - 4 a*W + 2 a'Z^^c. 

9. x^ + A - xy. 18. 3 a;y;^8 -|- 6 xYz^ + 9 ary;$j. 

10. a* - 3 a* + 7 a». 19. 17 xY - 51 a^y -f- 85 a^y . 

11. -a;*-3x«-2a;2. 20. - 19mW + 76mV- 95mV. 

Factor the numerator and denominator. Then reduce to 
lowest terms by canceling all common factors from each : 

12 a«^>V - 15 a^^>V 5 a^y - 10 a^y + 15 a;y 

15 a%^(^ -12 abc ' 5 a;y - 5 a^y - 10 xY * 
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104. Polynomials factored by grouping Terms. If we do not 

find a monomial factor that is common to all the terms of a 
polynomial, we may frequently factor by grouping the terms 
as shown in the following examples : 

1. Required to factor ax -\- ay -^ bx -i- by. 
Factoring the first two terms and the last two terms, we have 

ax -\- ay ■\' bx -\- by = a(x -\- y) -it b{x -\- y). 

We now see that x + 2^ is a* common factor of these two groups. Hence 

a (* + y) + 6(2 + y) = (a + 6) (X + y). 

We may check the work by multiplying x 4- 2/ hy a + 6, the result 
being ax + ay + 6x + 6y ; or we may substitute 1 (or any other number) 
for the letters. If we substitute 1 for each letter in the factors, we have 

(1 + 1)(1 + 1) = 2.2 = 4, ' 
and ax + ay + &x + 6y = l + l4-l4-l=4. 

2. Required to factor Zax -\- A^ay -\- ^bx -{- ^by, 

Zax-\- ^ay -\- 36x + 4by = a(3x + ^y) + b{Sx + 4y) 

= (a + 6)(3x + 4y). 

3. Required to factor ax -{- ay — bx — by. 

ax -^ ay — bx — by = (ax -\- ay) — (bx -{- by) 

= a{x-{-y)-b{x + y) 
= (a — 6)(x + y)' 

4. Required to factor a^y -\- aP — axy — b^x. 

= a(a2/ + 62)-x(ay + 62) 
= (a - X) (ay + 62). 

5. Required to factor a^ -h b^^ -\- a^ -\- b^. 

aH + 62x + a2 + 62 = x(a2 + 62) + (a^ + 62) 

= (X + 1) (a2 + 62). 

6. Required to factor m^x -|- rri^y -+- rri^z -f- x -f ?/ -f- «. 

m2x + m^y + mH + x + y + 2 = m2(x + y + 2) + (x + y + «) 

= (7^2 + 1) (x + 2/ + z). 

In all the above cases we may check by actual multiplication or by 
substituting 1 (or any other number) for the letters. 
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Exercise 81. Polynomials factored by grouping Terms 

Examples 1 to 8, oral — Examples 9 to S4, written 

1. Faxjtor a;* + as* ; ary -f y ; aa; + a^ ; aa; + ft*», 

2. Factor p^ +pq', pq + q^) PQ -^ P^2^ > P^^ — P^' 

Name a factor common to the first two terms, and another 
factor common to the last two terms, of the following : 

3 a* + 2a^+ a^b+2b. 6. mV + mV + 2mw + 2. 

4. a% + a^^ + 3a + 3A 7. mV - mW + 7m«- 7n« 

5. a^y -\- xy^ -\-xy -\- y^, 8. pqr + qrx + ]^ -{■ px. 

Factor Exs. SS, and also the following : 

9. a^^ -{-ha^ -\- aj^ + h^, 18. p'^ -\- pq^ —P^q " $'*• 

10. aa^-ba^ + af-bf. 19. 6aft + 9a + 4^> + 6. 

11. oaj^ 4- bix» -af- bf, 20. a« + a^^ -f a -f b, 

12. aa;^ + <3^^ — bx^ — by^. 21. a;^ + oa: + a; + a. 

13. a» -♦- a^^ 4- 3 a -f 3 5. 22. x^ — ax + x — a, 

14. a* -f a»^ + a^ -f- ^*. 23. a^V + xy + xyz + «. 
16. a;' 4- asV + *V + ^- 24. a^ + am -i- an -{- mn, 

16. x*-a^y '^xf-'if, 25. a* + a^^^ + a* + *'. 

17. y -h J9V + pq^ + ^l 26. a»6» + a^ + a^^^ + 1. 

Factor the numerator and then reduce to lowest terms : 
a^ + ab-^2a-\-2b ^, ab^ -{- b^ -{- 2 a -{- 2 



27. 



28. 



29. 



a-^2 
7n? + mn + m, -{- n 

w + 1 

a2-|-2ai + a + 2ft 



a+1 

a^ -\- y "" 1 — a^c 



ox. 




b^-\-2 




32. 


a%^-\- 


. a%^ + ab + l 






ab -\-l 




33. 


a^m^ - 


- c?7n? + am — 


1 




am — 1 




QA 


a%h^ 


a»* V + 1 


ahc 
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105. TrinemiAls that are Perfect Squares. We have learned 
(S 91) that a trinomial is a perfect square if it is of the form 
a' -f 2a^ + ^ or the form a^ - 2a^ + 5^. 

For a« + 2a6 + 6^ = (a + &)*, and a^ - 2 a6 + fe^ = (a- 6)2. 

A common form of expression is a* ± 2 (rf> + 6*, which is read " a* plus 
or minus 2 a5 plus b^.'* This is a convenient way of combining two ex- 
pressions like a* + 2 oft + 6^ and a^ — 2 a6 + 6^ in one. 

Therefore a trinomial, arranged a^^cording to the descending 
powers of one of its letters, is a perfect square if the first and 
Uist terms are positive and are perfect squares and the middle 
term is plus or minics twice the product of the square roots of 
the first anJR last terms. 

Thus a^ + 2 a6 will become a perfect square if 6^ ig added. It then 
becomes a^ + 2 a6 + 6^. Similarly, to make — 2 a6 + 6^ a perfect square 
add a*. It then becomes a^ — 2 a6 + &2^ 

To make lOx^ + ( ) + 9 a perfect square, replace the parentheses by 
2 . 4x . 8, or 24x. It then becomes 16x2 + 24x + 9, or (4x + 3)2. 

Exercise 82. Trinomials that are Perfect Squares 

Examples 1 to 10, oral — Examples 11 to 21, written 

1. Add. a term to aj^— 2 xy that will make it a perfect square. 

In the following replace the parentheses by a term that will 
make the trinomial a perfect square : 

2,x' + 2x+{ ). 12. 25 ar»-( )-h4. 

3. ( )+2mn + n\ 13. ( )-^xy-\'f. 

^.p^ + { )+^. 14. 9aj^-12a;y + ( ). 

b. a^-2ax+{ ). 15. 9aj^-( ) + 16y». 

6.^3--( ) + xl 16. 81 ar» + 18 a:^ -f ( ). 

7. ( )-2mV4-/i*. 17. ( ) - 36 ay -f 4 y». 

8. a;* + 2a:«+( ). 18. 81x^+( )+^f. 
9,m^-( )-f-l. 19. ( )-54:xy + 9f. 

10. ( )-2a:y + l. 20. 121a%2+( ) + l. 

11. 16a:» + 24ar+( ). 21. lUx'f+i ) + l. 
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106. Factoring Trinomials that are Perfect Squares. It is evi- 
dent from § 105 that we can easily factor a trinomial if it is 
a perfect square. 

JSxtract the square root of the first and last terms^ and eon- 
met these square roots hy the sign of the middle term. 

That is, fl* + 2 ah + 1^ ^ {a + b){a + h), 

and a» — 2 a6 + 6* = (a— &)(a— &). 

1. Factor or* -f 2 a; + 1. 

Since the first and last terms are respectively the squares of x and 1, 
and 22 is twice the product of x and 1, we have 

x« + 2a; + 1 = (« + !)(« + 1). 

2. Factor x« — 2 ic'2^ + 2/*. 

x« - 2x«y + y^ = (x* - y) (»• - y). 

Exercise 83. Factoring Trinomials that are Perfect Squares 
Examples 1 to 11, oral — Examples 12 to 21, written 

1. Find the square root of a^ + 2 a -|- 1 ; of a^ — 2 a 4- 1. 

2. Find two equal factors of a* + 2 a* -f- 1 ; of a%^ ■\-2ah-\-l. 

Factor the following orally : 

Z. h^-{-2hc + <?. 6. 6p + 2c^-|-l. 9. x2-4a;4-4. 

^, V^^2hc -{-<?. 1. dJ^-2d-\-l. 10. a;«-6a; + 9. 
5. c*-2«i4-^. 8. c?+4c^-f-4. 11. ic^-8x + 16. 

« 

Write the factors of the following : 

12. 49a^ -\-UaI> + b\ 17. 121x2 - Uxy 4- 4:f. 

13. 49 a^ - 14a^» + b^ 18. 121a:2 + 66xy 4-9^*. 

14. 81a2-f36a^ 4-4^2. 19. 121 x^ - 88 ajj^ 4- 16 3^. 

15. 81 a« - 64 a5 4- 9 b\ 20. 49 xY 4- 42 x'f 4- 9. 

16. 121 ar» 4- 22^X1/ + 1/. 21. 49 xY - 28 xY 4- 4. 
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107. Factoring the Difference of Two Squares. We have fonnd 
(§ 92) that the difference of the squares of two quantities is 
always factorable. 

The difference of the squareB of two quantities is the product 
of the sum and difference of the quantities. 

That is, a*-6^ = (a + &)(a-&). 

Factor the binomial 26 a:^ — 36 y^. 

The sum of the square roots of 26 x' and 36^^ is 6x + 6y, and their 
difference is 6 x — 6 y . 

Therefore 25x* — 86y» = (6x + 6y) (6x — 



Exercise 84. Factoring the Difference of Two Squares 

Examples 1 to 25 j oral — Examples 26 to 36, written 

1. Factor a^ — b'^; a?^ — y* ; m^ ^n^\ p^ — q^; a^ — 1 ; m^ — 1 ; 

y _ 4; a;2 _ 72. g2 _ ^2. g2 _ j2 

2. Factor a^-Q; 5^-16; c^-25; e?-36; i>^-49; 
ya_64; 64-^2; 64 -a^^^. ij2_^2. ^j^-lS^; 17^-13^ 

3. Factor 25 -a^; 36-^^; 49 -c^; 64 -cP; 81 -ar»; 
100-2/*; lOO-arV; 2:^-100; 25^-^'; y»-15^ 25«-15». 

Factor the follomng : 

4. a" - 4. 15. 9 a:^ - 25 y\ 26. 144 aj« - 0.25. 

5. a^ - 4 5^. 16. 25 a:^ - 9 f, 27. 169 a;^ - 36. 

6. 4 a^ - 61 17. 36 a:^ - 25 f. 28. 169 a;* - 0.09. 

7. a^ - 9 b\ 18. 36 aj2 - 9 y^. 29. 144 x* - 0.25. 
8.9a^-6l. 19.49x2-362/2. 30.400x2-9. 

9. 16 a2 - b\ -20. 64 x^ - 49 f. 31. 1.44 a? - 1.21. 

10. ft2_i6a2 21.81x2-642/*. 32. ix2y2-J«2 

11. 25 a2 - b\ 22. 121 x2 - 1. 33. 2^ m2 - 6 J »*. 

12. ^»2 _ 25 ^2. 23. 121 X* - 4. 34. 1 J ^2 _ 2^ b\ 

13. 9x2-162/*. 24. 121x*-9. 35. 1.69jp2-0.81^2 
• 14. 16x2-92/*. 25. 9x^-121. 36. 1.21x2-0.162/*. 
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108. Difference of Two Squares. Special Case. If one of the 
factors is itself the difference of two squares, it can also be 
factored. For example, required to factor a* — b\ 

= (a2 + 6«)(a + 6)(a-6). 

Similarly, required to factor x' — y*. 

x8 - y8 = (x* + V*) {x^ - y*) 

= (x* + y*)(x^ + y')(«* - y«) 

= («* + y*) (x« + y^) (X + y) (x - y) . 

Exercise 85. Factoring the Difference of Two Squares 

Examples 1 to 9, oral — Examples 10 to Sly written 

1. Factor a* — 1 into two factors. Then factor again. 

Separate the following into prime factors : 

2. X* - y\ 10. 0.0016 x* - 1. 18. x« - y». 

3. x* - 1. 11. 1 - 0.0016 aj*. 19. x« - 1. 

4. 1 - x\ 12. 0.0016 a;* - y\ 20. a;y - 1. 

5. xY - 1. 13. 0.0081 x* - 1. 21. xy - «». 

6. 1-xV. 14. Six* -0.0016. 22. xy«« - 1. 

7. X* - 16. 15. 81 X* - 16 y\ 23. 1 - xy«l 

8. 16 - X*. 16. 16 X* - 0.0081. 24. xy - aV. 

9. X* - 16 tj\ 17. 16 X* - 0.0081 y*. 25. xy«« - aK 

Factor the numerator and denominator. Then reduce the 
fraction to lowest terms by canceling common factors from 





<«» a — 1 
28. -:i — ^• 

a* — 1 


30 ^.-^^ 
X* — y* 


27. « + V 
a*-l 


29. • 

l-ha;« 


X — y 
31. -i — ^, 
X* — y* 
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a* 

109. bitference of Two Squares. Special Case. One of the terms 
in § 107 may be the square of a polynomial. 

1. Factor (a + 2 ft)^ - 9 c'*. ' 

Taking the square roots of (a + 2 6)* and 9 c*, and proceeding as on 
page 130, we have 

(a + 26)2 - 9c2 = (a + 26 + 3c) (a + 26 - Sc). 

2. Factor ic* - (a - 5)*. 

x4 _ (a ^ 6)2 = [x2 + (a - 6)] [aj^ - (a - 6)*] 
. =(a;2 + o_6)(a;2- a + 6). 

Similarly, both of the terms may be squares of polynomials. 
Thus, •' (a + 6)2 -{c^d)^ = [(a + 6) + (c - d)] [(a + 6) - (c - d)] 

= (o + 6 + c — d) (a + 6 — c +. d). 

Exercise 86. Factoring the Difference of Two Squares 

Examples 1 to 7, oral — Examples 8 to 19 , written 

1. Factor a^ - x^ (a + hf - x«; (a - J)^ - ar^. 

2. Factor(a + ft4-c/-a;^ {a-\-h-cf-x'^:, (a'_- ft +0)^-0^. 

3. Factor (2 a + ft)2 - c^ ; (2a -ft)^-^^; (a'+2hy-<?. 

Factor the following : 

4. (a; + yf - «^ 11. (a - ft)^ - (c + ci)^- 
^5; (x - yf - z\ 12. (a - ft)^ - (<? - ^^. 

6. (7?i 4- nf - xl 13. (a + 3ft)* -(c + 3c?)^ 

7. (m - w)2 -x\ . 14. (3aj - i^)* -(3a - ft)*. 

• v :?•:.€'- (^ + ^)'- ^^- (a 4- «»)' - (c + <? + e)^ 

9. a^^(p-c)\ 16. (a;-2/)*-(2m + 37i-^)«. 

10. 4 a* - (ft + c)\ 17. (a! - 7)* -(a + * + c)*^. 

Reduce to lowest terms as on page 131 : 

(a + ft -f c)2 a 4- ^ H- -h J? 
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' IlOw' Difference of Two ^Quares. S^ial Cas^^ $3^; properly 
grQupingf the terms, a polynomial mayijoften be j(actpred a^jt]^^- 
diff^rence of two squares. .. .....!.. ... .» [■.' r^^ x 

1. Factor ar* + 2ajy + 2/*- 16«^ "' ' . .:. ..:yi u.i 

x2 + 2a;j/ + l/^-1622 = (x + y)2-u. 1(822 -- 

. = (aj + y + 42) (a? +. y 7T 4«). 

2. Factor 9a:^-9«^-3/»-6y«. *^ . >M..n..:j 

We see that the first term is the square of 3x, and' that the last tHree 
terms contain y and z. Grouping and changing the sighs of the terms 
placed in parentheses preceded by —, we have 

9x2 - (922 + Qyz + 2/2) = 9x« - (82 + vY 

= [3x + (32 + y)] [8i^-(32 + I/)] 
= (3x + 32 + y)(3.Xr-32-yV. , 

3. Factor a^ -\- V^ — a? — f^ — 2 ab ^.2xy. : .::,i,.. , j^^v 

Grouping the terms containing a and &, and then those '«eBtaislag;4B 
and y, we have .. iv. ; -,, 

(a2 - 2a6 + 6^) - (x^ - 2xy + y*) = (a - 6)2 - (x - yf 

= [(a-6) + (x-|/)][(a-6)-(x-y)] 
= (a - 6 4- X -; y) (a - & -: X + y). 

Exercise 87. Factoring the Difference of Two Squares 

Examples 1 to 3, oral — Examples 4 to fl, 'Written 

1. Find the square of a binomial by selecting a group; of 
three terms from a* — a?^ + i^ — 2 aft. . 

., 2. Find the same (see Ex. 1) i^ a^ -f 4 ft^ — ^,4- 4 a^. 

3. Find the same (see Ex. 1) in 4 a^ - a^ -f 9 ^^ + 12 afh . '^.^. 

Factor the following : •.,;,;, 

4. a^ - 2aft - c* + ft^. 7. 1 - x" J^^2:xy.^f. ,■ 

5. a2 _ ^ ^ 52 ^ 2 ah, 8. a;^ - a^!-- V ^ 2.ab\ ;. 

6. 4a^-16^ + l + 4«. 9. a^ -*• 6aft ~ 4(r* + 9^. 

10. 4aj«-12a!«4-12yM; + 9;5;2-4w;*-92r*.^ .; ., 

11. y - ^2 _ 5^2 _ 4^4 ^ 9 _|. 4 ^^2 
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111. Diflmnce of Two Squares. Special Gate. A case of fac- 
toring, occasionally required in courses of study, and merely a 
special case of the difference of two squares, is illustrated in 
the following examples: 

• 1. ¥BjctoT X* + a?i^ + y\ 

If the middle term were 2x^ we should have the square of z' + y*. 
Tlieref ore if we add x^^ and also subtract it so as not to change the value, 
w^ shall have the difference of two squares, thus : 

X* + x*y* + 1/* = X* + 2x*y2 + y* _ x'^y^ 

= (X* + y^f - « V 

= (x« + y« + xy)(x^ + y* - xy). 
.-. X* + xV + y* = («* + »y + y^) (x^ - xy + y2), 

2. Factor a* -f 4ajy + 16y*. 

The middle term should be Sx^y^ to make the trinomial a perfect 
square. Therefore 

X* + 4xV ^ iQyi = x4 + 8xV 4- i6y* - 4xV 

= (x2 + 42/2)2 -4xV 

= (x2 + 4i/* + 2X2/) (x^ + 4 2/* - 2X2/). 

.-. X* + 4x22/* + 162/* = (X* + 2X2/ + 42/*) (x2 - 2xj/ + 42/2). 

Exercise 88. Factoring 

Examples 1 and 2, oral — Examples 3 to 12, written 

1. What must be added to the middle term of x^ + 3 ac^ + 4 y* 
to make the trinomial a perfect square ? 

2. What must be added to the trinomials x* — 6 aj^ 4- 4 y* 
and X* -h 4 ^ to make them perfect squares ? 

Factor tM following : 

3. y +j9*4-l. 8. aj* + 4. 

4. a* - 7a:* + 1. 9. a;* - 7a;y + j^. 

5. 16a* + 4a* + l. 10. 9 m* -|- 11 m* + 4. 

6. 9a* + 26a*^* + 2bh\ 11. 4a* - 29a*6* + 2nh\ 

7. 9 m*- 15 m* + 1. 12. 625 a* + 100 a*ft* + 16 b\ 
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Exercise 89. Review and Applications 

Examples 1 to 7, oral — Examples 8 to 29, written 

1. Factor ax — a^', a? — ax\ a^ — x^. 

2. Factor a^ ^ 2 ab -\- b^ ; a^ -^ 6 ab -\' 9 b^ ; a^-Qab-^- 9b^. 

3. Factor 4a-2 4-4a:-hl; 4ar^ — 4aj -|- 1; a;^ — 4a; + 4. 

4. Factor a^ - ar*; {a-\-by - x^; (a -f bf - c\ 

5. Factor a* — x* ; m* — w* ; jp* — q* ; b* — c*. 

6. Factor ax -{- bx -^ ex ] ax — bx -{- ex-, ax — bx ■— ex. 

7. Factor x(a'-j- b)-\- 7/(a -{- b); x (a -j- b) -\- x (c -\- d). 

Factor the following : 

8. a* - 2 a«^»2 _|. ^4. ^.4 __ 15^4 . ^s __ ^s 

9. 4a^-4a + l; 144 ar^ - 24 jry + y^ 

10. l-}-6ic-|-9ar*; 4ac -f ^c^ -|- «^ - 6a: - 1 - Oic^. 

11. ^2 — 4 (^m^ + 4 m* ; // - Gj^V -f 9 r^ - 4 m* - ^y^ -f- 4 ^m^. 

12. 25a;2-9x2m2-l-10ary-|-/4-6a:7?t. 

13. SOp^x + a*a: -f- 16 //aj - 25y/a; - 9 a; + 8 aY^. 

14. 4aar* — 25«/-aa;*-36aa;-f 81a-|-10aa;V 

15. In the trapezoid here shown, the area of triangle T is 
i hh, and the area of triangle V is ^ ^'^. , 

What is the area of the trapezoid? 

Factor the result, letting ^A be one / ^''^ t 

factor. 

16. In a cylinder the area of each base is Trr^, 
and the curved surface has an area of 2 irrh. This 
makes the total surface how much ? Factor the 
result, thus simplifying the formula. 

17. The area of the outside circle here shown is 
•wa^, and the area of the inside circle is irb^. What 
is the area of the ring formed by the two circles ? 
Factor the result, thus simplifying the formula. 
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Factor the follomng : 

18. 4a^4-12ajy4-9y*-9a*-24a«>-166^. 

19. s^fz^ -f 2xyz + 1 -2mH^z - mV - z\ 

20. 1.21 a^^V 4. 1 - a:^ - y' _ 2.2 aZ>c - 2 xy. 

21. - 2.64 a^ - a:* 4- 1.44 a^ - 2^* + 1.21 6^ - 2 xy^. 

22. - 0.48 a^, - m^ -h 0.16 a^ - n^ - 2 mn + 0.36 h^ 

23. In the figure here shown, we have found that \i AB = hy 
BC = a, and AC = h, then A^ = a^ -j- ^2, or 
l^ z= h^ — a\ Write the equation b^ = h^ — a? 
with the second member factored. 

24. Using the factored form in Ex. 23, 
find * the value of 1^ when A- = 5, a = 3 ; 
when A = 5, a = 4 ; when A- = 35, a = 28 ; 
when A = 45, a = 36. 

25. The edge of the larger of two cubes is a, and that of 
the smaller is b. The area of the base of 
one is how much greater than that of the 
other ? Factor the result and evaluate 
for a = 30, ^ = 20. 

26. In Ex. 25 what is the area of the entire surface of the 
six faces of each cube ? What is the difference in area ? 
Factor the result and evaluate for a = 30, b = 20. 

27. The amount of principal and interest on a note is given 
by the formula a=p -{• prt. Factor the second member and 
evaluate for j? = 350, r = 6%, ^ = 3. 

28. From a square of side a is cut a square of 
side b. What is the area of the remaining part? 
Factor the result and evaluate for a = 60, b = 20. 

29. The area of the surface of a sphere of radius r is 4 irt^. 
What is the difference of areas of two spheres of radii a and 
ft, respectively ? Factor the result and evaluate for a = 5, ft = 4, 
and ir = 3|. 
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112. Factoring the Quadratic Trinomial. A trinomial of the 
form 3c^ -\- bx '\- c is called a quadratic trinomial. 

The more general form, ax^ + 6x + c, is considered in § 114. 

To find the method of factoring this trinomial we consider 
the product of two binomials. 



X 


+ 


3 




X 


+ 


7 




a^ + 


•Sx 








7x 


+ 21 



X -\- a 




X -hb 




a? -\- ax 




bx 


-fa^ 



ar» -h 10a + 21 x^-ifia-Jt b)x -h ab 

We see that the factors of x^ -\-10x -\- 21 are a: -f- 3 and 
5c -h 7, and that the factors of x^ -\-(a -\-b^x -^ ab are x -{- a 
and X -h b. 

Hence, if a trinomial of the form x^ -\-px -{- q is factorable, 
the first term of each factor will be x ; and the second terms 
of the factors will be two numbers whose product is q and 
whose algebraic sum is p, the coelfi^cient of x, 

1. Factor aj2 -h 12 cc + 35. 

The two numbers whose product is 35 and whose sum is 12 are 
evidently 6 and 7. 

Therefore x^ + 12 x + 36 = (x + 6) (x + 7). 

This may be checked by multiplying, or by substituting any convenient 
value for x. 

2. Factor ar» -h 5 x - 36. 

. Since the product of the second terms is — 36, one must be positive 
and the other negative. 

The algebraic sum of the two numbers is + 5, hence the positive 
number must have the greater numerical value. 

The two numbers whose product is — 36 and whose algebraic sum 
is 6 are evidently 9 and — 4. 

Therefore x^ + 5x - 36 = (x + 9) (x — 4). 

3. Factor x^ -}- 0.3 a; + 0.02. 

The two numbers whose product is 0.02 and whose sum is 0.3 are 
evidently 0.1 and 0.2. 

Therefore x^ + 0.3x + 0.02 = (x + 0.1) (x + 0.2). 
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4. Factor a;' — 5 x — 14. 

The absolute term, which is the product of the two numbers sought, 
being negative, the two numbers have unlike signs. 

The algebraic sum being negative, the negative number has the 
greater numerical value. 

The two numbers whose product is — 14 and whose sum is — 5 are — 7 
and + 2. 

Therefore x^ _ 5x _ 14 = (x - 7) (x + 2). 

5. Factor x* - 12 a; -f 27. 

The product being positive, the two numbers have like signs. 
The sum being negative, both numbers are negative. 
The two numbers whose product is + 27 and whose sum is — 12 are — 9 
and — 3. 

Therefore x^ _ 12 x + 27 = (x - 9) (x - 3). 

6. Factor a:^ - 3 ary - 28 2/^. 

The second terms have unlike signs. Why ? 

The negative term has the greater numerical value. Why ? 

The second terms are — 7 y and + 4y. Why ? 

The factors are {x— 7 y)(x + 4y). 

7. Factor ar^ -h 0.2 x - 0.03. 

What are signs of the second terms ? Which of these terms is numer- 
ically the greater ? What are the second terms ? What are the factors ? 

113. Directions for factoring x* -\- bx -\- c. We see therefore 
that in factoring an expression of the form a:^ -\- bx -\- c, we 
proceed as follows : 

Find two monomials whose algebraic product is the absolute 
term vrith its proper sign, and whose algebraic sum is the co- 
efficient of X with its proper sign*, 

Write for the factors two binomials^ the first term of each 
being Xj and the second terms being, respectively, the monomials 
thus found. 

We should notice that when c is negative the two monomials sought 
have unlike signs. 

When c is positive the monomials have each the same sign as the 
middle term, bx. 
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Exercise 90. Factoring the Quadratic Trinomial * 

Examples 1 to 10, oral — Examples 11 to 38, written 

1. Find two numbers whose sum is 8 and whose product 
is 15 ; whose sum is 2 and whose product is — 16. 

2. Find two numbers whose sum is — 2 and whose product 
is —15; whose sum is 2 and whose product is — 36. 

Find two numbers whose sum s and product p are : 

3. « = 8, jp = 12. 7. s = - 1, j9 = - 6. 

4. * = 10, j9 = 24. 8. « = - 13, 2? = 40. 

5. 5 = — 6, jp = — 14. 9. 5 = — 16, p = 63. 

6. 5 = -6,2?=-6. 10. s=-13,j9 = 22. 

Factor the following : 

11. a*H-8a + 16. 23. x^^^xy-Z^f. 

12. a^ + 10a + 24. 24. x^ -{- xy - 12 f. 

13. «» - 5a; - U. 25. ar* - 4 ay - 21 i/^. 

14. a^- 6a; -6. 26. a;^ -f a;y - 72 y*. 

15. jp* -2^ - 6. 27. ar' + a;y - m xj\ 

16. p^ - 13jp + 40. 28. a;^ + 23 a; + 132. 

17. n* - 16n + 63. 29. ar* + 3a; - 130. 

18. w* - 13n + 22. 30. a;* - 2a; - 143. 

19. m* - 2w - 15.^ 31. ar* + 5a; - 160. 
20;.^? + 2 J - 24. 32. a;^ - 4a; - 166. 
21.tf» + 5ft-14: 33. a;« + 30 a;y + 200 2/^. 
22. ^ + 5 ^ -^ 6. 34. a;* - 10 a;y - 2Wf, 

Factor, both, terms and then reduce to lowest terms : 

"•. SB* + a; - 20 ■ p* + 21p + 108 ' 

J a« + 10a + 24 a^+22a! + 121 

*■• a»-a-42 * a^ + 23 x + 132 * 
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114. Factoring the General Quadratic Trinomial. There is a 
more general form of the quadratic trinomial than that studied 
in § 112. For example, we may have the trinomial 6a^ + 17x 
+ 12, or, more generally, ax^ -^ bx + c. 

There are several acceptable methods of factoring such expressions. 
The one requiring least explanation is given below ; but, if the teacher 
prefers, one of those given in the Appendix may be used instead. 

If we consider the product oi Sx + 4: and 2 a; + 3 we see that 
the first term of the product C&x^ is the 
product of the first terms of the factors, Sx ^ , _ 
and 2 x ; that the last term of the product 



(12) is the product of the last terms of 

the factors, 4 and 3; and that the middle ^ ^ . -17 79 

term of the product (17 x) is the sum of the 

products of the first term of either factor and the last term of 

the other factor, that is, the sum of their ** cross products." 

Therefore, in factoring an expression of the form ax^ +bx + c, 
find two binomials such that the product of the first terms is 
the first term of the trinomial, and the product of the second 
terms is the last term of the trinomial, and such that the alge- 
braic sum of their cross products is the middle term,. These 
binomials are the required factors. 

As usual, the monomial factors are first to be removed. 

1. Factor 6a? + 17x-h 12. 

The factors of 6 x^ are 3 x and 2 x, or 6 x and x. 

The factors of 12 are 4 and 3, 6 and 2, or 12 and 1. 

We must so select that the product of the first factor of 6x* and the 
last of 12, and the product of the last factor of 6x^ and the first of 12, 
shall have as their algebraic sum 17x. 

We see that we cannot take 3 x + 3, because this contains the factor 3, 
which is not a factor of 6 x^ + 17x + 2. 

Similarly, we may reject 2x + 6, 6x + 12, 3x + 12, 3x + 6, and all 
other binomials that contain a monomial factor. 

After rejecting these impossible factors we find, by a little trial, that 
8x + 4 and 2x + 3 are the factors. We check by substituting some 
value for x, or by multiplication. 
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2. Factor 15 ar*- 11 a? -14. 

The factors of 15a;^ are 6x and 8 a;, or 15 z and x. 

The factors of 14 are 7 and 2, or 14 and 1 ; and since we have — 14, 
one of these must be negative. 

By placing the numbers as shown at the right we can easily see 6 7 
that 5 • 2 — 8 • 7 =— 11, and hence that the factors are 5x — 7 8 2 
and8x + 2. 

Check. Letting « = 1 we have 6a; — 7=— 2, 8x + 2 = 6, and — 2.6 
= -10. Also, 16x2- iix- 14 =-10. 
"We may also check by multiplying. 

3. Factor 77 a^ + 41 ary - 10 f. 

We evidently have (7x ± 62^)(llx =F 2y), where the upper signs go 
together and the lower also go together; or we may have 
(7x±10y)(llxTy), and so on. ^ 

Arranging the numbers as in Ex. 2, we easily see that 
(7x+6y) (llx — 2y) give the required product. 

We check the work as in Ex. 2. 

4. Factor 6 ar* — 77 a; + 221. 

The factors of 6x^ are 8x and 2x,*or 6x and x. 

The factors of 221 are 18 and 17, or 221 and 1, and both must be 
negative to have — 77x and + 221. 

Evidently — 1 and — 221 cannot be used, for they would make the 
second term too large. 

Of {8x-18)(2x — 17) or {8x — 17)(2x- 18), it is easily seen the 
first gives the required product. 

5. Factor 32 a;^ + 867 a; + 81. 

The factors of 82 x^ are 82 x and x, 16x and 2x, or 8x and 4x. 

The factors of 81 are 81 and 1, 27 and 8, or 9 and 9. 

The middle term tells us that we must choose large factors, but 82 81 
evidently not 82 with 81, or 16 with 27, because, as here shown, 1 1 
the sum of the cross products would not be large enough. 

By a little thought and by one or two trials, we see that the factors 
are 82x + 8 and x + 27. 

6. Factor 12 «» - 34 x^ - 28 x. 

We first take out the factor 2 x. 

We then have to factor 2x(6x2 ^ 17x — 14). 

The factors of 6x^ — 17x— 14 are 8x + 2 and 2x — 7. 

Therefore 12 x» - 84x« - 28x = 2x(8x + 2) (2x - 7). 
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Exercise 91. Factoring the General Quadratic t'rinomial 

Examples 1 to 5, oral — Examples 6 to 41, written 

1. In factoring 4 a;^ + 8 a; -|- 3, how will you proceed ? 

2. In factoring 64 x^ + 288 x + 243, how will you proceed ? 

3. In factoring 12 a;^ — 19 a; — 21, what do you know in ad- 
vance as to the signs of the absolute terms of the factors ? 

4. In factoring 56 aj^ — 22 a; + 2, what do you know in 
advance as to the signs of the absolute terms of the factors ? 

5. After factoring 42 a^ — 85 aj + 42, how will you check 
your work? Give two methods. 

Factor the following : 

6. 4a;2 + 8a; + 3. 24. 4 aj^ + 16 a; + 7. 

7. 2a;2 + 5a; + 3. 25. 6^:^ -f- 17a; + 12. 

8. 3a;2-ar-2. 26. 6 ar* -M7 oa; -f 12 a^ 

9. 5x2-8x4-3. 27. 6 aV -h 17 axy -h 12 y^. 

10. 6a;2+7xH-2. 28. 6x^y^ + xy^l. 

11. ex^^x-2, 29. Ux'-lSxj/^U^. 

12. 15x^ + 14a; - 8. 30. lOa^ - 23a6 - 5*^ 

13. Sx^ - 10a; + 3. 31. Sp"" -f- 5Spq - 21 q\ 

14. 18a;2 + 9aj-2. 32. Sm^ - S7 mn ^15n\ 

15. 12ar2 - 6a; - 2. 33. 2a^ + 5xj/ -\'2f. 

16. 12ar*-7a; + l. 34. 8 a;^ - 5 5a; - 3 ^^^ 

17. 12a;2-a;-l. 35. Sa^ + Uab -15b^. 

18. 3a;2 - 2a; - 5. 36. 60a;2 -f- 99a; + 21. 

19. 3a;2 + 4a; - 4. 37. 45a;2 + 81a; + 28. 

20. 6a;2 + 5a;-4. 38. 125 a^^^* -f 135 o^c + 28 ^«. 

21. 4 a;2 + 13 a; + 3. 39. 102 aV + 101 axy - 21 y, 

22. 4 a;2 + 11 a; - 3. 40. 130 ^V' 4- 21 /^ - 109 pqr. 

23. 4a;2 - 4a; - 3. 41. 1 + 209a;y^*^ ^ 30a;y;5^. 
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115. Factoring the Sum or Difference of Two Cubes. We have 
found (§97) that the sum of the cubes of two quantities is 
divisible by the sum of the quantities. Therefore, since 



a« 4- ft* 



z=a^-ab + ft^ 



a + b 

<^ + l^ = (a + b)(a'-ab+t^. 
Similarly, a» - ft' = (a - >) (a» + aft + ft*). 

Therefore, the factors of the sum of the cubes of two quan- 
tities are (1) the sum of the quantities ; (2) the square of the 
first, minus the prodicct of the first and second, plus the square 
of the second. 

The factors of the difference of the cubes of two quantities 
are (1) the difference of the quantities ; (2) the square of the 
first, plus the product of the first and second, plus the square 
of the second. 

1. Factor 27 x^ + f. v 

27X8 + y3- (335)8 + y3 

= (3x + y) (9x2 - Sxy + y^), 

2. Factor 8ic'^ + 272^. 

8 x8 + 27 2/8 = (2x)8 + (3 y)^ 

= (2x + 3y){4x2 - 6xy + 9y^). 

3. Factor 27 a« - 8 «»^ 

27a8-^68 = (8a)»-{26)« 

= {3a - 26){0a2 + Qab + 462). 

4. Factor (a - by + c*. 

(a - 6)8 + c8 = (a - 6 + c)[(a - 6)2 - (a - 6) c + c^] 

= (a — 6 + c) (a2 - 2 a6 + 62 - ac + 6c + c2). 

5. Factor p» + ^^. 

Since p* =j)8p8p8^ therefore p^ = {p8)8. Similarly, q^^ = (q^)* 

Therefore, j)» + q^^ = (i)8)8 + (g4)8 

= (P* + 5'*)[(pT - pV + («")"] 
= (p* + g*) (p* - pV + 9®), 

because (p8)2 = p^p^ = p«, and (q*)^ = q^q^ = ^8 (§ OS). 
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Exercise 92. The Sum or Difference of Cubes 

Examples 1 to P, oral — Examples 10 to 41, written 

1. Factor a« + ^»» ; a» + l; a^-hl'y a'+2»; m»+3»; p^-hf- 

2. Factor a«-^>8; «»-!; m« - 2^; j9»- 3«; a«-8; a:«-27. 

3. Factor m* + 1 ; w* — 1 ; ojV + 1 ; «V — 1 > ^ + ^V- 

4. Factor l + a»; l + a:»; l + m»; 1+J9*; 1 + ^^ 1 + y*. 

5. Factor 1— a*; 1 — a^; 1 — m'; 1— jp*; 1 — j^; 1 — y"; 
wW — 1 ; 1 — m V ; a'^> V — 1 ; 1 — xy. 

Factor the following : 

6. 8ar« + l. 11. 8a:«-27. 16. m'-fSn*. 

7. l + 8«'. 12. 27-8a:». 17. 27 m«-n«. 

8. 27a;» + l. 13. 27a;»-125. 18. 64a;»-l. 

• 9. 1 -f 27 x*. 14. 125 - 27 x\ 19. 1 - 126 x\ 

10. 27 ic« -h 8. 15. 27 x« - 8 a\ 20. 216 + a;'. 

21. Represent a:® + y' as the sum of the cubes of the two 
quantities, a? and j^, and factor the result. 

22. Represent x^ — 1 as the difference of two cubes and 
factor the result. 

Factor the following : 

23. x^ - /. 27. 1 - 27 x^ 31. x^ + y». 

24. x^ + /. 28. 8-27 xl 32. x" - y^. 

25. x" - 2^1 29. x" + 8 y^. 33. 8 x" + /. 

26. 8 x^2 + 1. 30. x" - 8. 34. 27 x" - 1. 

35. Represent a^b^ + 1 as the sum of two cubes and factor 
the result. 

Factor the following : 

36. aW + 512. 39. 729+(a + ^)» 

37. a^'^ - 512 (x + y)«. 40. (a + by + (c + d)\ 

38. {a + bf + 512 (x + y)\ 41. (x + yf - (a + b)\ 
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116. Factoring Perfect Cubes. We have found (§ 95) that 

(a + by=a^ -hSa^b + Sab^ + /)•, 
(^i _ ft)« = a» - 3 a«ft -f 3 a*» - &«. 

These statements may be combined, thus : 

(a ± by = a» ± 3a% + Sab^± b\ 

When there is the doable sign, dbf in both members, the upper signs 
go together and the lower signs go together. 

Therefore the cube root of a polynomial in. the form a* ± 3 a% 
+ 3 cUjI^ ±^b* is of the form a ±_b. 

Factor ^o? + l^x^ + %x + l) that is, find its cube root. 

Since this polynomial eqnals (2 a;)' + 3 (2 a;)^ + 3 (2 x) + 1, it equals 
(2a; + 1)». The factors are therefore 2 x + 1, 2 x + 1, and 2x + 1. The 
answer should be written in the form (2 x + 1)^. 



Exercise 93. Factoring Perfect Cubes 
Examples 1 to 6, oral — Examples 7 to 21, tvritten 

1. Factor x^ + Sx^y + Sxf + 7/] x^-Sx^y + 3xi/ - if, 

2. Factor a«+3a^ + 3a 4-1; a« - 3a^-f 3a - 1. 

3. Factorl — 3m + 3m2-m»; 1 + 3 xy + 3 or^y^ + xV . 

'Factor the follovnng :• 

4. 2» + 3 . 22 + 3 . 2 -f 1. 

5. 3» 4- 3 . 3^ 4- 3 . 3 + 1. 

6. 7« 4- 3 . 7^ 4- 3 . 7 + 1. 

7. y 4" ^p" 4- 12i> + 8. 

8. x^ + 'iy + 3xy{x + y). 

9. a»4-6a2 + 12a4-8. 

10. a«-6a2 4-12a-8. 

11. 8a"4-12a»4-6a4-l. 

12. 8a»-12a2 + 6a-l. 



13. 8 a»^»« 4- 12 a^^« 4- 6 ai 4- 1. 

14. 1 - 6 a^ + 12 a%^ - 8 aW. 

15. Sa^b^ + 12 a%h + ^abc'+c\ 

16. 8 a^"" - 12 a%h 4- 6 abc" - c\ 

17. 27a8 4-27a2 + 9a + l. 

18. l-9a + 27a2-27a». 

19. 64 x» 4- 48x^4- 12 a: 4-1. 

20. 64ic«d-12a;-48ar2-l. 

21. a;»-12xV4-48a;^-64/ 






5C^ -h bx -{-e 


X — a 


x^— ax 


x + a -\- b 


(a + b)x + c 
(a + ft) 05 — a^ 


'-ha 


a^ + ba + c 
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117. The Remainder Theorem. If we divide t? — 7a;.-h 10 by 
ar — 2 the quotient is a5 — 5 and there is no remainder. Further- 
more, if we put 2 for a; in x — 2 we have 2 —r 2 = ; and if 
we put 2 for x in the polynomial we have 2^ — 7 • 2 + 10 = 0. 
That is, the remainder and the polynomial both become zero 
when we put 2 in place of x. 

If we divide or* — 7 a? + 4 by tc — 2, there is a remainder — 6, 
and if we put 2 for x in the function we have 2^ — 7 • 2 + 4 
= -6. 

In general, if we divide a;^+ bx + c 
by a; — a we see that the remainder 
is a^ + ba + c, which is the same as 
the dividend with a substituted for 
X. That is, 

Tlie remainder arising from dividing any integral function 
ef xhy X — a i% the same expression with a put in place of x. 

This is called the Remainder Theorem, the word ** theorem '* meaning 
a statement to be proved. 

Expressed in the symbols of functions, the remainder arising from 
dividing /(a;) by x — a is /(a). 

This important theorem enables us to factor many expressions that 
do not come under the cases already considered, or to factor the latter 
more easily. 

1. Is a; — 1 a factor of a;* — 7 a; + 6 ? 

Substitute 1 for x and we have 1 — 7+6 = 0. Therefore there is no 
remainder when we divide this/(x) by x — 1. Therefore x — 1 is a factor. 

2. Is aj — 3 a factor ofa^--9« + 6? 

Substitute 3 for x and we have 9 — 27 + 6 = — 12. 
Therefore if we divide this f{x) by x — 3 there is a remainder — 12. 
Therefore x — 3 is not a factor. 

3. Is x + 2 a factor of «» + 4a;^ + 3aj - 2 ? 

Since x + 2 = x — {— 2), which is now in the form x — a, substitute — 2 
for X and we have (-2)8 + 4(^.2)2 + 3(- 2) -2^-. 8 + 19- 9- ? = P^ 
Jheref ore x + 2 is a factor. 
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4. Find the factors of a;» + 4 a;^ _ ^^ a. __ 30. 

Since the factors of — 30 are ± 1, ± 2, ± 3, ± 6, ± 6, ± 10, db 16, we 
try binomial factors of which these are the second terms. 

Trying x — 1, /(I) = 1 + 4 — 11—80, not zero. 
Trying x + 1, /(— 1) = — 1 + 4 + 11 — 30, not zero. 
Trying x — 2, /(2) = 8 + 16 — 22 — 80, not zero. 

Trying x + 2, ■ /(- 2) =- 8 + 16 + 22- 30 = 0. 

Therefore x + 2 is one factor. Dividing by x + 2 we have x^ + 2 x — 16, 
of which we see .the factors are x + 6 and x — 8. 
Therefore the factors are x + 2, x — 8, x + 6. 

Exercise 94. The Remainder Theorem 

Examples 1 to 6, oral — Examples 7 to 21, written 

1. Is aj — 1 a factor of a* — a;* +- a; — 1 ? of as* — 2 a:^ +- x ? 

2. Is a: - 1 a factor of x^ - 1 ? of a;* - 1 ? of a;^<^ - 1 ? of 
aJ»-4a;^ + 4aj-l? of x^ + 7 a^ - 9x + 1? 

3. Isx-lafactorofaj*"-!? ofa;^~-l? of a;*^ + a;^«-2? 

4. What remainder arises from dividing a;^ +- 1 by aj — 1 ? 

5. What remainder arises from dividing a^ +- a* + 1 by 
a;-l? a:«*~2a:"H-lbyar-l? 

6. Is a: +-1 a factor of x'* +- 1 ? of x* + 1 ? of x^ +- 1 ? of 
x» + l? of x^^ 4-1? ofx*+8? of x^ 4-1? 

7. Is X - 2 a factor of x^ - 4 ? of x* - 16 ? of x« - 64 ? 
of x»-9x^ + 17x-6? of x»-8? ofx«+-8? 

Factor the follovnng : 

8. x» - 7x - 6. 15. x« - 5 x^ - 2x + 24. 

9. a»-8a-h3. 16. a» - 48 a^* - 7 ft». 

10. x» + 7x2 - 3 17 ^8 _ 9^^2 ^ g^8 

11. m« - 19 m 4- 12. 18. 3j9« 4- ^pf - 7 q\ 

12. x» 4- 2x2 - 9x - 18. 19. a;» - x^ - 8x 4- 12. 

13. x« 4- 2x2 - 2x - 1. 20. «» - 9^^ + 26a - 24. 

14. x* 4- aj' - 4x - 4. 21. x» - lOx^ 4- 23x - 14 
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118. Factors of x" rfc if^. The Kemainder Theorem enables 
us to determine the cases in which a;" ± y is divisible by a ± y. 

1. Is a:* -f- y* divisible by a; — y ? 

Substituting y for x in the binomial x* + j/* we have y» + y» = 2 y*. 
Hence x» ,+ y* divided by x — y has a remainder 2 y*. Hence x* + ^ is 
not divisible by x — y, whatever may be the value oln. 

2. Is 05" — y divisible by aj — y ? 

Substituting y for x in the binomial x» — y* we have y« — y» = 0. 
Therefore x — y w always a fa/±or ofx^ — y». 

In general, in factoring expressions like x* — y* it is better first to 
take two factors of the same degree, thus : 

x« - y« = (x» + y8) (x« - y«) = (x + y) (x^ - xy + y^) (x - y) (x^ + xy + y*) . 

This is better than to start with 

X* — y« = (x — y) (x* + x*y + x'y^ + xV + xy* + y*), 

for the factors of the second of these factors are not readily seen. 

3. Is a?" + y" divisible by a; + y ? 

Since x + y = x— (— y), and this is in the form x — a, we substi- 
tute — y for X in x« + y», and x« + y" becomes (— y)" + y". 

If n is odd (— y)** is negative (§ 64) and equals — y». We then 
have — y» + y** = 0^ That is, ^ ri w odd x + y is a factor of Q^-\'y^, 

If n is even {— y)" is positive and equals y». We then have y» + y» 
= 2y«. That is, ifn is even x-\- y isnot afacim ofx^ + y». 

For example, x + y is a factor of x^ + y^, but not of x^ + y*. 

Similarly, x + 2 is a factor of x* + 8, but not of x* + 16. 

4. Is a" — y* divisible by a: + 2^ ? 

Substituting — y for x we have {— y)» — y». If n is even this becomes 
y» — y»» = 0, because — y raised to any even power is positive {§ 64). But 
if n is odd it becomes — y*» — y»=— 2y», because — y raised to any odd 
power is negative {§ 64). That is, (/"n is eoen x-\-y is a fajcior of^ — y*, 
6u^ no^ ^nis odd. 

Summarizing these cases we have the following : 
x^ + y" never has a factor x—y; 
jc« _ j/w always has a factor x—y; 
j^ + y" has a factor x + y when n is odd; 
j^^y^ has a factor x^y when n is even. 
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119. Summary of Factoring. The student will find it of ad- 
vantage to proceed as follows in factoring an expression : 

First remove any monomial factor. Then see if the expression 
is one of the following forms already studied : 

ax '\- ay -\- bx •+■ by. (§ 104) 

a^±2ab + V'. (§106) 
a«-^. . (§§107-111) 

x^-\-bx + c. (§ 112) 

aa^+bx + c (§114) 

a» ± W. (§ 115) 

a* ±Sa% + 3a6« ± b\ (§ 116) 

(a - 6) X a polynomial. (§§ 117, 118) 

Tf sOy factor as directed under these cases. 

Factor^ each polynomial of the result until every factor is 

prime. 

Students are urged to check their results in factoring, either by the 
substitution of some value for the letters or by multiplication, and 
teachers may well afford to insist upon it. 

120. Changing the Signs of Factors. Since abc =za' — b— c 
= — a-ft— c=— a — b'C, we see that 

2%€ signs of any even number of factors may be changed 
-without changing their produ^. 

Therefore a^ — 2 a6 + 6^ = (a — &) (a — &) or (6 — a) (6 — a). 

Exercise 95. Review of Factoring 
Examples 1 to 5, oral — Examples 6' to 142 ^ written 

1. Factor a^ -\-bx\ ax — ay \ am + am^ ; om + bx — ex. 

2. Factor a2-f-2a + l; a2-2a+l; l-2a + a^ 

3. Factor m" - 1 ; 1 - a:«; a»6* - 1 ; a%^ - (?. 

4. Factor a« + ^>«; a» - &«; a« + 1 ; 1 + a«; a« - 1 ; 1 - a» 

5. Factor a«4- 3a^-f- 3a + 1; a»-3a" + 3a-l. 
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^ Factor the following : 

6. x'^-x\ 

7. x^-f. 

8. a;*-l. 

9. x^ — 2/*- 

10. ic' + y^ 

11. a^+Sy'. 

12. aj* - /. 

13. l-y". 

14. 49^2 -16*2. 

15. 49a2-(c + <0'- ^ 

16. (a - «»)" - 36 c", 
11. a^V'-ic-df. 

18. l-(c-(^)2. 

19. (a+Z>)« + l. 

20. 1 - (a - ^^)^ 

21. {x - yy - 8. 

22. x^ + Ux + 49. 

23. aj2 + 64 - 16 a:. 

24. l + 4:a2^,a_4^^. 

25. a^- 11a + 18. 

26. p^ + 9p- 36. 

27. 4 a^*^ + 12 abed + 9 c^^^^^ 

28. 9x^f + 4:-12xy. 

m 

29. (a + */ + l-2(a + *). 

30. l + (2x + yy + 2(2x-hy). 

31. mV-24m7i + 95. 

32. m^/i* + 24 mri^ 4. 95. 

33. mV + 95 71^ _ 24 mri*. 

34. a^ + 2ab-^c^ + }?. 



35. a2-^>2-c2 + 26c. 

36. (jp-^qf-(x-yf, 

37. l_aj3_yi_^2a:y. 

38. l-a;2-4/-4a;y. 

39. m^+2 mn + 3 j[?m + 6 Tip 

40. 9a2 + 30a* + 2562. 

41. 9a^ + 21a^^ + 25b\ 

42. 5^2 + 13a -6. 

43. 15a2 + 19a + 6. 

44. 9a^ + 9a-\-2. 

45. 3j9V + 7pq - 6. 

46. 3^2 ^ 7^^ _ g^2 

47. 6a^ + Tab + 2b\ 

48. 6a2-a5-*2 

49. 12a2-7aZ> + *2 

50. 12a'-^5ab-2b\ 

51. 8a2 4.2a*-*2. 

52. 49 X* - 81 y^. 

53. a2 + 2a*-995«. 

54. mV + 8 j{«. 

55. 49mV-121j9l 

56. 121ajV-36«2. 

57. aj2-20a:y + 5l3/». 

58. 64: a^b"" - 4:9 c^d\ 

59. 129x^-f, 

60. 729aj8-343. 

61. a;8-5aj2-84aj. 

62. S2a^ + 4:xy-'15f. 

63. 81 ic* - 625 2^^ 
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Ftzctor the foUamng : 

64. a^ - 16ab^ + 606^ 91. ac - be - ad + hd. 

65. 27 w» - 1331. 92. ay - aj« - i/^ + y«. 

66. 27m* - 1331a:V. 93. ah -2a-- 2^ + 4. 

67. a* + 5 a» - 36 a^. 94. 49x^+56a;y+162^-16«^. 

68. 625 xY - 81. 95. 49 a*^ - 154a«5» -f 121 a5* 

69. 81 a;y-. 626. 96. 20ax-\-^hy-lbay-%hx. 

70. a3 + c-(r»-a. 97. 16aV+88aV4-121aV. 

71. a» + a-5-6«. 98. 729 ar« + (y + 2 «)«. 

72. (a + J)» - 1. 99. a^% + «'*"« + a^*«. 

73. 1 - (a - J)«. 100. 81 aj* ^ 18 ic^y» + 49 y\ 

74. a;^» - ya». 101. 1728 a:* - 1. 

75. 9a;^-24aj + 16. 102. 126 a;»- 1728. 

76. a^ + l^-a^-h\ 103. 9 3:^ - 24 ^ + IBy**. 

77. a^ + a* - ^^ - ^*. 104. a«- 26 ^2^ 9 a:^+ 6 oa;. 

78. 24m2-36?i2 + 2mn. 105. a« + a - ^•'^ -'ft. 

79. mV - Tmw - 44. 106. a^y + a^y - «^ - «. 

80. J9« + 30 ^^ + 13jt>g. 107. 99 a^ft^ - 17 ahc - 12 A 

81. 4 a* + 8 a»ft^+ 121 ft*. 108. p^ - 12 pqr + 36 A 

82. 2ax+4:bx—10pb—5pa. 109, x^z^ — a* + ajy« — a. 

83. pY - «* + J3^?^ - ^. 110. xVV - a:2/« - a^ + a. 

84. joV - j^V - aj* + a:^. HI. A'^" - 1^ xyz + 66. 

85. 81 a* - 180 aft + 100 ft^. 112. 6 a^y^^ - 37 xyz 4- 66. 

86. a;y - 12 xfz + 36 z\ 113. 6 ar^i/^^^ - xyz - 36. 

87. 64m2 - 48m7i + %n\ 114. Ba^y^^ + 36 - 29ar2^«. 

88. 24 a:* - 86 ar^y^ + 42 y*. 115. 36 + 36 j^^gV - 74j9^r. 

89. p^ + 8^?^ - 33 ^*. 116. 86 mV + 21 mV + 33. 

90. 6m* + 26mV-91»*. 117. 14 a^V - 33 - 71 ary^. 

118. If /(a) = a? + 12 a + 36, find the factors of /(a) ;. of 
/(a)- 24a; of /(a)- 36; of /(a)+ 4a + 29, 
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* 

. Arrange as the difference of two squares, and factor: 

119. a* - x^ - f -\' 4: ab + 2 xy -{- 4.b\ 

120. a^ + b^ - X* -{- 2ab^ - 1/ -[- 2x^f. 

121. 4a^-9x^+9l/^'-'16i/-12ab + 24:xy. 

122. 49a« + l-c*-14a-16^»«-8^c^. 

123. 36(a* - ^ + 12(alf^ - c(?) -f. ^* _ d\ 

124. 9a"-49cP + 4^»^-16c•2 + 4(3a^ + 14ce^). 

125. 4a* + 9i»*-a;*-49 + 12a«^H-14ar^. 

Arrange as the sum or the difference of two cubes, and factor i 

126. a« + 3 a% 4- 3a/^^ + Z»« - c«. 

127. a« - Z>» + c» + 3ft«c - 3Z»c2. 

128. 8a« + l-^^» + 12a2 + 6a. 

129. a^ -{• b* - (^ -- (P + Sa^b - 3<^d -h Sab^ - Scd^. 

130. a« - c« + 8&» - 8e? + 6a% - 6c^<; + 12aZ'* - 12ceP. 

131. 64a»- 48^2 + 12a- l-125i»«-75Z»^(;-156o^-c«. 

Factor the following : 

132. 144 ar^ - 144 ac - 81 a« - 64 c«. 

133. x^ - Ari^ -\- Amn - 6xj/ - m^ -\- 9f. 

134. 9a:2-9a2 4-64y»-64^»2-f.48a:?/ + 48a^. 

135. 16a:* - 81 ^»^ - 25 a* + 56 x^ - 90 a^ 4- 492/^. 

136. ea^ - 9 aij -15bj/ - 20bx - 12 aa: + 10 ab. 

137. 25 a^ - sex" + 121 ^^- - 49^^ - UOab - 84ajy. 

138. (a + Z^)^ - 2(a + ^>)(c -I- c?) + (c 4- f/)"- 

139. (a - by - 2(a - 6)(4c - <;)4-(4c - <;)2. 

140. a:» + 6a:2 + lla:4-6; also a:** - 6 a;^ + H a; - 6. 

Factor both terms and then reduce to lowest terms : 
" 4y»-r' 3a'-27a« 
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121. Common Factor. A factor of two or more expressions 
is called a common factor of the expressions. 

For example, 2 is a common factor of 12 and 16, and a — 6 is a com- 
mon factor of a* — 6^ and a* — 6*. Similarly, a — 6 is a common factor 
of 6 - a and a« - 6^, for (6 - a) -+- (a - 6) =- 1, and (a« -~bl^)^(a-b) 
= a + 6. 

122. Highest Common Factor. The factor of highest degree 
that is common to two or more expressions is called their 
highest comm/m factor. 

For example, as 4 is the greatest common divisor of 12 and 10, so 
a* — 6* is the highest common factor of a^ — 6* and a* — 6*. 

Although it is not customary to speak of a quantity as a factor of 
itself, we do so in connection with the highest common factor if one 
quantity is contained in another. 

The letters H.C.F. stand for highest common factor. 

The subject is of little importance in elementary algebra, since in 
reducing fractions to lowest terms we usually cancel the factors one at 
a time. It is therefore treated only briefly in this work. 

123. Finding the Highest Common Factor. In all cases needed 
in elementary algebra the highest common factor may be found 
by separating the expressions into factors. 

1. Find the H,C.F. of 6^^ + 7a; - 3 and 4.x^ - 4a; - 15. 

6x2 + 7a; - 3 = (2x + 8) (3x - 1). 
4a;2 _ 4a; _ 15 = (2x + 3) (2x - 6). 

Since 2x + 3 is the only common factor, it is the H.C.F. 

2. Find the H.C.F. of ax* - ay* and aV - 2 aVt/^ + ay. 

ox* — ay* = a (x* — y*) 

= a (x2 + y2) (x^ - j/2) 

= a(x2 + l/*)(x + y)(x-y). 

a«x* - 2 a^x V .+ a V = «* (x* - 2 x V + V*) 

= a^ (x2 - y«)« 
= a2 (x + y) (x - y) (X + y) (x-y). 

The factors common to both expressions are a, x + y, and x — • y. 
Therefore a(x + y) (x — y) is the H.C.F. 



^ 
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Exercise 96. Highest Common Factor 

Examples 1 to 12, oral — Examples 13 to 28, written 

1. Name any common factor of 20 and 30. 

2. Name any common factor of a^V and a^b^c, 

3. What is the H.C.F. of ab^ and a^b ? of a^« and a% ? 

Find the H.C.Fl of the following : 

4. a%\ o}U\ 7. x^y'^z^, y»«* 16. a(ft + c), al- 

5. a%\ a%\ 8. a^y*^, x^- H. (^^(p - c)., a%\ 

6. a^ftV, a^b\ 9. xY^\ ^V^ 12. «« -b\ b - a, 
13. Find a common factor of 2 a^ — 3 a^ -f- Z>^, 3 a^ — 2 fltZ> — Z»V 

^inc? the H. C.F, of the following : 

l^, 2a?^a^-b\Za'-^4.ab-\-b\ 

15. 3a* + 4a& + ^'^2a«-f 5a^4-3ft2. 

16. 5a2-f 34a-7, 6a2 4.44a + 14. 

17. 6a2-f7a-f 2, 8a»-14a-9. 

18. a* - a%, ab" - «►*, IP' - a*. 

19. a^ -\-a%, aJP -f ^*, a^ + ft* -h 2 a^. 

20. a^6^ + ab'^y a% + aW, a* {ab + 2 ft^ + aW 

21. a(a -2b)^-b\ b^ - a^ a« - /i«, a* - Z>1 

22. a^-Yb(b-\-2 A), a* - b\ a%^ + a»(2 6 -f <^). 

23. X* - 2a:y + 2^^ a:^ + y^ + 2 ary, (x + y)«.. 

24. x^ + 6 V + 5a;V> ^a;^ 4- 5a;y + 2iC2/^. 

25. 2 xy + 7 a:y - 9 a^y , 2 o^y + H a^y + 9 aj/^. 

26. 05^ 4- 3a; 4- 2j x» -f 6x" -|- llaj + 6. 

Reduce the following to lowest terms by canceling the H. C.F, 
from both nwmerator and denominator : 

27 ^ . 28. — ' ■ — ^-^ — r^ 
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124. Multiple. An algebraic expression which contains 
another algebraic expression as a factor is called a multiple 
of that expression. 

For example, 6 is a multiple of 2 and 3, and a^ — 6^ is a multiple of 
a + 6 and a — 6. 

125. Common Multiple. An algebraic expression which is 

a multiple of two or more expressions is called a comrrion 

multiple of those expressions. 

For example, 12 is a common multiple of 2, 3, 4, and 6. Likewise 
a* — 6* is a common multiple of a + 6 and a — 6, of a^ — 6^ and a^ + 6^^ 

126. Lowest Common Multiple. The multiple of lowest degree 
that contains two or more algebraic expressions as factors is 
called their lowest common multiple. 

The abbreviation for lowest common multiple is L.C.M. 

For example, 12 is a common multiple of 2 and 3, but 6 is their L.C.M. 
Similarly, a* — 6* is a common multiple of a + 6 and a — b, but a* — 6* 
is their L.C.M. 

The L.C.M. is not necessarily the least common multiple for all values 
of the letters. Thus, if a = 4 and 6 = 2, the L.C.M. of a + 6 and a — 6, 
which is a2 — b^, reduces to 16 — 4 = 12. The L.C.M. of a + 6 and a — 6, 
or 6 and 2, is, however, 6. 

In speaking of the L.C.M., a quantity is considered as a multiple of 
itself. Thus, a^ - b^ is the L.C.M. of a^ - 62 and a - 6. It is also the 
L.C.M. of 6^ — a* and a — 6, the factor — 1 not being considered be- 
cause it does not affect the degree. 

127. Finding the Lowest Common Multiple. Since the L.C.M. 
contains each quantity, it must contain all the factors of each, 
and since it is to be of lowest possible degree, it must contain 
no unnecessary factors. Therefore 

Ths L.O.M. of two or more expressions must contain all 

the different factors of the expressions, each factor being taken 

the greatest number of times that it occurs in any of the given 

expressions. 

For example, the L.C.M. of aJt^ and a^b is d?t^, a and 6 each being 
taken twice as a factor. 
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1. Find the L.C.M. of 15 a^'b, 20a^», and SO a*b\ 

15a»6 = 3.6.086, 
2006*^ = 2.2.5.066, 
30 o*6» = 2.3.5.0*6*. 

The L.C.M. must contain each quantity, and hence it must contain 
all the factors of each quantity. 

Since it is to be of the lowest degree, it can contain no factor of 
higher degree than occurs in any one of the quantities. 

Therefore the L.C.M. = 2 . 2 . 3 . 5 . 0*66 

= 60 0*66. 

2. ¥mdtheJj.CM,ot6a^+llab-h3bHnd4ta''-4:ab-15b^ 

6a2 + lla6 + 362 = (2o + 36){3o + 6). 
4o2-4a6-.1562 = (2o + 36)(2o-56). 

.-. the L.C.M. = (2o + 36)(3o + 6)(2o-56). 

Exercise 97. The Lowest Common Multiple 

Examples 1 to 5,, oral — Examples 4 to 15, written 

1. Find the L.C.M. of ab^ and a^'b ; of 6 a*^* and 3 a%^ 

2. Find the L.C.M. of a + ^ and a — b; of a + ft and a^ — b^^ 

3. Find the L.C.M. of 5 abc, 6 a%V, and 10 a'ftV. 

Find the L. CM. of the following : 

4. 34 a«ftV, 51 a^b^-'. 7. a^ + 1, a;* - 1. 

5. 38 xYz\ 57 xyz\ 8. x^ + a;, o:^ - 1. 

6. 58 m^nV, 87 wVa;^. 9. a;^ + 2 x, x^ - 4. 

10. a^ 4- 5 aft -f 6 ft V^ 4- 8 aft 4- 15 ft*. 

11. m' 4- 16 mn 4- 63^?i*, m* — 2 mn — 63 n*. 

12. a:* - y*, (S^ - a:)^ (x 4- y)^ 

13. X* 4- 9a; 4- 14, a;* 4- 7a; 4- 10, a;2 - 7aj - 18. 

14. y — x,7? — f,x^ — 2^, a;* - y*. 

15. a» 4- 3 a% 4- 3 aft* 4- ft', a* + ft', «" - b\ 



CHAPTER XI 

FRACTIONS 

128. Algebraic Fraction. An expression in the form of 7 > in 



which either a or h is an algebraic expression, is called an 
algebraic frcbction. 

2 3j J- 2/ iu ■4- 1/ 

For example, -» -^ and are algebraic fractions. . 

X x—y 2 * 

Since we cannot divide by zero, h cannot be zero. 
Because of its relation to factoring We have already (§ 101) introduced 
some simple work in fractions. 

129. Terms of a Fraction. In the fraction 7> a is called the 



numerator, h is called the denoininatory and the two together 
are called the terms of the fraction. 

The numerator represents the dividend and the denominator repre- 
sents the divisor of an indicated division, just as in arithmetic. 

130. Reduction of Fractions. As already stated (§ 101), we 
reduce algebraic fractions to fractions having lower terms just 
as in arithmetic, by dividing both terms by their common fac- 
tors. Similarly, we reduce to fractions having higher terms by 
multiplying both terms by the same quantity. 

,_ 10 2 a + 6 a + 6 1 

Just as — = - , so 



16 8 a2-62 (a + 6) (a -6) a- 6 

a ax , a a* ax a^x 



Similarly, ~ = — , and - = 



b bx X X'OX ax^ 

Multiplying or dividing both numerator and denominator 

of a fraction hy the same expression does not change the value 

of the fra^ion, 

167 
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131. Reduction of Fractions to Lowest Terms. A fraction is 
reduced to a fraction in lowest terms when the latter fraction 
has its numerator and denominator prime to each other. 

Briefly, this is called the reduction of a fraction to lowest terms. 

To reduce a fraction to lowest terms^ divide both numerator 
and denominator by their common factors. 

We might divide by the H.C.F., but since we find the H.C.F. by 
factoring it is easier to divide by* the factors as we discover them. 

When a line is drawn through the factors by which both terms of the 
fraction are divided, the factors are said to be canceled. 

We have already considered this subject in § 101 and in connection 
with various cases in factoring. We now review it as a preparation for 
the farther study of fractions. 

24 cc'i/^j^ 
1. Reduce ^^ ^ . , to lowest terms. 
32 ccy «* 

3x 
Dividing both terms by 8, x\ y*, and z we have 



4yz^ 

a^ — b^ 

2. Reduce —. —. to lowest terms. 

a* — 0* 



a*-64 -ia — 6V(a + 6) (a^ + 62) (a+6){a2 + 62) 

3. Reduce ^i — -Ti to lowest terms. 

a' — 2 aj — 4 

Since it is difficult to factor numerator and denominator we resort to 
a simple and convenient device. 

Since a factor of each of two quantities is a factor of their difference 
(just as a is a factor of ah and ac^ and hence of ah — oji^^ we subtract the 
denominator from the numerator. The result is Sx^ + 10 x + 10. 

Hence if there is any common factor it is contained in Sx* + lOx 4- 10, 
or 5(x2+2x4-2). Evidently 6 is not a common factor. Trying x2 4-2x + 2 
we find, by actual division, that it is a common factor. Therefore we have 

x8 + 5x2 + 8x + 6 _ (x + 8)"(a;^^t=-»aH--2)- _ x + 3 
x8-2x-4 ~(x- 2ni»-^r^«H~2>-~ X - 2* 

Students should be warned against canceling tenns ; only facUyrs can 
be canceled. 
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Exercise 98. Reduction of Fractions to Lowest Terms 

Examples 1 to 3, oral — Examples 4 to 27, written 

1. Reduce to lowest terms: -r? -57? -r-> -^7- 

OA) a^b orb orb 

2. Reduce to lowest terms : — > — 5? - — 5? ^^ _ - 

ay ay^ ^^y 10 ay 

^ ^ , ^ - ^ ^ abc abc abiP' a%V 

3. Reduce to lowest terms : -^^, -^^, ■^^,, ■^^. 

Reduce the following to lowest terms : 

8 a%H'' 24 a}%^ 35 x'y'^ -^ 56a;^y 

12a*^»V* 32a»^^^«* • 49ary;sj' ^"- 72a;y* 

15 g^W 36a^. 50a;y;s;^ 63 a; V 

20 a«^»*c^° ■ 48 a^2^^^ * 75 a:^^^;?: * 81 a;V° * 

12. Reduce ^^-5 t^r to lowest terms, and check the result 

or — ¥ 

by letting a = 3, ft = 2. 

Red/ace the following to lowest terms : 

13 — — -• 15 17 ^ ^ > 19 ^. 

g^ — ft^ m^ — n^ x^ — 16 a;^ — if 

^*- ^8 _ ^,8* 16. ^2 _^ ^,. 18. ^, _ g^. 20. ^, _ ^. 

l-4a 
result by letting a = 2. 

Reduce the follounng to lowest terms : 

x'-\-2x' + 2x-\-l 
aj« + 3a;2-h3x4-2* 

a;« + a;^-10a;-12' 

5x''-Sx-2 "" a«-2a2-34a-f 5 



21. Reduce — i^ y-^ — to lowest terms, and check the 



22. 




a* + a% 


«» 


+ 2a6 + 6« 


23. 




x'-y* 


a? 


-2xy + f 


Oil 


ix'-Tx + S 



26. 



27. 
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132. The Sign of a Fraction. The plus or minus sign before 
a fraction is called the sign of the fraction. 

If there is no sign expressed the plus sign is understood as usual. 

133. Changing Signs in the Terms. Since, from the law of 
signs in division (§ 73), 

a . — a — a a 

we see that 

T?ie value of a fraction u not altered by changing the stgm 
of the numerator and denominator ; hy changing the signs of 
the fraction and numerator; &r hy changing the signs of the 
fraction and denominator. 

It must be remembered that to change the sign of the numerator 
means that we must change the sign of ecery term of the numerator, and 
similarly for the denominator. 

134. Changing Signs of Factors. Since we may change the 
signs of any even number of factors without changing their 
product (§ 120), or of two expressions without changing their 
quotient (§ 73), therefore 

The signs of an even number of factors in the numerator^ or 
in the denominator^ may be changed without altering the value 
of the fraction. 

If the signs of an odd number of factors are changed in the 
numerator^ or in the denominator^ the sign of the fraction must 
be changed. 

Reduce to lowest terms V; ^fri f • 

(0 -f a^) {o — a) 

(a + 62) (a-b) _ (a + b^)-tar'-~^ _ a + 6^ 
(6 + a2)(6-a)~ (b + a^yxct — 6).~ 6+aa* 

Pupils should again be warned emphatically against endeavoring to can- 

2 + 3 2 1 
eel terms instead of factors. Thus it is absurd to say that = - = -, 

4 + 3 4 2 
for the value is evidently |, which does not equal J. ^ ^ 
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Exercise 99. Reduction of Fractions to Lowest Terms 

Examples 1 to 4, oral — Examples 5 to 27, written 

1. Reduce to lowest terms : prr; ttz tz — 

^^, , . ,, X — i/ 171^ — n^ m — n 

2. Reduce to lowest terms : -5 — —\ -5 5; -5 «• 

'if — X rr — rrr n** — mr 

Reduce the following to lowest terms : 

^- (P _ a)«* 1 - a^' q' - p*' x* - j/'' 

m^^Tif a^-l? x^-y'' if - ^ 

*• n^ 4. ^a- '>• ^,8 _ ^8* "*• y» - «;•' a:* - 2^* 

/^ -_ cY — a^ a^ —(h ^ cY 

11. Reduce ^ — -^^^ 5 to lowest terms ; also -^ — 7^ — —TTa 

(a-^by — cr c* — (a -I- ^)^ 

Reduce the following to lowest terms: 

x'^Bx + e 3a;«4-5a;^4-4a;-f 2 

^^' x^ + ex-}- 8* • 3x« - x^ - 2 

ga -j, a - 6 4 a» + 13 g' + 4 g 4- 3 

8-2a-a^* 4a» + lla^-2a4-3' 

a^-9 4a» + 13a^-h4a + 3 

12-a-a'* 4a»-lla2~2a-3' 

,^ a:» + 2x-35 ^^ 5«»_4a2 + a-2 

iK » 23 ■ « 

40-3a:-a:^ Sa^ + Ga^ + 3(Z + 2 

6a;^-5a;-4 3^8-4,2^^-^^ + 14 

6x2 + ir-12' 3a8 + 4a2-3a + 2' 

6a;^-5a;~4 gg - 6a^ + H <^ - 6 

2x^4- 13a; + 21 2a« + 14^/^ + 33r/ + 21 

2a:2 + 10x + 12' 2a« + 17 a- -|- 27a + 12* 

3a;2_2a;-21 3 a" + 22 a^ + 47 a 4- 28 

3a;2-f-19x + 28* 23a + 21 - 3a« - a^ 



13. 
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135. Equivalent Fractions. When two fractions are such that 
either may be obtained from the other by multiplying or divid- 
ing both of its terms by the same expression they are called 
equivalent fractions. 

For example, — and - are equivalent fractions. Likewise and 

(a4-6)« 12 2 a-h 

2 _ M *re equivalent fractions. 

. 136. Common Denominator. Two or more fractions that have 
the same denominator are said to have a common denom,inator, 

• 

137. Lowest Common Denominator. If the common denomi- 
nator of several fractions is of the lowest degree possible, the 
fractions are said to have the lowest comw/)n denominator. 

For example, -^^ — and have a common denomi- 

nator, a^ — ly^. But since they can be reduced to the equivalent fractions 

and , a — 6 is their lowest common denominator (L.C.D.). 

a— 6 a— 6 

138. Finding the Lowest Common Denominator. Wh^n several 
fractions are given in their lowest terms, we reduce any one of 
them to an equivalent fraction having any required denominator 
by multiplying both terms by the same expression. Therefore 
any common denominator of several fractions must be a com- 
mon multiple of the given denominators. Therefore 

J%g lowest common denominator of several fractions is the 
lowest common multiple of their denominators. 

7 

1. Reduce — and — to equivalent fractions having the lowest 

common denominator. 

The L.C.D. must contain all the factors of be and cd, and be of the 
lowest possible degree. 

It must therefore contain 6, c, and d, and is bed. 

Evidently if we multiply both terms of — by d, and both terms of — 

be cd 

by 6, each fraction will have the L.C.D. bed. 

Therefore the result is — and — — . 

bed bed 
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2. Reduce ^ ^ > 7; — 5? and — to equivalent fractions 

having the lowest common denominator. 

The L.C.D. must contain all the factors of 3x^, 2x^^, and xy, and 
be of the lowest possible degree. 

It must therefore contain 3, x^, 2, and ^^, and therefore is 6x^2/^. 

Dividing 6x^y^ by the respective denominators we have 2^, 8x, 6xy, 
which are therefore the factors of 6x^^^ not found in these denon^inators. 

Multiplying both terms of the fractions by these factors, in this order, 
we have for the required fractions 

4a% 9 06^ 6a6xy 

6xV' 6x2^2* 6xV 

Fractions should be expressed in lowest terms before beginning to 
find the L.C.D. 

'• ^"•'^ ^' + 3^ + 2;^ ^""^ 2x^ + 3% + ^ *° "l'^^^" 
alent fractions having the lowest common denominator. 

The L.C.D. must contain the two denominators 

x^ + 3x1/ + 2y2 = (a- ^. y^^^ + 2y) 

and 2x3 + 3xy + j/^ = (x + y) (2x + y). 

Therefore the L.C.D. = (x + y) (x + 2 y) (2 x + y). 

Dividing, the multiplying factors are 2 x + y and x + 2 y, respectively. 

Therefore a_y ^ (x-y)(2x4-y) 

(a + y)(x + 2y) (x + y)(x+ 2y)(2x + V) 

X x(x4- 2y) 

(X + y)(2x + y) ~ (X + y)(x + 2y)(2x+ y)* 

4. Reduce and ^ to equivalent fractions having 

x-\-y x — y 

the lowest common denominator. Then let re = 4 and y = 2 
and interpret the result. 
The L.C.D. is (x + y) (x — y). 

The resulting fractions are — ^ ^ / ^ — - and - — ^— — -^^ — - • 

(X + y) (ac - y) {x + y) (X - y) 

Substituting the values we have y*^ and Jl. That is, the iowesi com- 
mon denominator is not always the lead common denominator for all 
values of the letters. 
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Exercise 100. Reducing Fractions to the Lowest Common 

Denominator 

Examples 1 to 11, oral — Examples 12 to 27, written 

1. Express with L.C.D. : ttjj-t; i' "?; 7'"" 

^ b" oA) or ab h c 

2. Express with L.C.D. : r? — -^; — tT'T — TT^i' 

•^ a — ba-\'ha-\-b(a-{-by 

Uxpresa thefollovring unth lowest common denominator: 

11 a-]-b 1 7> _5_ 

a^ a — b a -^b Sq^ 2j/ 

,11 „ a-b 1 ,^ 3 2 

a^ cr a -\- b a — b a + b a — b 

11 o ^^ ^^^^ 11 ^ * ^ 

5, — -;> "i^r* o. > o o o* 11- 



a^'^ a^b ' xyz x^f^z^ ' x{y -\- z) y{y -\- ^) 

,, a b ^^ 1 2 3 

12. ; > 20. ; > > -5 5- 

x-^-y x — y x-^-yx — yx^ — y" 

X X a^ a a — b 

a-\-b a-b 1 1 1 

' a — b a^ -\- ab -^ b'^ ' a — b b — c c — a 

j>«-l ^^ + 1 • a+^ a^ + 9 a« + 27 

^^' j92 + l'jp2-l* a - 3' a^- 9' a'* -27' 

11: ^-^ ^4-ft ^- a; y g 

1^- a . 7a' ~2 , . ,2' <**• — ; — ' — ; — ' — ; — 

or + b^ a^ — ab-^u^ y -\- z z -\- x x -\- y 

a^j^y^ aJrb ^234 9 

17. -5 73' 7- 25. ->7>-> — r— 

a^ — b^ a — b abca-\-b-{-c 



.2 



x'-fx^'-y^ (a-b)(b-c) (c-b)(a^c) 

1Q 1 1 . «- 1 1 

19. "■; TT > -o .> * «•• 



(*' — 6» ^2_^^-2 • (^^_y^^(^fj_£^ (x — z){z — y) 
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139. Addition and Subtraction of Fractions. In algebra, as in 
arithmetic, fractions are added by first expressing them with 
the lowest common denominator. 

Thus we might add | and | by reducing them to || and |}, but it 
saves labor to reduce them to g and |f the sum being ^^, or 1 J. 

So we might add - and — by reducing them to — — and — and 

then adding, but it saves labor to use the lowest common denominator 
and to add — - and -- , the sum being — , or -^ — - — - . 

--. ,^, 11 • -a — 5,a + 6 a^ -\- b^ 
Find the algebraic sum of r H r 5 7^- 

Since to subtract a quantity is the same as to add its negative, we 
may treat of addition and subtraction at the same time. 
The denominators are a + 6, a — 6, and (a + 6) (a — 6). 
Therefore the L.C.D. is (a + 6) (a - 6), or a^ - 62. 
Reducing to equivalent fractions with this denominator, we have 

(a-6)2 (g + 6)2 a2 -j- 62 _ gg - 2a6 + 6^ + a^ + 2a6 4- 62 - gg - 62 

a2 - 62 ^ g2 - 62 g2 - 62 ~ g2 - 62 

_ g2 4-6^ 
~g2-62* 

It should be noticed that the fraction line is a symbol of aggregation, 
so that when the third fraction is subtracted the signs of both g2 and 62 
become negative. 

Check, Let g = 2, 6 = 1. We then have - H = ^^^ = -. 

g2 4.62 5 313 3 3 

The result, -— g » also equals - • 

In the above example the work may conveniently be arranged 
as follows : 

The L.C.D is (g + 6) (g — 6). 

The respective multipliers are g — 6, g + 6, and I. 

(g — 6) (g — 6) = g2 — 2 g6 + 62 = 1st numerator, 
(g + 6) (g + 6) = g2 + 2 g6 + 62 = 2d numerator. 

— (g2 + 62) = — g2 --J>2 - 3(j numerator. 

g2 + 62 = sum of numerators. 

a2 4- 62 

Therefore the sum of the fractions == — • 

g2-62 
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140. Finding the Algebraic Sum of Fractions. Therefore, to 
find the algebraic sum of several fractions we proceed as 
follows ; 

If the fractions have the same denominators^ write the 
algebraic sum of the numerators over the common denominator. 

If the fractions have different denominators express them as 
equivalent fractions having the lowest common denominator, 
and unite the algebraic sum of the new numerators over the 
common denominator. 

In either case, reduce the resulting fraction to lowest terms. 

Exercise 101. Addition and Subtraction of Fractions 

Examples 1 to 6, oral — Examples 7 to 61, written 

,^^acab,a.b 

1. Add 7> r; -s> —r, also —> — — 

X* X* ra m 

^ L-i'i<^-\-b a — b a — b a — b , a-\-b b-\-a 

2. Add — ■ — > ; j ; also — ■ — > — ■ — 

X X m m c c 

Add the follouring : 

a^-^b^ a^^b^ ^ a b c b 

3. ; > j^ 5. -^f o' ~ o' "■ o' 

X + 1/ X -{-y 2 2 2 2 

^ a^'-25 a^-\'25 ^ a-b b-c e 

4. > • 6. — :; — > — - — > "7* 

X — y X — y 4 44 

7. Add and -^ tz- Check the result by letting 

a — b a^ — Ir 

a = 3, 6 = 2. 

a'\-b a-^2b b — a a — b 

*• "1 6— ^^' ~r^'~r' 

o ^-y I y-^ io a; + y x-y 

2 12 4 8 

2mn m^ — 2 mn + n^ « rn^ — r? m^-\- 2 mn -f- n* 
"•"6 15 ^^■T'^ 10 
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14. 3 + -J— -jj- 30. 

^^ 2a a , 5a ^^ 

16. -= o + TTT- 32. 



19. 


3 2,1 
a* Sa^ a 


20. 


2 3 5 
Sy'^4.f 12* 


21. 


5 '^ ', 1 
4 aj 5x 10 aj^ 


22. 


y « a; 


23. 


5-2^ + ?. 
y z X 



25. 


a; 


— 


zx 


z 
xy 


26. 


a 


+ 


h 
mn 


c 



ah be ca 



a 


-b 


a* 


-b* 




X 




y . 


X 


-y 


3? 


-y 




€? 




a 



7 3 ' 21 (a-iy a-1 

^^4m 7m , 4:171 ' 3 . 4 

17. -= TTT 4- -TTT- 33. ;r + 



10 ' 15 a - 3 a 4- 3 

18. — h-s i* 34. — r* 

a (T a^ a — 2 a -{-2 

35. ^ I y 

* x^ — y* x^ — y^ 

36. — '^ 



^ — if' x^ -\- if 
37. .A^+ ^-^^ 



38. 



a; 4- 5 aj — 5 

(a: - 5)2 "" {x -h 5)2 



39.4+4+^-* 



a8 - 58 • ^8 _^ ^8 

24. -£ + J^ + A. 40 ^^^4- ^±^. 

y« . «a; a;2^ a; - 3 ^ aj - 7 

41, ^' + 1 .= -1 



• a;2 - 4 a;2 4. 4 

42 <^ + 5 ^4-6 
' a 4- 6 a 4- 7 



27. ^-^ + iL. «' + 2«6 + 6' (a-6)^ 
«» OT» m« "• a_j ^ a+b 

28. 4 + 1^ + -- .. a'-2aft + 6' (« + ft)' 



a -\-b a — b 



oQ ^ + ^ . d-b _ a2-2a5 4-^'^ , a' 4- J2 

dv. 7 4 — T' 45. —7 — 

a — b a-\-b a + b a — b 
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4g : ii : — I 



2a -b . 2aH-/> 

48. -:-^ ^ , . ,o + 






P^ — 9^ P^ -^ 9^ 



51. 



x^ -\-2xy -\-y^ x^ — 2xy -^-y^ 8 a;/ 

x2-2a:y + 2/« ~ a:^ 4. 2 a;^^ + / ~ (x^ - 2^^)^ 



52. — ^- h 



^^ a-^b,a — b,a^ — b^ 

53. 1 ; h 



54. 



a; — y ' x-^y ' x^ — y^ 
a^ + ab-^b^ a'-ab + b^ 



a^^ab-i-b^ a'^ab^ b' 



a b c 

55. + + 



b — c ,c — a a — b 

56. + 1 

a — b b — c c — a 



b^ — be c^ — ca c? — ab 
gg x^ — yz f — ^x z^ — xy 



(x -\-y){z-\' x) (y + «) (x + y) (« + x)(y-^ z) 
59. . _V .. + o . J ■ .. + ^ 



60. 



a^ + 7a + 12 a*-}-8a4-15 a + 3 
1 11 



^2 - (^ - cf Jy'-ic- af c'-{a- b)' 



x + a x-{-b x-\-c 

01. -;; — 77~. — : — 7~^ — I — 5 — ; — : — ;^ — : r 



a? — (b + c)x -\- be 7^ — (C'{-a)X'\-ca a:^ — (a-{-b)x'{-ab 
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141. Special Suggestions in Addition. The problems already 
solved are typical of most of the problems that will be met in 
the addition of fractions. A few other forms are occasionally 
found, and three of these types will now be considered. 

1. Add - , — -, and ——. 

Since 4 — 96^ = (2 + 36) (2 — 36), we change the sign of the second 
fraction and of its denominator (§ 133). 

a a 26 + 1 _ a(4-96g) a6(2-f36) 6(26 + 1) 

6"^2--36'^4-962~6(4-962) 6 (4- 962) "^ 6 (4 _ 952) 

_ 4a-6a62 + 2a6+262 + 6 
~ 6(4-96-2) 

1 1 

2. Find the value of 



x2 4. 3x — 10 = (x + 5) (x - 2). 
6 - 6x + x2 = (3 - X) (2 - X), or (x - 3) (x - 2), by § 120. 

We therefore have 

1 1 -8 

(x + 6) (X - 2) (X - 3) (X - 2) ~ (X + 6) (x - 2) (x - 3) * 

3. Find the value of 
1 



-+-■: —, r + 



{^ -y){y- «) (« - y) (^ - «) (« - «) (y - ^) 

We see that y — z is the same as « — y except for its signs, and simi- 
larly for x — y and.y — x, and for x — z and z — x. 

But in the second fraction (z — y)(x — z) = {y — z) (2 — x), by § 120. 
In the third fraction (2 — x) (y — x) = — (« — x) (x — y). 
We may therefore write the fractions thus : 



(« -y)(y- 2) (y - 2) (« - «) (« -x){x- y) 

These equal 

2 — X x—y y — 2 

+ 



(x -y){y- 2) (2 - x) (X - y) (y -z)(z- x) (x -y)(y- 2) (2 - x) 
_ 22-2y _ -2 

~ {« - y) (y - 2) (2 - x) ~ (X - y) (2 - X) ' 
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Exercise 102. Addition and Subtraction of Fractions 

Examples 1 to 8, oral — Examples 9 to 17, written 

1. What is the sum of - and ? 

a —a 

^.,,11-1 , -1 

2. Add - > 9 9 and — - • 

a — a a —a 

Add or subtract as indicated : 



3J+ '.. 
a —a 


5. ^ 2 . 

xy xy 


. 5 1 


.3 4 


4 . 

a^ — a^ 


6. 

mn — mn 


O T?i*-»/1 ¥\\Ck TToll- 


1 



a — h b — a 



* aj — 4 4 — 05 

.. . ^^ _ 2) (x - 3) "*■ (aj-l)(2-x)' ^^ 

check the result by letting a; = 4. » 

Add or subtract as indicated : 

1 2 3 

10. ,.. ■ ,. +7; TT— r-7T+T^ -2- 



11. 



{a-b){a + b) ' (6-a)(a+^) ' 6^ - a^ 

4 a 3a 

{a -b){a- b) ~ (5 - a) (a - i) 



12. „ .! . .. + ^ ^ 



a^- 10a + 21 a -7 3 -a 

5 3 2 

13, 1 

05^ — 14a; + 45 a; — 5 9 — a? v 

14. . .A .. + ^ ^ 



(a:-l)(a;-2) (x-2)(3-a;) (aj-3)(l-ar) 
15. . 1 . + ... ^ . + ^ 



a(a — b)(a — c) b{b — c) (b — a) c (c — a) (c — ft) 

3 4 2 

16. 7 r; r - 7 tt ^ + 



a 6 c 

17. 7 TT r + 7 TT T + 



(^-y)(y-^) («-^)(y--a;) (3/-«)(x-») 
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142. Mixed Expression. An algebraic expression that is the 
sum of an integer and a fraction is called a mixed expression. 

For example, 2^ is a mixed number, and 2 a + ) & is a mixed expres- 
sion. In arithmetic the plus sign is omitted between the integer and 

fraction in a mixed number, 2} meaning 2 + J. In algebra a - means 

h ^ 

ax -, and hence the plus sign must be used in a mixed expression, as 

in the case of a + - • • 

c 

143. Reduction of a Fraction to a Mixed Expression. If the 

degree of the numerator of a fraction equals or exceeds that 
of the denominator, in a given letter, the fraction may be 
reduced to an integer or a mixed expression by dividing the 

numerator by the denominator. 

a* + 6* 
Just as Tfe reduce ^ j to 1 J by diyiding, so we may reduce to 

2 62 x* + 2/' a + b 

a — 6 -I . We cannot, however, reduce =— , although the 

a+6 a+6 

numerator is of the second degree and the denominator is of the first 

degree, because different letters are involved. 

^_- 4a^ — 6x1/ + Sj^ ^ .- 

1. Reduce ^ — — to a mixed expression. 

_ ... 4x»-6xy + 8y» o o . y^ 
DiTidmg, ^—^ — — = 2«— 2y + 



2x— y 2x — y 

2, Reduce ;; — t-—- — to a mixed expression. 

or ■i'2ao + (r 

Bividme, ■ ■ = a + 6, with a remainder of 

- 9a62 + 6«. We may therefore write the result 

-9a6» + &« 



a + 6 + 
or (§188) a + 6 - 



a«+2a6+62 

9a6g-&« 
a« + 2a6 + 62 



the latter being the more common form. 

The work may be checked by substituting any value for the letters 
that will not make the denominator zero. 
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Exercise 103. Reduction of a Fraction to a Mixed Expression 

' Examples 1 to 11, oral — Examples 12 to 26, written 

, -^ , ^ . ^ 10 lOa^ lO^a a^b (a •{- bY 

1. Reduce to an integer : -r-', —Tr-'i -7: — > — rj ^ ,- 

Z I Za ab a-\iO 

^ ^ ^ ^ . ^ a^-y" a'-h^ a^ + V" aJ'-V 

2. Reduce to an integer : 7- ; 7- ; ; — • 

a — o a -{- a -\- a — h 

3. Reduce to a mixed expression : ; ; 

X X a 

Reduce to integral or mixed expressions : 

^ ax — ay ahx -\- aby ^ mr? +3 - ^ ^* — ^* 
4. 6. ; 8. 10. — 5 \- 

a ab run mr — vr 

x^ — y* abx + 1 ^ abc + c a -^ b 

x^ -{- y^ «^ (^^c ' a — b 

12. Reduce —z to a mixed expression, and check 

a '\- b 

the result by letting a = 2 and ft = 3. 

Reduce the following to integral or mixed expressions: 

,^ a^ + Sxy+y^ ' ^ m"^ + S rrv^n + S mn^ + n^ 

13' ; 20. r— — , o ' 

X -{- y vr -\- rr -\- Z mn 

^. x^ — Sxy — y^ m* + 3 m\ -f 4 mn^ -f 5 71* 

X — y ' m (m -^ 2 n) -\- n^ 

^2 4- 15a; 4- 56 gS ^ a% + a1^ + ft' 

aj + 7 a + ft 

16. ^p 23. — -^ — 7-r-r 

X — Q a + ft + c 

,^ a%^ + Sab + 2 ^, a:» + 3 xV - ^2/^ - v' 

17. -1 ;r-^- — 24. — — —^ —' 

aft 4- 2 X + y 

p^ + 4pq + 9^ OK ar' + xY + y* 

lo. ; ZO. —^ ; — Y' 

,^ m^-13m7i4-4/i2 a;* + 4xy4-16/ 
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144. Reduction of a Mixed Expression to a Fraction. Since the 
value of an expression is not changed if it is both multiplied 

and divided by the same expression, then a = — j and a + t 

= — 7 — • Therefore 
o 

To rediice a mixed expression to a fractiorij mvltiply the 
integral part hy the denominator^ to the product add the 
nuTneratw^ and under the result write the denominator. 

This is simply the same as adding two fractions. For example, 

c ad c oA-^- c 

a + - = h- = 

d d d d 

Reduce a + 3 o -r-^ to a fraction. 

a — oh 

Reducing a + 86 to a fraction with — 36 for its denominator, we 
have 

a2_9ft2 aa-2a& + 46» _ a'-962-a« + 2a6-46g _ 2a6-136» 
a — 86 a-86 ~ a-86 "" a-86 



Exercise 104. Reduction of a Mixed Expression to a Fraction 

Examples 1 to 3, oral — Examples 4 to P, written 

1. Reduce to an improper fraction : 2| ; 4| ; 9 J. 

h h t* 

2. Reduce to a friwjtion : a + -; a ; a + ft-f-;- 

c c a 

(IC OLC C 

3. Reduce to a fraction : a H- r— — ; a — r-— — ; a 4- ^ 4- 



h-\'C h'\-c a — b 

Reduce the follouring to fractions: 

4. a-\-b-\ r* 7. r-4-o4-4a. 

a — a — b 

4i/^ &• 

5. «-f2y+ V-- 8. a* -a^^+Z^^- 



ir — 2y a -f- ft 

6. a^ + oft+ft^H 7- 9. — ^- '- ^-f aj-f y. 




174 FRACTIONS 

145. Multiplication of Fractions. We multiply fractions in 
algebra in the same manner as in arithmetic. Just as 5 x } = V , 

so a • - = — . Therefore 
c c 

To multiply a fraction by an integral expression^ multiply 
the numerator^ tmiting the product over the denominator. 

0. .,,., 2^4 .2x4 8 a c ac 
Similarly, lust as - of - equals -z -^ or t^> so 7- = ^-r- 

r„^ ^ 3 5^ 3x5 16 b d hd 

Therefore 

To multiply a fraction by a fraction, multiply the numer- 
ators together for a new numerator^ and the denominators 
together for a new denominator. ' 

Cancel factors common to any numerator and any denomi- 
nator before multiplying. 

/vft^ A # F^ ^y^^ Aft ^ ^{ A 0^ 

1. Find the product of rr-^ X 4 X - — ■? X ^• 

^ 2m^n oajy* om 

Indicating the multiplication, we have 

3.4.5. mn^x^ 

2.6.6' m^nxy^ ^ 

Canceling common factors, we have 



2. Find the product of 



ar' - a; - 6 a;^ + 2g-8 ar' - a; - 12 
ar^-l- a: - e'a;^- 2a: - S'a^-l-a; -12 



Factoring, for ease in canceling, and then canceling common factors, 

3. Simplify lx-1- -^^Zl^jif 4-3a:^ + 8ar-h24 + ■~^' 

Reducing to fractional forms, 
ga-2x-8 x^-a;« ^ >— a)L(x + l ) a;g(x + l)>-4) ,_^,^^ ^ ^^, 

Check, Letx=2. Then (2-l-4)(8+ 12+ 16+24-72) = -3. -12=86, 
and 4 • 9 = 36. 



J 
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Bxerdse 105. Multiplication of Fractions 
Examples 1 to 12, oral — Examples 13 to 46, written ' 

- . <3t . a ^ a V 

1. ^ X 7* 5. mn ' ' — • 9. t * — • 

run q 

2. 4X;^. i.^q-^- 10. ^•^. 

3. 4AX^. l.a^y'.^. n. -,■-,■ 

4 6 xy TT m^ 

4. a6XTj- 8. ar'y— =• 12. — • 

6" ary" xy by 

13. Find the product of 777-r • -j — 5 • ^-~- Check the result 

36y' 4 oar oc^'* 

by letting a = 6 = c = 1, and a: = y = « = 2. 

c^c? cPa cfh b c a 

, , a^ b^y (?z ^. — a —b — c 

Ih^ (?z chc ' }? c* a* 

mSt mn^ jpy (8 a6)' (6jpy)' a6o 

20. Find the product of . "" ^ • ^-^^ • ^ 7^ ' Check the 

result by letting aj = 2, y = 1. 

^, a^-6^ 4a ^^ 4a;« + 8a;^ 9aj-a:» 
21 • ■ • 26 ■ • . 

a» + *' a-h^ x^^ 2-fx 

22 ginj!. ^^ . 27 (^+^)^ g!z:l^ 

a^^-^*" 36 + 3a *'' a-6 a« + 6« 

23. £-=1^ . ^'-^' 28. ^"^ "" ""^^ • ^l±i!!. 

'a + 6a* — 6" *w+n n — w 

24 gZLl. ^-^\ 29 ^' + a^y Y-^ . 
aj + 3 49 - a* 7?-2xy-\-^ 4x 

25 • • 30 • • 

«» + l 1 + a;* 3x-2 8x 



n 



176 FRACTIONS 

a(a-b) bib-^a) a^-b^ 
a^-^2aib-\-b'^' b^-^ba-^d^' ah 

32 a^ + y* g' + y" g 4- y y' - ar^ 

' x^ — if x^ — y^ ^ — y y^ + a;* 

m' — n' 3 — m 3 -+- m 

^3. 



m* — 9 771 + 71 m^ — ran -\- n^ 

' p'^ + ff p — q p^-\'Pq-\-q^ 

^, a^-\-2ab-[-V d'-2ab'\-b^ a-b 
35. — 



36. 



37. 



a — b a + b a -\- b 

a^-f q^-p^ 3 3 

— ^^^^ . ^-^— ^-^— ^^^ . I . ^^-^^^^-^ . 

i^ — 9' y — aj p + q x — y 

a-\-b — e a — b^-c x -\- y — z x •— y -\- z 



X y a b 

^^ I a 7n n b\l a in n b\ 

33. I _^ _J/ ! + -)• 

\7?t a b n/\m a b nj 

\6 c a/\a b c/ 

a;2_5a; + 6 ar^-llaj + 28 a:^- lice + 30 



40. 



41. 



42. 



43. 



44. 



45. 



46. 



aj2_^9a; + 20 a:2-8a; + 12 x2-10aj + 21 

a;^ + 3a; + 2 x^-\-lx-\-12 x^ - a; - 30 
a.2^8x + 15* a;2-6a;-6 'a2 + 6a; + 8* 

g^-l x^-4 a;^-9 

a;2 + 5x + 6 ' aj2 _ 2a; - 3 ' X* - 3a: + 2' 

a;' - a; - 2 a;^-a;-12 g^ - a; - 30 oi^ - x - 6^ 

a;2 + 8 x + 1 5 ' a;2 + a - 42 ' a;^ - 7 x - 8 ' a;2 - 6 a; + 8 

6x' + 5a; + l 8a:^ + 2a;-3 lOa;^ - 29 a; + 10 
10a;2-9x + 2'5 + 8a;-4x2* 12a;2 + 13a; + 3 * 

4a«-25 9a^-4 16a^-l 



12a2 + lla + 2 8a2 + 18a-5 6a2-19a + 10 

15 g^- 41a + 14 6a^~23a + 21 12a^-25a-7 
10a2-19a + 6 * 8a2-10a-3 ' 20a2-3a-2 
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146. Reciprocal. If the product of two quantities is 1, each 
is called the reciprocal of the other. . 

Since - . - = 1, the reciprocal of - is - » and conversely. 
b a b a 

147. Division of Fractions. Consider the following cases : 

^2 -f- 13 = J, the denomination '* dollars " disappearing in 
the quotient. 
2 ft. -r- 3 ft. = §, the denomination "feet " disappearing. 
J -^- 1^ = §, the denomination " fifths " disappearing. 

To divide - by - is the same as to divide iTj^J "Tj (^ 130), 

•r-: -8- T^ = T~ » the denomination " bdtha " disappearing. 
bd bd be 

But -— = -.-. Therefore we get the same result in divid- 
be b c 

ing T hy - that we get by multiplying t^Y'" Therefore 

To divide hy a fraction^ multiply hy its reciprocoL 

^ T^. .-, a^ — x — Q , x^-haJ — 12 
^- ^'"'^^ x^ + Sx-i ^y x' + x-2- 

Multiplying by the reciprocal of the divisor, 

x^^x-e a;g + g - 2 ^ (x + 2)ta^-^^)c(»-OJL(x 4 2) _ (a; + 2)« 
x2 + 3x- 4 ' x2 + X - 12 ~ (X + 4)tr^--a)LV— 3)_(x + 4) ~ (x + 4)2 

4a;^~l 2x^ + 3a;-2 2a;^-7a;-4 

^•^'°'P^'^^6x2-fl3a: + 6"2x^-5a:-12"^3a:2+8a: + 4 

Multiplying by the reciprocals of the divisors, 

4x2 -I 2x2~5x-12 3x2 + 8x + 4 

6x2 + 13x4-6' 2x2 + 3x-2 *2x2-7x-4 

CJieck, Substituting 1 for x, 

3 3 ~9_ 3«--15.15 _ 

25 "^ - 15 ■ 15 ~ 25 . 9 . - 9 "" * 
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Exercise 106. Division of Fractions 

Examples 1 to 11, oral — Examples 12 to 24, written 

*-rN--j<*i.^^i a 2. 4 4, 2 4, a 

1. Dmde^by j; -by-; -by-; -by-; -by^- 

_ _^ ., a + b , a — b a + b , a — b a-\-h , a — b 

2. Divide -—- by — — -; «-^— by -^— ; — — by — — - 

X X Zx Zx x-\-y X -\- y 

^ ah cd ^ 2x Zx ^ ffi n 
3. i 6. \ 9. 5 

xy xy y y n m 

, ah he ^ 2x Sw ^^ cu m 

4. i 7. i-— ^ — 10. T^ 

xy xy y y h n 

^ ahe bed ^ 2x Sxy ^^ oh cd 

5. -h 8. -5-—/- 11. — -4--T- 

xy xy y if cd ah 

12. Divide ^ by t— «> and check the result by letting 
a = 2, b = 3y c = 4:, d = 5. 

,„ 25ahc 15 a^bV a^ ^ b^ aJ'-^b^ 

13. T-r ?- ^^ „ o . ' 17. 



Z2xyz * 28a:y«2 *- a-b a + b 

17 x^yz . 51a;yV gg -f y ^ -|- ^ 

24 mV • 75 mV* a-^ •«»-«>'* 

35aW_^ 28aWc ^A-^* __ a2_^ 

27 ajy«« ^ Slxy^*' i^* + ^>* ' a' -h *'* 

25mVg . 35 77171^^ m' -f- ^^ _ 2 m^ -f 2 n^ 

33a*5V ' 44a%V' ^"- ^^ _ n« ' m-n * 

« 

21. Divide ^ r-^ by '^- ^^ 'and check the result by 

letting p = 5, q = 2, 

^^ a? + b^-(?-\-2ab a + b + c 
"^^ f»^a^^h^^2ab ' b + c-a 

aJ' + b^-\'Zab{a + b) ^ a{a + 2h)-\-b^ 

^^' a'^-^b'^'-Zabia-b) ' a(a-2b)+b^' 
24 yi + m l-n\ r (l + m)(l-n) 1 

Vl - m 1 + n/ * [ ^ (1 - m)(l + n)J 
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148. Complex Fraction. A fraction that has one or more frac- 
tions in either or both of its terms is called a complex fraction. 

A complex fraction is merely an indicated case of the division of 

jp \ I 

fractions. Thus — — ^ simply indicates that 1 + is to be 

^ 1 • aj-1 

x+ 1 

divided by 1 . 

a; + 1 

Reducing both terms of the complex fraction to fractional forms and 
simplifying, we have a fraction in which we may multiply both terms 
by (x — 1) (x + 1), or which we can treat as a case of division, thus : 

1 X 



1 + 



X — 1 _ x — 1 _x(x + l)_a5 + l 
1 X. x(x — 1) X — 1 



x+1 x+1 

1. Simplify i^Ji_l±J^. 

a;^-f y^ 

Multiply both numerator and denominator of the complex fraction 
by X? — y2, which is the L.C.D. of the simple fractions. This reduces 
the complex fraction to 

(x + y)^ + (g - y)^ ^ g^ + 2xy + yg + g2 - 2xy + y' 

X2 + y2 a;2 + y% 

2x2 4-22/2 



^ X2 + y2 

2. Simplify -• 

x^ 



= 2. 



a; 4"- 

X 



Multiply both terms of the last complex fraction by x. This gives 



x2 + l 
the complex fraction then reducing to ^ Multiplying both 

x + 



terms of this fraction by x2 + 1, we have 



x2 + l 

X2 + 1 



x8+ 2x 
A complex fraction of this form is also called a coidinued fraction. 
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Exercise 107. Complex Fractions 

Examples 1 to 5, oral — Examples 6 to 17, written 

1 Simnlifv ^ + ^ • ?-ti- lui. Izl- i 



2. Simplify 



3 

7 



1 + i' 1-i^ 1 + i' 1-3' l + J* 



Simplify the following : 

a -^b 1 a -\- b (^ ^ 

3. 5. ^. 7. 9. 



a — b 1 a — b h.^* 

b y a -\-b 

a + 7 — ; — 16 — "77 

,4. o. -. 5. ^. 10. 

"^ b ^"a^ ^^T? 1>^ 

a-\-b a — b P "^ ^ P -^ ^ 

^^ a — b a -\- b n n 

11- ; —r- 14 



a — b a -\-b ' P -\- q P — <I 

a '\- b a — b Q P 



12. ^^^. 15. 1±^ 



x-\-y a — b 



13. -±^. 16. -^ 



1 + — r y+ ^ 



,1 ' ' 1 



X 



mn 
m H- 



17. Simplify > and check the result. 

m — 



CHAPTER XII 

SIMPLE FRACTIONAL EQUATIONS 

149. Clearing of Fractions. Multiplying both members of an 
equation by such a quantity as shall leave no fractions in the 
equation is called clearing the equation of frjactions. 

If iaj = 5, 

by multiplying by 2, x = 10, an equation cleared of fractions. 

If - + ? = a6, 

a 

by multiplying by oft, 6x + ox = a?h^^ an equation cleared of fractions. 

To clear an equation of fractions^ multiply both members of 
the equation by the lowest common multiple of the denominators. 

If a fraction is preceded by a minus sign^ change the sign of 
every term in the numerator when the denominator is removed. 

After clearing of fractions^ solve the equation in the usual 
manner, 

1. Solve ^ + --4 = i- 7- 
2 a. a 4 

Multiplying by 4 a, the L.C.M. of the denominators, 

2ax + 12-16a = 4 — a. 
Subtracting 12 — 16 a, 2 ox = — 12 + 16 a + 4 — a. 

Combining, 2ax=15a — 8. 

16a-8 



Dividing by 2 a, x = 

2. Solve 



2a 
a; -f- 1 X — 1 



X — 1 X — 2 

Multiplying by the L.C.M., x2~x-2 = x2-2x + l. 
Therefore x = 3. 

181 
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Exercise 108. Fractional Fquationa 
Examples 1 to 4, oral — Examples 5 to 30, written 

1. Clear of fractions : - = b: 7r-="o; o + 7 = l- 

a 2a 2 3 4 

2. Solve| + l = 2; j-1-2; ^-2 = 2. 



8.»olve^-4;^/-6;*; = 8;^/-10. 


4. Solve ^^ = 


^ X — 1 ^ X-\-l ^ X — 1 ^ 


< 

Solve the following equations : ' 




a: + l 2x-5 
a:-l""2a;-7' 


«-! 3 
x + 1 4 


12 ^ + 2^20.-5^ 
a: -3 2a; -10 


7. „ =1}. 

X — 2 • 


.^ ^-^ 3a; -17 
a; -he" 3a; -6 


x-2 3 
X + 2 7 


14 ^^-^ 1 ^. 
*• 2a; + 1 3a; 


9.^ + ^ = 9. 
X — o 


2a; + 3 4a;-3 
2a;-5""4a;-ll' 


aj — 3 

a: — 7 


5a; + l^ 2a-+3 
6a; -1 2(a; + l) 


4x-l 
"• 3 


3 a;-4 3x-j-5 
4" 6 ' 4 


2x 9 
"• 5+10 


a; + 5 7a; a; -h 3 1 
6 25 20 26 


4x 9 
la .. ... . 

*"• 16 10 


16a; -81 2a; -3 4x-9 9 
24 ~ 16 20 ' 40 


«« 2x 3 
''»• 7 8 


6a; -30 4a; + 7 a; -4 13 < 
16 14 8 16 
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21. Half of a certain number exceeds one eighth of the 
number by 6. Find the number. 



Jjet 


X = the number. 


Then 


X X 

- — - = the excess o\ 




= 6. 


Multiplying by 8, 


4a5 — x = 48. 


Combining, 


3x = 48. 


Dividing by 8, 


x = 16. 


Check. 


'! «=« 2 = 6. 
2 8 



22. One third of a certain number exceeds one fifth of the 
number by 2. Find the number. 

23. The sum of the seventh and ninth parts of a certain 
number is 16. Find the number. 

24. The sum of one half, one third, and one fourth of a 
certain number is 13. Find the number. 

25. The sum of one half and three fourths of a certain 
number is two more than the number. Find the number. 

26. There are two consecutive numbers, x and a -f 1, such 
that half of the first plus one third of the second equals 7. 
Find the numbers. • 

427. There are three consecutive numbers, such that one 
seventh of the first, plus one fifth of the second, plus one 
eighth of the third equals half of the first. Find the numbers. 

28. If the excess of a certain number over nine is divided 
by the sum of the number and nine, the quotient is ^. Find 
the number. 

29. One fifth of the excess of a certain number over three 
equals one sixth of the sum of the number and three. Find 
the number. 

30. One half of a certain number, plus one fourth of the 
number, plus one eighth of the number, plus one sixteenth of 
the number equals 120. Find the number. 
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150. Combining Terms before Clearing. It often simplifies the 
work to combine certain terms before clearing an equation of 
fractions. 

x + 1 2x 1 X 

1. Solve -r— +^ = 9- + ^ + 5- 

Z a oa Za oa 

Here it is apparently advisable to unite the fractions with the same 
denominators before clearing of fractions. 

1 X 

Subtracting — and — , 

^2a 3a 

a; + l — 1 2x — z 
2a 3a ~ ' 

X X ^ 

or 4 1 = 5. 

-^ 2a 3a 

Combining, — = 6. 

Qa 

X 

^ Dividing by 5, — - = 1. 

Qa 

Multiplying by 6 a, a; = Qa. 

^^, X — 1 X — 2 X — 5 r — 6 

2. Solve ^— 2 - ^:-3 = ^^ - ^3y 

Combining the fractions in the first member and those in the second 
member, we have 

(X - 1) (X - 3) - (X - 2)g ^ (X - 5) (a - 7) - (X - 6)^ 
(x-2)(x-3) ~ (x-6)(x-7) 

Simplifying the numerators, 

-1 _ -1 

(X - 2) (X - 3) ~ (X - 6) (X - 7) ' 

Multiplying by — 1, and then clearing of fractions, 

(X - 6) (X - 7) = (X - 2) (X - 3). 
Expanding, x^ - 13 x + 42 = x^ - 5 x + 6. 

Therefore 8x = 36, 

SBiil x=4i. 

yVe might also reduce to mixed fractions and then solve, thus : 

ix_^-i__L = i + _L__i_ 1 



X— 2 X— 3 X— 6 X — 7 
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Exercise 109. Fractional Equations 

Examples 1 to 3, oral — Examples 4 to 26, written 

1. Solve a;-ff-^ = 2;a; + f = 3-J. 

2. Solve x + §-J = 2j;a;-f-|4-i = 4. 

3. Solve a: + i-i = 5i;a + f4-i=17. 

Solve the following equations : 

3x — 5 5a; — 1 a; — 4 
*• dx-B "^ 7a;-7 "^ x-1 "" 

8a; + 2 2a;-l , 3a; + 2 , ^ ,^ 
^- a;-2 . Sx-6'^5x-10'^^^^^' 

^•2^^ + 3^^ + 4^312 + 1^ = 2^ 

5 4- 7a; 5 - 7a;" + 5 + 7a; "" 25 - 49a;2 ' 

2 2 1 

8. 



a; + l a; — 1 a; (a; 4-1) 

5a; 2 2 7 5a;^4-4 

'a; — 1 X — 1 aj + l aj + l a;^ — 1 

6 a; ' 2 x^ 



10. 



x-i-2 x-2 2-a; 4-a;^ 



2 5 8 5 a; 



12. 



a;_l'2(l-a;) 3(.x-l) 18 1-x 

2x 2a;-l 18 

2a;-l 2a; + l 1 - 2a; "" 4a;2 - 1* 



,^ 3a; . 5 15a;-7 17a;-a;^ , 71 

13. t: t: + ttt rr - tt; — rrr = ttt"^ — it + 



2a;-2 ' 6(a;-l) 9(a;4-l) 6(a;2-l) ' 18(a;^-l) 

4 a; 1 ^ a;^ - 3 

*a;4-l 1 — a; a; — 1 1 — ;k^ 
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Solve the following equations: ' 

15 ^ I ^ ^^ ^0 

x-\-2^ S + x a;(x -f 5)4- 6 



16. 



1111 



x — 1 x — 2 a; — 3 a; — 4 



12 4 

17. -4-T + 



x + 1 ic — 1 a; + l 

18. One fifteenth of 6 a; -h 7, divided by x, equals the quotient 
of 2aj — 2 divided by 6 a; — 6. Find the value of x. 

19. One fifteenth of 6 a; -|- 1, diminished by the quotient of 
2 a; — 4 divided by 7 a; — 16, equals one fifth of 2 a; — 1. Find 
the value of x, 

20. One fourteenth of 11 a; — 13, diminished by one twenty- 
eighth of 22 a; — 76, equals one half of the quotient of 13 x + 7 
divided by 3 a; -f- 7. Find the value of ar. 

21. One thirty-sixth of 9 a; + 20 equals one fourth of x 
added to the quotient of 4 a; —12 divided by 6 a; — 4. Fin4 
the value of x, 

22. If from twice a certain number we subtract 4, and divide 
this difference by 5 more than the number, the quotient is 1^. 
Find the number. 

23. If we divide 7 more than a certain number by 7 less than 
the number the quotient is 16. Find the number. 

24. The sum of 6 and a certain number is divided by the sum 
of 3 and the number. The quotient is IJ. Find the number. 

25. The sum of 7 and twice a certain number is divided by 7 
less twice the number. The quotient is 1.8. Find the number. 

26. If from one tenth of the sum of four times a certain 
number and three there is subtracted one fifth of twice the 
number less one, the result is the quotient of the excess of 
twice the number over five divided by the excess of five 
times the number over one. Find the number. 



EXERCISES lg7 

ISl. Monomial and Polynomial Denominators. When an equa- 
tion contains fractions some of which have monomial denomi- 
nators, it is usually advisable to clear of these fractions first. 

«.!_„ 2.1. 9aj-7 3ic2 + 2 



s^vivo •*' T" rt < 


6(3 i 


K + 11) 3 


Multiplying by 6, Cx^ 


+ 3 + 


^^-^=6x2 + 4. 
3X + 11 


Subtracting 6x2 ^3^ 




9x-7 _ 
3X + 11 


Multiplying by 3x + H, 




9x-7 = 3x + ll^ 


Solving this equation, 




x = 3. 



Exercise 110. Monomial and Polynomial Denominators 

Examples 1 and 2, oral — Examples 3 to 8, written 

1. Solve| + | = 6;|-| = 10;|-| = 7. 

^^, 2x ^ X ._ 3a; x .. 5x x ._ 

2. Solve^ + 3 = 17;— -- = ll;-g--g = 12. 

Solve the following equations : 

lOx + 17 4 -5a; 2(6a; + l) 
18 "^ 9 "13a; -16* 

, 2x 2x-\-4. 7 13-7a; 



3 3 ' 9 3(2a;-f 1) 

2a; ^ 2(1 -a;) 7 2a; 4-1 
^- 5 "^ 7x-6 "'"is"" 5 

9a;4-5 _ 7 -8a; 36a; + 15 41 
14 2(3a;4-l)"" 56 "^56 

lla;-13 22a;-75 13a;-h7 

§ • 



14 28 2(3a;-|-7) 

a; 6 8 x 5 

a;-l "" 2a;-2 "" 3x-3 "^ 1-a; "^ 18 
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152. Equations inyolving Decimal Fractions. In practical 
measurements we are coming more and more to use decimal 
fractions, and hence we meet these fractions in equations. 
They have the advantage that frequently we do not need to 
clear the equation of fractions. 

1. Solve 0.7 aj - 0.3 = 0.05 x + 1. 

Subtracting 0.05x, 0.65x — 0.3 = 1. 

Adding 0.3, 0.66 » = 1 .8. 

Dividing by 0.66, » = 2. 

Check. • 0.7 X 2 - 0.3 = 0.06 x 2 + 1, 

for 1.4-0.3 = 0.1 + 1 = 1.1. 

«i /v. /xo OAx-1 0.2X-0.1 . 

2. Solve 0.4a: + 0.3 r-^ = jr-z 

X — 0.2 0.5 

Multiplying both terms of the two common fractions by 10, 

4«— 10 2x — 1 



0.4X + 0.3 — 



lOx-2 6 



2x — 1 
The second member, , evidently equals 0.4 sc — 0.2, and hence 

6 

0.4x + 0.3 - ^^^^~^^ = 0.4x - 0.2. 
52(6x-l) 

« , . /v r 2x— 6 

Subtracting, 0.6 = - -• 

ox — 1 

Multiplying by 6 x — 1, 2.6 a; — 0.6 = 2 x — 6. 

Subtracting, • 0.6x=— 4.5. 

Dividing by 0.6, x=— 9. 

Check. — 3.6 + 0.3 — ^^—^ = '—- — —^ for each mem- 

U A 4. Q Q - 9 - 0.2 0.6 

ber reduces to — 8.8. ^ 

3. Solve 0.7 a; + 6.5 = 8 + 0.05 x. 

If desired the equation may be cleared of decimal fractions before 
transposing terms. 

Multiplying by 100, 70 « + 660 = 800 + 6x. 

Subtracting, 66 x = 160. 

Dividing by 66, « = 2x\. 
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Exercise 111. Equations involving; Decimal Ftactions 

Examples 1 to S, oral — Examples 4 to 23, written 

1. Solve aj = 5 + 0.6a;; x = 7 -f 0.5x; a? = 9 + 0.6 rp. 

2. Solve a; == 3 4- 0.26a;; a; = 6 + '0.26a;; a; = 9 + 0.26a;. 

3. Solve 0.2a; = 1- 0.3a;; 0.3a; =1- 0.2a;; 0.4a; = l-0.1a;. 

a 

Solve ihefoUovnng equations and check: 

4. 0.4a; -f- 6 = 9. 9. 0.6x — 6 = 0.2a;. 

5. 0.7a; -h 3 = 11. 10. 0.7a; - 6 = 0.2a;. 

6. 0.9a; + 7 = 26. IL 2.6a; - 24 = 1.3a;. 

7. 0.09 a; + 7 = 26. 12. 3.9 a; - 4.8 = 2.7 x. 

8. 0.09 a; + 11 = 10.8. 13. 6.3 a; - 0.68 = 1.9 a;. 

14. Solve the equation 0.3 a; + 7.2 = 4.8 - 0.02 a;, (1) by 
cleaxing of decimal fractions before subtracting any terms from 
both members ; (2) by first subtracting certain terms from both 
members and then dividing by the decimal coefficient of a;. 

Solve thefolhmng equations and check: 

15. 0.7a; - 3 + ^a;^ = 0.3 + 0.4a:(l + x). 

16. 3.48a; - 8 + 0.7a: = 1.1a; + 6(8 + O.Ola;). 

17. 2.726 x-^5 (0.1 a; - 18) = 6 (1.636 + 0.1 x) - 90. 

18. 5x- 12.42748 = 4(- 0.00517 - 0.3 a;) - 0.0034 a;. 

19. 2 X - 4.03 = 2 (2.0618 - 0.0001 x) - 0.711 x. 

20. 10a; + 2 - 3 (6a; + 1) = 4a; -f 0.6 - (a; + 0.9). 

21. Seven increased by 0.76 of a number equals 9.7. What 
is the number ? 

22. Four increased by 0.46 of a certain number equals 9.4. 
What is the number ? 

23. If to 0.72 of a certain number I add 0.4, the sum is 22. 
What is the number ? 
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153. Literal Equations. £!quatioiis in which some or all of 
the known quantities are represented by letters are called literal 
equations. 

Known quantities are usually represented by the first letters 
of the alphabet, and unknown numbers by the last letters of 
the alphabet. 

Thus, in the equation ax + 6 = cx + d, scis supposed to represent the 
unknown quantity unless otherwise stated, and a, 6, c, and d to represent 
known quantities. 

We shall see that there are exceptions to this custom, hut since they 
are always apparent from the example they will offer no difficulty. 

1. Solve (a -{- x) {a — x)= x(^ a ^ x). 

Here, as usual, unless the contrary is stated, x is supposed to be the 
unknown quantity. 

Simplifying, a^ - x^ = Sax- x^. 

Subtracting — x^, o^ = 3 ox. 

Dividing by 3 a, ^a = x. 

Check, ^a- ^a = ^a- ^a = |a. 

In the solution we may leave the unknown quantity in the second 
member, as here, or we may transpose, and then change the signs by 
multiplying both sides by — 1, having 

Sax = a^, 

x = ^a. 

2. Solve ax -i-b^ = a^ — bx. 

Subtracting 6* and — bx, ox + 6x = a^ — b^. 
Factoring, {a + b)x = {a -{■ b) (a — b). 

Dividing by a + 6, x = a — 6. 

X X 

3. Solve - -f- ^ = 7- 4- a. 

a 

Multiplying by a6, &x + oft^ = ox + a%. 

Subtracting ajb^ and ox, bx — ax = a% — ab^. 

Factoring, (6 — a) x = — a6 (6 — a). 

Dividing by 6 — a, x=— ab. 

— ab , — ab 

Check. + & = —T— + a, 

a b 

for — 6+6=— a + a. 
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Exercise 112. Literal Equations 
Examples 1 to 5, oral — Examples 6 to 29, written 

1. If a>x = b, what is the value oi x? 

2. If (a — T)x = a^ — 1, what is the value of x? 

3. Solve Aabx = 16 a%^ ; 5 a%^ = 25 a»Z^» ; 17 a^x = 51 a\ 

4. Solve ax = a; (a — b)x = a — b', (a — b)x = b — a-, 
(a-b)x = a^'-2alf'^b\ 

OC OR X OR 

5. Solve - = a ; - = b: 77—; = 1 ; =z a — b. 

a 'a ' 2ab ' a -\- b 

Solve thej^olhtvinff equations : 

6. 2ax + l = ax-\-7, 17. 2a^bx — c = 2b^cx — a. 

7. 2 ao; + a = oa; -h ft. 18. 4 obex — be = A bcx -f 1- 

8. 2x — a^ = X -{- a\ 19. (a -{- x) (x -{- b) == x(x — b), 

9. x^-\-a^ = (x-\- by. 20. (a -\- x) (a — x) = x(b — x). 

10. ojx — d^ ^=^ ah -^ bx, 21. (re -\- of =^ x(x — b). 

11. a(a — x) = b(b — x). 22. (x + a) (cc — ft) = a;^ + aftc. 

12. x^-\-ax = (x-h a)\ 23. (4x -f ft)(ic — ft) = 4x(x -f- ft). 

c __ ft X — a __ /2x — aV 

a(aj + l)""c(l-ir)' aj-ft^Ua-ft/ 

g 4- <^a; __ a — X a -\- b _^b — a 

cd + c^ a — dx ' X -{- 2 X — 2 

a + bx __c -^ dx «>«^^ + ^__ 3 a; — ft 

*a + ft c-j-c? *4a;-|-ft 2a; — a 

m -\' n ax — ft aa; H- ft 

16. —1— = -. 27. 



1ft aft 

m b a 

^^ X -{- a , X — ft.c — fta; 

28. — I a; = ft 1 7 

ft c b 

^^ x^ -{- 2ax -^ a^ . a;^ + a^— 2aa; x — a . x — b 

29. ^ 1 = -^ — H 

a -}- X X — a o a 
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154. Letters used in Formulas. In writing formulas such as 
are used in measuring, physics, and business, it is convenient to 
use other letters than a, 5, c, • • • for the known numbers, and 
aj, y, «, for the unknown quantities. The initial letter of some 
word is often used, for either a known or an unknown quantity. 

For example, we say that c = 2 m*, meaning that the circumference 
equals 2 ir times the radius. If we know what r equals and Wish to find 
c, then we think of r as known and c as unknown. If we know what 
c equals and wish to find r, then c is known and r is unknown. 

1. Given c = 2 ttt, to find r. 

Dividing by 2 ir, that is, by 2 x 8 j or 2 x 8.1416, 





c 
27r 


r. 


2. Given v = ttt^A, 


to find h. 




Dividing by wr*. 




h. 


3. Given v =^ in^h, 


to find r. 




Dividing by irA, 


V 

vh 


:r2 



Extracting the square root \\ — = r. 

\irh 

155. Use of Primes and Subscripts. If we wish td use a 

formula in which two different radii occur, we have found 

that we may represent one radius by r and the other by r' 

(read " r prime "). 

For example, c = 2 ttt, and c' = 2 irr' ; then c — C = 2 ir (r — r^. 
Here we have the advantage of using the initial letter c for two differ- 
ent circumferences and the initial letter r for two different radii. 

Sometimes it is convenient to use r' and r" (" r second ") 
or, preferably, r^ and r^ (read " r sub-one " and " r sub-two "). 
It is also customary, particularly in machine work, to use capital 
letters in formulas. We read r^ " r sub-one square " or " the 
square of r sub-one." As already stated, we may distinguish R 
as " r major," and r as " r minor." 
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Exercise 113. Formulas as Equations 
Examples 1 to 6y oral — Examples 7 to 38, written 

1. Solve a = TT r* for r, 

2. Solve a = ^bh ioT h', also for b, 

3. Solve V = bwl for b ; also for w ; also for L 

4. Solve a = ^h(b -^ b') for h. How will you solve for b ? 

5. Solve i = prt for ^ ; also for r ; also for t 

6. Solve a==p(l-^rt) for jp. How will you proceed to 
solve for r? 

7. The area of a ring is indicated by the 
formula a = 7r(rj + ^a) (r^ — r^- Find the value 
of r^. 

8. In Ex. 7, suppose a = 286, r^ = 10, and tt = 3|, find 
the value of r^. 

9. In Ex. 7, suppose a = 506, r^ = 12, and ir = 3f , find 
the value of r^. 

10. In Ex. 7, suppose a = 528 and r^ = 2 r^, find the value 
of r^ and r^, 

11. In connecting two wheels by a belt it is often required 
to know the difference in the two circumferences. This is 

to 

given by the formula 2> = 2 7r(r^ — r^). Suppose D and r^ are 
known, find r^. 

12. If from a square of side s^ there is cut out a smaller 
square of side s^, the area of the part that re- 
mains is given by the formula a =(5^^+ ^2)(*i ~ ^2)* 
Find a when s^ = 11, s^ = 9 ; also find s^ when a 
and s^ are given. 

13. If from a circle of radius r there is cut a 

square of side 8 the area that remains is given ^^ ^ 




r - ^ 



by the formula a = iri^ — s*. If r = 7 and s = 4, 

find a. If a and s are known, find r. If a and V I 

T are known, find s. ^^— -^ 



194 FRACTIONAL EQUATIONS 

The following formulas will he met hy the indent in his 
suisequent work in w^hematics or physics. Solve as directed : 

14. 8 = vt. Find t, ^ 22. W = Fs, Find s, 

15. s = vt Find v. 23. V^P^ = V^P^. Find P^, 

16. s = i gt^. Find g, 24. V^P^ = V^P^, Find P^. 

17. 5 = J^^. Find ^. 25. D(w^ — w^ = w^, FindM;^. 

18. d = rt, Findr. 26. ^=32 + ^^. Find C. 

19. d = rt. Find t, 27. v^^ = v^^ + n. Find v^. 

20. W^L^ = P^jLj. Find Z^. 28. v^t = v/ + n. Find ^. 

21. W^iZ^a= W^L^. Find TT^. ' 29. v^t = v^t -^ n: Find w. 

30. s = J ?i(a + 0- Solve for n ; for a ; for L 

31. 5 = z" Solve for r ; for Z; for a. 

r — 1 

32. a = ih(b-\- b'). Solve for A ; for i ; for b'. 

efi 

33. C = 77-^ Solve for e: for n; for 72 ; for r. 

R ■}- nr 

34. There is a formula in physics, relating to moving bodies, 
that states that v = at -\- ^ gt^. Solve for a ; for g, 

35. The volume of a sphere is expressed by the formula 
V = ^ irr^. Find the value of r*. 

36. The volume of a cylinder of radius r and height h is 
expressed by the formula v = irr^h. Find the value of h ; the 
value of f^ ; the value of r. 

37. If the side of the square base of a pyramid is s and 
the height of the pyramid is h, the volume is v = J hs^. From 
this formula find the vaMe of h ; the value of s^ ; the value of s. 

38. The centigrade thermometer is used in scientific work. 
The number of degrees on the centigrade thermometer can be 
found from our common (Fahrenheit) thermometer by the 
formula C = ^ (F — 32), where C is the number of degrees 
centigrade, and F the number of degrees Fahrenheit. Given 
F = 70, find C. Also find F in terms of C. 
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Exercise 114. Review Problems 

Examples 1 to 4, oral — Examples 5 to 80, written 

1. If a square is s feet on a side and a rectangle is n feet 
longer, how long is the rectangle ? 

2. If the rectangle in Ex. 1 is m feet narrower than the 
square, how wide is the rectangle ? 

3. li x^ -{-2x — 2 =^ x% what is the value of a; ? . 

4. If 6 a^ 4- 3 a; — 21 = 5 x*, what is the value of a; ? 

5. A rectangle is 3 ft. longer and 2 ft. narrower than a 
square of the same area. Find the side of the square; the 
length of the rectangle; the width of the rectangle. 

Let X = the number of feet in the side of the square. 

Then x + 8 = the number of feet in the length of the rectangle, 

and jc — 2 = the number of feet in the width of the rectangle. 

.*. (x + 3) (x — 2) = the area of the rectangle in square feet, 
and x^ = the area of the square in square feet. 

.-. (X + 3) (X - 2) = x3. 
Solving, X = 6, the number of feet in the side of the square. 

.-. X + 3 = 9, the number of feet in the length of the rectangle, 
and X — 2 = 4, the number of feet in the width of the rectangle. 

6. A rectangle is I feet longer and n feet narrower than a 
square of the same area. Find the side of the square; the 
length of the rectangle; the width of the rectangle. 

7. The length of a floor exceeds the width by 2 ft. If each 
dimension were 4 ft. more, the area would be 136 sq. ft. more. 
Find the dimensions. 

8. The length of a floor exceeds the width by /feet. If each 
dimension were n feet more, the area would be s square feet 
more. Find the dimensions. Evaluate for/= 2, ti = 4, s = 136. 

9. The length of a rectangular field is 10 rd. more than the 
width. If the width were 6 rd. more and the length were 5 rd. 
more, the area would be 200 sq. rd. more. Find the dimensions 
of the field. 
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10. Two stations are 300 mi. apart. From the first of these 
stations a train traveling 30 mi. an hour leaves at the same 
time that a train traveling 40 mi. an hour leaves the second 
station. How far apart will the trains be at the end of 3 hr. 
if they travel toward each other? 

Let X = the number of miles they are apart after 3 hr. 

Since they approach at the rate of (30 + 40) miles an hour, in 3 hr. 
they are 3 • (30 + 40) miles nearer each other. 

.-. 3 . (30 + 40) + jc = 300. 
Solving, jc = 90. 

11. In Ex. 10, if the trains travel away from each other, 
how far apart will they be in 3 hr.? 

12. Two stations are d miles apart. From the first of these 
stations a train traveling r^ miles an hour leaves at tlie same 
time that a train traveling r^ miles an hour leaves the second 
station. How far apart will the trains be at the end of t hours 
if they travel toward each other ? 

- 13. In Ex. 12, if the trains travel away from each other, 
how far apart will they be in ^ hours ? 

14. What is the result in Ex. 12 if r^ = 30, r^ = 40, ^ = 3, 
and d = 300? also, if c? = 210 ? 

15. What is the result in Ex. 12 if r, = 30, r^ = 40, ^ = 3, 
and d = 24tO? also, itd = 180 ? 

16. What is the result in Ex. 13 if r^ = 30, r^ =^40, t = 3, 
and e^ = 300 ? also, iid = 210 ? 

17. What is the result in Ex. 13 if r^ = 30, r^ = 40, ^ = 3, 
and d = 2A0? also, iid = 180 ? 

18. What are the results in Exs. 12 and 13 if r^ = 30, r^ 
= 30, t = 2, and t^ == 60 ? 

19. A man walking 3 mi. an hour has 5 mi. the start of ohe 
walking 4 mi. an hour. How long will it take the second to 
overtake the first ? If the first walks r^ miles an hour and the 
second r^ miles an hour (r^< r^, and the first has m miles the 
start, how long will it take the second to overtake the first ? 
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20. A can do a piece of work in 4 da. and B can do it in 5 da. 
How many days will it take both together to do the work ? 

Let X = the number of days it will take both together. 

Then - = the part that both together can do in 1 da., 

X 

^ = the part that A alone can do in 1 da., 
^ = the p%rt that B alone can do in 1 da., 
and I + 1 = the part that both together can do in 1 da. 

1 1 1 

.-.- + - = -. 
4 6 X 

Solving, 2 = 2 J. 

21. A can do a piece of work in a days and B can do it in 
b days. How many days will it take both together to do the 
work ? Evaluate the result for a = 4, ^ = 5. 

22. A can do a piece of work in 4 da., B in 5 da., and C in 
6 da. How many days will it take them to do it working 
together ? 

23. A can do a piece of work in a days, B in i days, and C 
in c days. How many days will it take them to do it working 

• 

together ? Evaluate the result for a = 4, ^ = 5, c = 6. 

24. Evaluate the first result in Ex. 23 for a = 2^, b = S\, 
c = 3J ; also for a = 6, b = 5, c = 4. 

25. A and B together can build a wall in 12 da., A and C in 

15 da., B and C in 20 da. In how many days can they build 

the wall if they all work together ? 

By working 2 da. each they build y^^ + y^^ + ^^^ of it. Why ? 
Hence in 1 da. they build Jd^^ + 1^5 + aV) ^^ ^^• 

26. A and B together can build a wall in 10 da., A and C in 
12 da., and B and C in 15 da. In how many days can they 
build the wall if all work together ? 

27. A and B together can build a wall in d days, A and C in 
e days, B and C in / days. In how many days can they build 
the wall if they all work together? Evaluate the result for 
d==12,e = 15,/= 20; for <£ = 10, e = 12, and/= 15. 
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28. A tank ,can be filled by two pipes in 2 hr. and 3 hr., 
respectively. In how many hours can it be filled if both pipes 
are open together ? 

Let X = the number of hours to fill the tank if both 

pipes are open together. 

Then - = the part filled in 1 hr. if both pipes are open 

together. ^ 
But 1 -I- ^ = the part filled in 1 hr. if both pipes are open 

together. 

*' 2 8 X 
Solving, 25 = H- 

1 J hr. = 1 hr. 12 min. 

29. A tank can be filled by two pipes in 2 hr. and 3 hr., 
respectively, and emptied by a waste pipe in 4 hr. In how 
many hours can it be filled if all three pipes are open together ? 

Let X = the number of hours if all three pipes are open. 

Then - = the part filled in 1 hr. if all three pipes are open. 

X 

But J + J — ^ = the part that all can fill in 1 hr. 

30. A tank can be filled by three pipes in a, b, and c hours, 
respectively. In how many hours can it be filled if all three 
pipes are open together ? 

31. Evaluate the result in Ex. 30 for a = 8, ^> = 12, c = 16 ; 
for a = If, 5 = 3^, c = 6 ; ioi a = 2^, b = 3 J, c = 4§. 

32. A tank can be filled by two pipes in a hours and b hours, 
respectively, and emptied by a waste pipe in c hours. In how 
many hours can it be filled if all three pipes are open together ? 
Evaluate the result for a = 2, 6 = 3, c = 4. 

33. Evaluate the first result in Ex. 32 for a = 4, &=5, c = 6; 
for a = 10, ft = 12, c = 15. 



34. A cistern has three pipes. The first will fill the cistern 
in 6 hr., the second in 10 hr., and all three together in 3 hr. 
How long will it take the third pipe alone to fill it ? 

35. Solve Ex. 34, using a, ft, and c instead of 6, 10, and 3. 
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36. Find the time between 2 and 3 o'clock when the hands 
of a clock are together. 

Let z = the number of minute spaces passed 

over by the hour hand. 
Then 12 x = the number passed over by the 

minute hand. 
Then 12x = x + 10, since the hour hand is 10 

spaces ahead at 2 o^clock. 

.-. X = }?, and 12 X = ^ = 10}f 
Therefore they will be together at lO^^min. after 2. 

Find the time when the hands of a clock are together between: 

37. 3 and 4. 39. 5 and 6. 41. 9 and 10. 

38. 4 and 5. 40. 6 and 7. 42. 11 and 12. 

43. Find the time between 7 and 8 o'clock when the hands 
of the clock are at right angles to each 
other. 

Let X = the number of minute spaces 

passed over by the hour hand. 

Then 12 x = the number passed over by the 

minute hand. 
But the minute hand must gain 36 spaces to 
catch up with the hour hand after 7 o'clock', or 
36 + 16 spaces to be 16 spaces (a right angle) ahead, or 36 — 16 spaces to 
be 16 spaces behind it. 

Then 12 x = x + 60, when the minute hand is 16 spaces ahead, 

or 12 X = X 4- 20, when it is 16 spaces behind. 

.•.x = f?orf?, 

and 12 X = Yr = ^^tV o' W = ^1 A- 

But 64 j\ min. = 64 min. 32 y\ sec, and 21^1 min. = 21 min. 49yiy sec. 

Therefore the time is 7 hr. 64 min. 32 y\ sec. 
or 7 hr. 21 min. 49i*y sec. 

Find the; time when they are at right angles between : 

44. 6 and 7. 45. 2 and 3. 46. 11 and 12. 

Find the time when they are opposite between : 

47. 4 and 5. 48. 10 and 11. 49. 9 and 10. 
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50. Find two consecutive numbers, x and a; + 1, such that \ 
of the smaller exceeds \ of the larger by 6. 

51. Find three consecutive numbers such that their sum 
is 99; such that their sum is 159. 

52. Find three consecutive jiumbers such that the sum of 
the largest and smallest is 20 more than the other number. 

53. Find four consecutive numbers such that their sum is 
126 ; such that their sum is 210. ^ 

54. Find four consecutive numbers such that one sixth of 
the smallest is two more than one eleventh of the largest. 

55. The dijfference of two numbers is 30, and \i, the greater 
is divided by the less the quotient is 11. Find the numbers. 

56. The difference of two numbers is 12, and if the greater 
is divided by the less the quotient is 2 and the remainder 5. 
Find the numbers. 

57. A man has 6 hr. at his disposal. How far may he 
ride in a trolley car at 9 mi. an hour so as to return in 
time, walking back at the rate of 3 mi. an hour ? ^-i 

58. The number of .square inches of area of a ^ 
cross section of an L beam is 3 minus the square of ] 
the thickness. Find the thickness. J«-2|"-h' 

59. A train that travels 36 mi. an hour is 45 min. ahead of 
a second train that travels 42 mi. " an hour. How long will it 
take the faster train to overtake the slower? 

60. If to X sevenths we add |, the result is lj|. Find the 
value of oj. 

61. If to seven icths we add |, the result is 1^. Find the 
value of X. 

62. If we divide 8 by a; + 1 the result is the same as that of 
dividing 4 by a; — 1. Find the value of x, 

63. If to twice a certain number we add the number itself, 
the result is the number increased by 6. What is the number ? 
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64. The bases 'Of a trapezoid inscribed in a circle are 12 in. 
and 8 in., respectively, and the altitude is 3 in. Find the dis- 
tance from the center .to the lower base, and 
find the radius. 

Show that x2 4- 62 = (aj + 8)2 + 4^\ 




65. A caterer prepares a dinner for 50 peo- 
ple at a cost of $50 to himself. How much 
must he charge per plate to be sure of making |17.80 if 
only 45 people come, counting the unused food as worth 20^ 
per plate ? 

66. A boy walked from A to B at the rate of 3J mi. per 
hour. He returnied immediately on horseback at the rate of 
4} mi. an hour. Upon his return he found that he had been 
gone 3 J hr. How far is it from A to B ? 

67. A man purchases ice at 25^ per 100 lb. At what rate 
must he sell it after it has lost 10% of its weight by melting, 
so that he may gain 17% ? 

68. A man purchases ice at c 'cents per 100 lb. At what rate 
must he sell it after it has lost r% of its weight by melting, 
so that he may gain ^% ? 

69. Calculate the side of an equilateral triangle of which 
the altitude is h. Write a formula for the area of such a 
triangle. 

70. Calculate the sides of an isosceles triangle of which the 
perimeter is 2p and the altitude is h. Evaluate the result for 
;? == 4, A = 2. 

71. A man pays $60 a month for his city apartment and 
$20 a month for service, the heating being furnished free. If 
he moves to the suburbs, his car fare will be $8 a month, his 
coal bill will average $7 a month, and his service will cost one 
third as much as his rent. How much rent can he afford to 
pay in the suburbs so that the total expense per month will 
be the same as in the city ? 
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72. Alcohol is sold 96% pure. How much water must be 
added to 1 qt. of such alcohol so that the mixture will be 
75% pure? 

Let X = the number of quarts to be added. 

Then 0.75(1 + x) = the number of quarts of alcohol in the mixture. 
But 0.95 = the original number of quarts of alcohol, and 

none has been added. 
.-. 0.75(1 + x) = 0.95. 
Dividing by 0.75, 

Subtracting 1, x= y*y. 
Therefore ^^ qt. must be added. 

73. How much water must be added to a 10% solution of a 
certain medicine to reduce it to a 2% solution ? 

74. How many ounces of pure silver must be melted with 
75 oz. of silver 750 fine (750 parts of pure silver in 1000 parts 
of metal) to make a piece of silver 900 fine ? 

75. How many ounces of gold must be melted with 20 oz. 
of gold 16 carats fine (^| pure) to make a piece of gold 20 
carats fine ? 

76. How many quarts of milk containing 5% butter fat 
must be added to 1 qt. of cream containing 35% butter fat so 
that the mixture will contain 25% butter fat ? 

77. In a certain alloy of metal weighing 25 lb., 18.75% is 
pure silver. How many pounds of copper must be melted with 
it so that the new alloy will contain 15|-% pure silver ? 

78. How many pounds of pure water must be added to 2& lb. 
of sea water containing 16% of salt so that the mixture will 
contain 2% of salt ? 

79. What per cent of water must be evaporated from a 6% 
solution of salt so that the remainder wiU be a 10% solution? 

80. What per cent of water must be evaporated from an 
r% solution of salt so that the remainder will be an r'% 
solution ? 



CHAPTER XIII 

RATIO, PROPORTION, AND VARIATION 

156. Ratio. The relation of one number to another number 
of the same kind, as indicated by division, is called the ratio 
of the first to the second. 

The ratio ofa+&toc + (2i8 indicated thus : or a + 6 : c + d. 

c + d 

Hence all ratios may be looked upon as fractions. 

157. Terms of a Ratio. The two numbers involved in a ratio 
axe called the terms of the ratio. The dividend is called the 
antecedent and the divisor is called the consequent. 

Thus we have 

a __ antecedent _ numerator _ dividend 
I - consequent " denominator " "dM^ ' 

a 2 

If - = - , we say that a is to 6 as 2 is to 3. 

o 

« 

158. Greater and Less Inequality. If the absolute value af a 
ratio is greater than 1, the ratio is called, a ratio of greater 
inequality. If the absolute value of a ratio is less than 1, the 
ratio, is called a ratio of less inequality. 

Thus f is a ratio of greater inequality, and f is a ratio of less 
inequality. The symbol > is read ''is greater than,^^ and the symbol < 
is read '' is less than.^' 

159. Laws of Ratio. The following are the important laws 
of a ratio whose terms are positive. 

1. Both terms of a ratio m^ay he m,ultiplied, or both may 
be divided, by the same numher without changing the value 
of the ratio. 

A ratio being a fraction, the laws of fractions are true for ratios, 

203 .. 
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2. A ratio of greater inequality is diminished^ and a ratio of 
less inequalitj/ is increased, by adding the same positive number 
to both terms. 

Let a be the antecedent and b the consequent. 

mi. a + 71 a 

Then — ■ — > or < - , 

6 + n 6 

according as a& + &n>or<a& + an, 

or as &n > or < an, 

or as 6 > or < a. 

That is, if a>b, then < -, 

b-^ n b 

and if a < 6, then > -. 

+ n b 

3. A ratio of greater inequality is increased, and a ratio of 
less inequality is decreased, by subtracting the same positive 
number from both terms. 

We must first notice that 

— 4 > — 5, but 4 < 6, 
and that, in general, if — 6 > — a, then 6 < a. 

That is, changing the sign changes the order of inequality. 



We see that 


a — n 
b— n 

9 


or 


a 


according as 


ab — bn> 


or 


<ab— an, 


or as 


— bn> 


or 


< — an, 


or as 


b< 


or 


>a. 



^, In a series of equal ratios the sum of all the antecedents 
is to the sum of all the consequents OjS any antecedent is to its 
consequent. 

Consider the three ratios -»-»-» and let each equal r. 

b d f 

Since - = - = - = r, .-. a = &r, c = dr, and e^fr, 

b d f 

Adding, a + c + e = (6 + d +/)r. 

^. .,. a + c + e ace 

D'^'di-^' rMT7= " = 6 = 5=7 



J 
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Bxercise 115. Ratios 

Examples 1 to 4, oral — Examples 5 to 17, written 

1. Express in simplest fractional form the ratio of 10 to 
20; of 32 to 40; of 45 to 54; of 49 to 56; of 26 to 39. 

2. Express in simplest form, as improper fractions, the ratio 
of 15 to 10; of 20 to 12; of 35 to 21 ; of 81 to 63. 

3. How is the ratio of 9 to 5 changed by multiplying both 
terms by 2? by adding 2 to both terms? by subtracting 2 
from both terms? 

4. How is the ratio of 6 to 9 changed by multiplying both 
terms by 3? by dividing both terms by 3? by adding 3 to 
both terms ? by subtracting 3 from both terms ? 

Simplify the following ratios : 

5. a?^h^ia^-h\ 7. a» - 1 : a^ + a + 1. 

1 1 -I I £^.i_2 

' x-\-y' x^ -{'2xy + j^ ' b' b 

9. Separate 50 into two parts having the ratio 2:3. 
Let X = the smaller part. 

Then 60 — x = the larger part. 

X 2 

Then = -. 

50 — X 3 

Therefore x = 20, and 60 — x = 80. 

Separate into two parts having the ratios specified : 

10. 24, 1 : 2. 12. 91, 2 : 5. 14. 272, 7 : 9. 

11. 35, 2 : 3. 13. 104, 3:5. . 15. 306, 7 : 11. 

16. A wheel 30 in. in diameter, making 300 revolutions per 
minute, is belted to another wheel 15 in. in diameter. Find 
the speed of the smaller wheel. 

17. Two cogwheels are geared together. The distance be- 
tween their centers is 20 in. Wh^t are tjieir diameters if their 
jspeeds have a ratio of 4 to 5 ? 
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160. Proportion. An expressed equality of two ratios is called 

a propoHion. 

a c 
Thus if - = - f then a, h, c, d are said to be in proportion or to 

6 d 
form a proportion. 

This proportion is often read, ** a is to 6 as c is to d,^* and may be 
written thus : a : 6 = c : d. In older works it is often written a:h : :c: d, 

161. Terms of a Proportion. In a proportion the first and 
fourth terms are called the extremes, and the second and third 
terms the means. 

In the proportion a : b = c : d the extremes are a and d, and the means 
are h and c. 

In the same proportion d is called the fourth proportional to a, b, and c. 

162. Mean Proportional. If the means of a proportion are the 
same, this term is called the mean proportional between the 
other two. 

Thus m is .the mean proportional between z and y if x:m=:m:y. In 
this proportion y is called the third proportional to x and m. 

163. Laws of Proportion. The following are the important 
laws of proportion : 

1. If four numbers are in proportion, the product of the 
extremes is equal to the product of the means, 

a c 
Let the proportion be - = - . 

b d 
Multiplying by M, ad = be, 

2. If the product of two nurnbers equals the product of two 
other numbers, either two may he made the means of a pro- 
portion, and the other two the extremes. 

Let ad = bc. 

Dividing by W, ~ = ^» 

ba bd 

or - = - . 

b d 
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3. If a:h =: c\d, then b :a = dtc. 

In this case the first proportion is said to be taken by inversion. 
From Law 1, bc = <id, 

Tx« 'J' u be ad 

Dividing by oc, — = — , 

ac ac 

b d 
or - = - . 

a c 

4. Ifa:b = c:d, then a : c = b : d. 

In this case the first proportion is said to be taken by aUemaUon, 
From Law 1, ad = bc. 

Dividing by cd, —- = --, 

cd cd 

a b 
or - = - . 

c d 

5. If a : b = c : dy then a -{- b : b = c -\- d : d. 

In this case the first proportion is said to be taken by composition. 

^. a c 

Given - = - . 

b d 

Addingl, ? + ! = £ + !, 

d 

a-\-b c + d 

or = — ■ — 

b d 

6. If aib = c:d, then a — b :b = c — d: d. 

In this case the first proportion is said to be taken by division. 

^. a c 

Given - = - . 

b d 

Subtracting 1, 1 = — 1, 

b d 

a — b c — d 

or = 

b d 

7. The product of the means divided by either extreme equals 
the other extrem,e. The product of the extremes divided by 
either mean eqtuils the other m,ean. 

The proof is left for the stadent. 
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Exercise 116. Proportion 

Examples 1 to 6, oral — Examples 7 to 38, written 

1. Solve the e(][uation J aj = §. 

X 2 

2. In the proportion « = x ' fi^^d ^^^ value of x, 

3. In the proportion aj : 2 = 2 : 3, find the value of x. 
Find the value of x in the following proportions : 



a; 3 

*• 4"8' 


2 x 
^'3 9 


... 7 42 

X 48 


5 ^- '^ 
6 15 


« 3 12 
5 X 


36 3 
11 ^^ ^^ 

"• 48 a; 


^ rr 11 
^•7-21' 


ft ^ ^^ 
a:~35' 


65 5 
^^- 39 " X 



13. If the means are 3 and 12, and one extreme is 4, what 
is the other extreme ? 

14. If ic — 5 : 5 = 28 : 10, by what law do we know that 
aj : 5 = 38 : 10 ? What is the value of aj ? 

Find the value of x in the following proportions : 

15. a: : 2.4 = 1.21 : 1.1. 17. 2.6 : x = 1.1 : 7.7. 

16. a; - 12 : 12 = 5 : 1. 18. 17 - a; : a: = 16 : 18. 

19. If each mean of a proportion is 8, and one extreme is 32, 
what is the other extreme ? 

20. In a lever PW, il sufficient power (p) is applied at P, 
a weight (w;) at W can be lifted. If F is the fulcrum, it is 
known that p : w equals the ratio FW : FP, If FW = 10 in., 
FP = 30 in., and w = 240 lb., what does p equal ? 

21. If two boys weigh respectively 100 lb. and 120 lb., where 
must the fulcrum be placed under a 10-foot board so that the 
boys sitting at the ends will just balance ? (Use the law given 
in Ex. 20.) 
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22. It is proved in geometry that a line parallel to the base 
of a triangle divides the other two sides propor- 
tionally. In this figure, if AP = IJ, PC = 6, and 

QC = 5, find the length of BQ. 

P/. \Q 

.23. If a line parallel to the base of a triangle 

divides one side into the parts 7^ and 4^, and the 

other side into the corresponding parts 6 and x, what is the 

value of oj ? 

24. If two sides of a triangle are 7 and 9, and a line parallel 
to the base cuts the former into the parts 3 and 4, 

into what lengths will it cut the latter ? 

p 

25. In the square here shown, PQ is II to AB, If 

a side ,of the square is 10 in., DB = 14.14 in. If 
DP = 3 in., what is the length of DQ ? 

26. Two pieces of timber 1 ft. wide are fitted together at right 
angles as here shown. ^-S is 8 ft. long, AC 6 ft. long, and the 
distance BC along the dotted line is 10 ft. A q 
carpenter finds it necessary to saw along the 
dotted line. Find the length of the slanting cut 
across the upright piece ; across the horizontal 

piece. X : 10 = 1 : 6 is one proportion. 

27. It is proved in geometry that two triangles of the 
same shape have their corresponding sides proportional. Such 
triangles are said to be similar. In Ex. 22 the tri- b a 
angles ABC and PQC are similar. If ^^ = 8, ^ C = 7 J, 
and PC = 6, what is the length of PQ ? 




s 



N 






^B 




' 28. The figure at the right represents a pair of 
proportional compasses used by draftsmen. By ad- 
justing the screw at 0, the lengths OA and OCy and 
the corresponding lengths OB and OD, may be varied 
proportionally. The triangle formed by 0^ A, and B is always 
similar to the triangle formed by 0, C, and D, li OA =^ in. 
and DC = 5 in., then AB is what part of CD ? 
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29. In the following combination of levers a power of 100 lb. 
is applied at P. What weight can be raised at TT ? 

I ± ^ fi --^- • . » W 

30. It is proved in geometry that if -4 -B is the diameter of 
the semicircle here shown, CD is a mean proportional between 
AD and DB. If .42) = 3 and C2) = 4, 
what is the length of DB2 

31. In the same figure, if DB = 4:AD 
and CD = 12, what are the lengths of 
AD and DB? 

32. If a perpendicular is let fall from the vertex of the 
right angle upon the hypotenuse of a right triangle, it divides 
the right triangle into two triangles similar to the original 
triangle and to each other. In the given 
figure, if AF= 5 and CF= 3.5, what is 
the length of FB ? 

33. In the same figure, if AB = 7.46 
and AC = 6.1, what is the length ofAF? 

9 

34. If a boy 4f ft. tall casts a shadow 4J ft. long at the 
same time that the school building casts a shadow 67 J^ ft. long, 
how high is the school building ? 

35. If a boy, lying down with his eye to the ground, sights 
over the top of a 10-foot pole held vertically 64 ft. from his 
eye, and can just see the top of a tree 37J ft. from his eye, 
how tall is the tree ? 

36. Show that if -7 = "i > then 7 = ; • This is called 

d a — c — a 

the taking of the original proportion by composition and 
division. 

37. Solve the equation -^L-^^t^ ^y the principle of 
Ex. 36. a; - 2 7 

J, 'J 2 

38. Solve the equation = ^ by the principle of 

Ex. 36. 
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164. Variation. If two variable quantities, x and y, have a 
constant ratio k^ either quantity is said to vary as the other. 

X 1 

If - = A, then « = Acy, and y = - . x. 

y k 

The expression **x varies, as y *Ms sometimes written x<xy, which 
means that x = ky, k being the constant ratio. 

For example, in a circle c = 2irr, so that cccr, c always being 2 7r 
times r. 

Similarly, for the area of a circle, a = irr^, in which case a a r^. 

The subject of variation required in certain courses of study in con- 
nection with ratio may be omitted without affecting the subsequent work. 

If 05 oc y, and a; = 12 when y = 4, find x when y = 6. 

Since xccy, therefore x = ky, where k is some constant. 
Hence 12 = Ac • 4, 

and therefore S = k, 

m 

Hence, when y = 6, 

x = A;.6 = 3-6 = 18. 

Exercise 117. Variation 

Examples 1 to 3, oral — Examples 4 to 10, written 

1. If X = ky, find Aj when aj = 21 and y = 10.5. 

2. If a; = ky, find y when x = 27 and k = 4.5. 

3. If a =■ TTT^y find a when ir = 3.1416 and r = 100. 

4. If a5 oc y, and x = 19 when y = 7, find a; when y = 10.5. 

5. If aj QC y, and a; = 17 when y = 9, find y when aj = 25.5. 

6. If a; oc y, and the ratio of a; to 2^ is f , find x when y = 28. 

7. In Ex. 6 find y wheii a: = 36 ; when x = 4.83. 

8. If a; = ky, and 2/ = w«, find a; in terms of z. 

9. If 35 oc y, and y oc «, show that a; oc «. 

10. If the circumference of a circle varies as the radius, and 
the radius varies as the diameter, show that the circumference 
varies as the diameter.* 



• 
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165. Joint Variation. Xhe area of a triangle varies as the 
base when the altitude is constant, and as the altitude when 
the base is constant. If both base and altitude vary, the area 
varies as their product. 

In other words, if the base remains unchanged, the area will be doubled 
by doubling the altitude. Likewise, if the altitude remains unchanged, 
the area will be doubled by doubling the base. But if we double both 
base and altitude, the area will be multiplied by 4. 

That is, accbh, or a = kbh. In fact, as we know (§ 6), a = ^ 6A, so 
that in this case k = l. In general, if xx^ when z is unchanged, and 
xccz when y is unchanged, then xccyz when both change. 

166. Inverse Variation. If two variables, x and y, are so 

related that the ratio of aj to - is some constant number, k, 

y 

either quantity is said to vary inversely as the other. 

If X : - = fe, then xy = Jk, or x = -, and y = - • 
V » » y " X 

As y increases, x decreases at the same rate. If y is made twice as 
large, x becomes half as large. 

For example, if a certain number of men, m, can do a piece of work 
in i days, then twice as many men can do the work in } t days, and \ as 

many men can do it in 4 £ days. That is, m x - • 

1. If a; oc - , and a; = 9 when v = 7, find x when v = 2. 

y 

Since XX-, we have xy = k, 

y 

Hence 9 • 7 = 63 = A:. 

Hence x • 2 = 63, when y = 2, 

and X = 31.6. 

2. If X varies directly as y and inversely as «, and if a? = 12 
when y = 6 and « = 2, find x when y = 8 and « = 1. 

Since x x y, and x x - , then x = fcy • - (§ 166) . 

z z 

Hence 12 = A; • 6 • J, 

and . A; = 4. 

Then x = 4 • 8 • 1 = 32, 

when y = 8 and « t= 1. 



r 
I 
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Exercise 118. Problems in Variation 

All Examples written 

1. If X varies inversely as y, and a = 12 when y = 2, find 
X when y = 7. 

1 

2. If a; oc 1/j and xcc-j and if a; = 6 when y = 8 and « = 12, 

z 

find a5 when z = 2S and y = 4. 

3. If a; Qc y, and xcc-y and if a; = 15 when y = 3 and « = 6, 

z 

find y when a; = 35 and z = 12.5. 

1 1 

4. If y oc -r and y cc-9 and if a; = 2 when y = 4 and « = 3, 

a? ^ 

find z when aj = 4 and y = 1. 

5. If xy = a, and yz = ft, and if aj = 4 when y = S and 
« = 6, find z when aj = 8 and y = 2. 

* 6. The weight of a sphere of steel varies as the volume, and 
the volume varies as the cube of the diameter. If a sphere 
1 in. in diameter weighs 0.15 lb., find the weight of a sphere 
4 in. in diameter. 

Representing the weight, volume, and diameter by w, v, and d, respec- 
tively, we have m> « ?,, and t? oc dK 

Hence w = mv, and v = noP, 

so that w = mncP ; 

or, we may say, w = fccP. 

Therefore 0.15 = Jfc . !» = Jk. 

Hence, when d = 4, w'= 0.16 • 4* = 9.6. 

Hence a sphere of steel 4 in. in diameter weighs 9.6 lb. 

7. The diagonal of a cube varies as the edge. When the 
edge is 6 in. the diagonal is 10.4 in. Find the diagonal when 
the edge is 15 in. 

8. The capacity of a water main varies as its length and 
also as the square of its diameter. If p, pipe 1 ft. in diameter 
and 16 ft. long has a capacity of 12.576 cu. ft., what is the 
capacity of a water main 10 in. in diameter and 480 ft. long ? 
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9. The value of a diamond varies as the square of the weight 
If a diamond worth $640 is cut into two pieces whose weights 
are as 1 to 3, what is the value of each piece ? 

10. The figure at the right represents several wheels geared 
together. P has 50 teeth, A 20 teeth, B 200 teeth, C 15 teeth, D 
250 teeth, and E 25 teeth. If P makes 
25 revolutions per minute, how many- 
revolutions per minute will E make ? 

11. A cube of clay 14 in. on an 
edge is molded into a right prism 
whose base is a square 7 in. on a 
side. Find the height of the prism. 

12. The intensity of light varies inversely as the square of 
the distance. How far from a lamp is a point that receives 
half as much light as another point 16 ft. from the lamp ? 





13. Several wheels are belted together as here shown. The 
circumferences of circles varying as the radii, and the radii 
being as indicated, how many revolutions per minute will D 
make when A is making 2000 revolutions per minute ? 

14. The volume of a right circular cylinder varies as the 
product of its height and the square of its radius. A cylin- 
dric can is 5 in. high and 1.5 in. in radius, and another is 6 in. 
high and has a radius of 2 in. Find the radius of a third can 
7 in. high that will hold as much as the other two together. 



CHAPTER XIV 

SIMXTLTANEOUS SIMPLE EQUATIONS 

167. Indeterminate Equations. If we have one simple equation 
containing one unknown quantity, we can solve by the methods 
already studied. If it contains two unknown quantities, we 
can find one quantity in terms of the other. 

For example, if 2 x — 3 y = 8, we can see that x — — - — , and that 

2a;— 8 
y = ; but this does not tell us the value of either. 

3 

Indeed, if y = 1 we see that x = 6 J ; if y = 2, x = 7 ; if y = 4, x = 10, 

and so on, there being an indefinite number of values of x and y that 
satisfy this equation. 

An equation that has an indefinite number of roots is called 
an indeterminate equation 

An equation that is not indeterminate is said to be determinate, 

168. Two Simple Equations. If we have two simple equations 
containing two unknown quantities, we can usually derive from 
them a single equation containing only one unknown quantity. 

For example, suppose x + y = 17, 

and X — 2/ = 9. 

Adding member for member, 2 x = 26 ; 
whence x = 13. 

And because « + y s= 17, 

we have 13 + 1/ = 17. 

Whence y = 4. 

169. Simultaneous Equations. Two or more equations that 
have the same values for the unknown quantities are called 
Hmultaneotcs equations, 

216 
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170. Elimination. The process by which we cause an un- 
known quantity to disappear in deriving an .equation from a 
systfem of equations is called elimination. 

Thus in § 168 we derived the equation 2 x = 26 from the system of 
equations x + y = 17 and x — y = 9, thereby eliminating y. 

The most common methods of elimination are (1) by addi- 
tion (or subtraction as a special case), and (2) by substitution. 
These will now be considered. 

171. Elimination by Addition or Subtraction. This process is 
best understood by studying two examples. 

1. Solve the system of equations 

2x + 3y = 2T (1) 

5x-2y=zl (2) 

Multiplying (1) by 2, ^ 4x + 6y = 64- 

Multiplying (2) by 8, 15x-6v= 3 

Adding, 19 x =67 

Dividing by 19, x = 3. 

Substituting 3 for x in (1), Q + Zy = 27. « 

Subtracting 6, 3 y = 21. 

Dividing by 3, y = 7. 

Check. Substituting 3 for x, and 7 for y, in (1) and (2), we have 

6 + 21 = 27, 

15-14 = 1. 

Because y was eliminated by adding two equations, member for mem- 
ber, we say that we have eliminated y by addition, 

2. Solve the system of equations 

3a! + 2i/ = 23 (1) 

2x + Sy = 2T (2) 

Multiplying (1) by 3, 9 x + 6 y = 69 (3) 

Multiplying (2) by 2, 4x + 6y = 64 /4\ 

Subtracting (4) from (3), • 6x =16 

Dividing by 6, x = 3. 

Substituting in (1) or (2), y = 7. 

In this solution y is eliminated by subtraction. 
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172. Directions for Elimination. From the preceding solu- 
tions we see that in the elimination of an unknown quantity 
by addition or subtraction we proceed as follows : 

Multiply both mernbers of the equations hy such numbers 
as will make the coefficients of one of the unknovm quantities 
numerically equal. 

If these coefficients hive opposite signs^ add the equations 
member for member ; if they have the same signs^ subtract. 

Solve the resulting equation. 

Substitute the result thus found in the simpler of the two 
given equations and solve for the other unknovm quantity. 

Check the resvUs by substituting in both of the given equations. 

We commonly say " Multiply the equation," meaning thereby " Mul- 
tiply both members of the equation.'* Similarly, we speak of adding 
equations and subtracting equations, meaning that we add or subtract 
member for member. 

Exercise 119. Elimination by Addition or Subtraction 

Examples 1 to 8, oral — Examples 9 to S8, written 

1. Solve for x, 5. Solve for u, 

X + y = 9 2w-f-v = 14 

X — y = S Su — v = 11 ' 

2. Solve for y, 6. Solve for w, 

x-\-2y = l 2w + Sz=z20 

a;-hy = 4 w — Sz = 1 

3. Solve for ar, 7. Solve for P, 

Sx + 2y = 5 3P+Q = 17 

5a:-2y = 3 2P-Q = 8 

4. Solve f or m, 8. Solve for F, 

7w-f3w = 23 2F'\'7G = 21 

5m + 3n = 19 3F-7G = 14 
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Solve thefollomng hy addition or subtraction: 

*. 2x-^3y = lS 24. 0.2 a: -f- 0.3 y = 12 
5a;-4y = 16 0.5x4-0.4^ = 23 

10. 2a; 4-5^ = 51 25. 0.7 cc -h 0.5 y = 53 
5x + 2y = 54: 0.9aj - 0.4y = 16 

11. 6x-h5y = SS 26. 1.5 a; + 1.25 y = 19 
7x - 2y = 15 1.2a; 4- 0.75y = 13.2 

12. 9a;4-7y = 16 27. i^4-4i; = 31 
Sx — 2y = l 4:u-^v = 19 

13. 9a; + 2i/ = 24 28. 8i;4-5w; = 59 
7x-{-3y = 2S 7v-{-2w = S5 

14. 4a; + y = 23 29. 5m — 2n = 2S 
5x-y = lS . 13m -371 = 51 

15. 7a;4-6y = 20 30.' 6^4- 7^ = 31 
5x-2y = S 3jt?4-2^ = 5 

16. 4a; 4- 92^ = 3 31. 115-12^ = 31 
3a;4-7y = 2' 1054-7^ = 64 

17. 3a; + 82^ = 38 32. 4^>-3A = 29 
7a;-22^ = 6 2b-h = ^7 

18. 5a;-3y = 20 33. 10rj + 3r2 = 75 
•3a;-4y = l Sr^'-r^ = ^S 

19. 4a; + 3y = 18 34. 6^ r 4- 3i^ r' = 110 
3a;-2y = 5 9fr + 3|r' = 154 

20. 5x-\'2y = S2 35. 1.2a; -y = 0.2 
3a;4-y = 18 3a;-3j2^ = 4 

21. 2a; + 7y = 34 36. 3r4-4/ = 63 
7a; 4-22^ = 74 9r-3r' = 54 

22. 4a;-7y = 20 37. 8Z)4-3^ = 77 
7a;-42^=68 7D-2E = S5 

23. 21a; 4- 11^ = 288 38. r4-3f=100 

30a; - 16y = 126 2 T - 0.1 3f = 139.1 
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173. £limination by Substittttion. It is often convenient to 
find from one equation the value of one unknown quantity in 
terms of the other, and to substitute this in the other equation. 

1. Solve the system of equations 

Sx-{-7y = 22A (1) 

ic-5y=6 (2) 

From (2), x = 6 + 5 y. (3) 

SubBtituting in (1), 8(6 + 6y) + 7y = 22.4, 

or 18 + 16y + 7y = 22.4. 

Subtracting 18, 22 y = 4.4. 

Dividing by 22, y = 0.2. 

Substituting in (3), x = 6 + 5 x 0.2. 

= 6 + 1=7. 

Check. 3x7 + 7x0.2 = 22.4, 

and 7 - 6 X 0.2 = 6. 

This plan is sometimes advantageous when the coefficient of one of 
the unknown quantities is 1. 

2. Solve the system of equations 

5a; -|-2y = 34 (1) 

7x-Sy = 7 (2) 

34—52 
From (1), y = —^. (3) 

©4 53. 

SubstituUng in (2), 7 x - 3 • = 7. 

At 

Multiplying by 2, 14 x — 102 + 15 x = 14. 

Solving, X = 4. 

84 _ 5 . 4 
Subfititating in (3), y = 

= 17 - 6 . 2 = 7. 

3. Solve the system of equations 

x + 3y = 7 
aj-2y = 2 

We have x = 7 — 3 y and x = 2 + 2 y ; hence 7 — 3j/ = 2 + 2y, and 
y = 1. .-. X = 4. This special form of elimination by substitution is 
sometimes called eUmiruUion by comparison. 



1 
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174. Directions for Elimination. Therefore, to eliminate by 
substitution, 

From one of the equations find the value of either unkncnvn 
quantity in terms of the other. 
Substitute this value in the other equation and solve. 

Exercise 120. Elimination by Substitution 

Examples 1 to 7, oral — Examples 8 to 21, tvritten 

1. If a; = 3 and x -\- y = 5, what is the value of y? 

2. If y = 7 and x -^ y = 16, what is the value of a: ? 

3. If aj = — 2 and x + y = 1, what is the value oi y? 

4. Ity = — 2 and x -^ y = 0, what is the value of a? ? 
,5. If r = 4 and r -\- r' = 9, what is the value of r' ? 

6. If r = 7 and r — r' = 5, what is the value of r' ? 

7. If P = 5 and P + Q = 9.8, what is the value of Q ? 

Solve the following equations by substitution : 

8. x-\-7y = 26 15. 4..5x-7y=7 
2a; + 32/ = 19 5.5 a; + 6 y = 59.5 

9. x-Sy=-l 16. 0.8a; + 0.3y = 11.3 
Sx-\-2y = 19 2x-\-S.5y = 14.5 

10. a; + 4t/ = 35 17. 5m + 7?i = 125 
3a;-22/ = 7 7m-n = 13 

11. x-4:y = l 18. 5j9-3^ = 27 
5x + 2y = 4:9 7q-Sp = 15 

12. x + 5y = 25 19. 19a;-y = 18 
7a; + 3y = 47 27 a; + 4^/ = 31 

13. x-^2y = 2 20. F + 7M=26 
6x-\-5y = S0 F-19M=:-52 

14. 2a; + l7y = 61 21. 2^ + 6P = 15.4 
8 a; - y = 37 ^ + 8.8 P = 8.86 
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Exercise 121. Problems 

Examples 1 to 9, oral — Examples 10 to 36, written 

1. Five more than three times a number is 20. What is 
the number ? 

2. The sum of two numbers is 34. One of the numbers is 
19. What is the other number ? 

3. The difference of two numbers is 17. The larger number 
is 32. What is the smaller number ? 

4. The difference of two numbers is 41. The smaller 
number is 19. What is the larger number ? 

5. The difference of two numbers is 12. One of the num- 
bers is 20. What is the other number ? (Note that there are 
two possible answers.) 

6. The product of two numbers is 61. One of the numbers 
is 17. What is the other number ? 

7. The quotient of two numbers is 27. The divisor is 3. 
What is the dividend? 

8. The quotient of two numbers is 32. The dividend is 96. 
What is the divisor ? 

9. The quotient of two numbers is 10. One of the numbers 
is 20. What is the other number ? (Note that there are two 
possible answers.) 

10. The sum of two numbers is 32, and one of the numbers 
is three times the other. Find the numbers. 

11. The sum of two numbers is 36, and one of the num- 
bers is two more than the other. Find the numbers. 

12. The sum of two numbers is 36, and one of the numbers is 
two less than the other. Find the numbers. 

13. The sum of two numbers is 5.6, and one of the numbers 
is 4.2 more than the other. Find the numbers. 

14. The sum of two numbers is 26.1, and one of the num- 
bers is 11,96 more than the other, Find the numbers. 
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16. If one of two numbers is decreased by 1.3, the result is 
the other number. If three times the larger number is decreased 
by the smaller number, the result is 4.7. Find the numbers. 

Let X = the larger number, 

and y = the smaller number. 

Then »-1.3 = y, (1) 

and • 3aj-y = 4.7. (2) 

Substituting the value of y from (1) in (2), 

8x — x + 1.3 = 4.7. 
.-. 2x = 8.4, 

and x = 1.7. 

.-. y-x — 1.8 = 1.7 — 1.8 = 0.4. 
Therefore the numbers are 1.7 and 0.4. 
Ch£ck, 1.7 — 1.8 = 0.4, and 8 )< 1.7 - 0.4 = 4.7. 

16. If to twice one number we add three times a second num- 
ber, the result is 14.7. If from twice the first number we sub- 
tract the second number, the result is 2.3. Find the numbers. 

17. If to four times one number we add twice a second 
number, the result is 13 J. If from five times the first num- 
ber we subtract four times the second number, the result is 
6^. Find the numbers. 

18. The sum of two numbers is 11.74, and one of the num- 
bers is 0.67 greater than the other. Find the numbers. 

19. If to ten times one number we add five times a second 
number, the sum is 111. If to three times the first number 
we add seven times the second number, the sum is 55.3. Find 
the numbers. 

20. The sum of two numbers is 55.6, Three times the second 
subtracted from twice the first is 74.7. Find the numbers. 

21. The sum of two numbers is 19.6, and one of the num- 
bers is one third the other. Find the numbers. 

22. The difference of two numbers is 20.8, and one of the 
numbers is one fifth the other. Find the numbers. 
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23. If a rectangle were 2 in. longer and 3 in. wider, its area 
would be increased by 35 sq. in. If it were 2 in. shorter and 
2 in. wider, the area would be unchanged. Find the dimensions. 

Lret I = the namber of inches of length, 

and * w = the namber. of inches of width. 

Then * Iw = the number of square inches of area. 

Then (I + 2) (lo + 8) = iw + 36, 

and (I - 2) (w + 2) = Iw. 

Simplifying, 3 Z + 2 wj = 29, 

and l — w = 2, 

Solving, I = 6.6, ' 

and 10 = 4.6. 

Therefore the dimensions are 6.6 in. and 4.6 in. 

Here the initial letters of length and width have been used to represent 
the unknown quantities, a custom that is coming into use. It is permis- 
sible to use X and y, I and to, or any convenient letters. 

24. If a rectangle were 5 in. shorter and 1 in. wider, its area 
would be decreased by 35 sq. in. If it were 5 in. longer and 
1 in. wider, its area would be increased by 65 sq. in. Find the 
dimensions. 

25. If the perimeter of a rug is 20 ft., and if three times the 
length plus five times the width is 36 ft., what is the area ? 

26. The length of a room is 33^% greater than the width, 
and the perimeter is 70 ft. Find the dimensions. 

27. The width of a room is two thirds the length, and the 
length exceeds the width by 7 ft. Find the dimensions. 

28. The length of a rectangular swimming tank is 50% 
greater than the width, and the perimeter is 160 ft. Find 
the dimensions. 

29. The altitude of a rectangle is 20% less than the base, 
and the perimeter is 18 in. Find the dimensions. 

30. The circumference of a circle is 10.708 in. greater than 
the diameter. Find the circumference and the diameter. (From 
§ 15, c = 3.1416 d.) 
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31. A bird flying with the wind travels 50 mi. an hom*, but 
when flying against a wind that is twice as strong, it travels 
only 20 mi. an hour. Find the rate of the wind for each case. 
Find the rate of the bird in still air. 

In such problems it is. assumed that the rate of the wind should be 
added to the rate of the moving body when the latter goes with the 
wind, and subtracted when it goes against the wind. This is approxi- 
mately the case in the problems considered. 

Taking the rates to mean the number of miles per hour, 

let X = the rate of the bird, 

and y = the rate of the wind the first time. 

Then x + y = 60, 

and X — 2 2/ = 20. 

Solving, X = 40, 

and y = 10. 

.-. 2 y = 20, the rate of the wind the second time. 

32. An aeroplane flies with the wind at the rate of 75 mi. an 
hour, and against the wind at the rate of 45 mi. an hour. Find 
the rate of the wind. Find the rate of the aeroplane in still air. 

33. A river steamer can go 26 mi. an hour with the current 
and 14 mi. an hour against it. Find the rate of the current. 
Find the rate of the stumer in still water. 

34. The report of a gun was heard in 3 sec. at a place 3189 ft. 
distant, toward which the wind was blowing, and in 2 sec. at a 
place 2074 ft. distant, from which the wind was blowing. Find 
the velocity of sound and the rate at which the wind was blowing. 

35. The report of a gun traveled 357J yd. a second with the 
wind and 346 yd. a second against the wind. Find the velocity 
of sound and the rate at which the wind was blowing. 

36. A conductor walking from the rear to the front of a 
moving express train passes a telegraph pole at the rate of 
45.2 mi. an hour. Walking to the rear of the train, he passes 
a telegraph pole at the rate of 40.6 mi. an hour. How fast is 
the train going, and how fast is the conductor walking ? 
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175. Simultaneous Equations containing Fractions. If the 
Equations contain fractions it is usually better to clear of 
fractions before attempting to eliminate. 

Solve the equations 

x^2 y+S 



x — 2' y-\-4: 
2x — 5 X — 1 



(1) 

4y-l 2y + l ^^^ 

Clearing (1), xy + 2y + ix + S = xy—2y + Sx — 1&. (3) 

Clearing(2), 4xy— lOy + 2x — 5 = ixy — iy — x + 1. (4) 



Simplifying (3), 


x — y = G. 




Simplifying (4), 


x-2y = 2. 




Solving, 


aj = 10, 




and 


y = 4. 




Check. 


10+2 4+8 
10-2 4 + 4 

20-5 9 
16-1 9 


12 

8 



Exercise 122. Simultaneous Equations containing Fractions 

Examples 1 to 5, oral — Examples 6 to 29, written 

1 If - ='3, whfit is the value of a; ? 

X 

3 

2. If - = 7, what is the value of a; ? 

X 

11 2 3 

3. Find the value of x when - = - > when - = - • Check the 

X 1 X 1 

-. results. 

1 1 ' 1 1 2 

4. If - 4- - = 4 and =2, what is the value of - ? 

X y X y X 

of - ? of a: ? Check the result. 

X 

12 12 2 

5. If — I- - = 4 and = 0, what is the value of - ? 

^ X y X y X 

of - ? of ic ? of y ? Check the results, 

X 
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Solve the folhwing equations : 

4 "^3 6 2 8 ^ 

^ ^^^ .^^ x + 2y + l ^ 

6 5 2x — y -\-l 

7 a;-y + 3 

'•a,-3-y + 7 "•^- + ^--^ 

a;4-2'"2/-2 2"^ 9 

9.^ + ^ = 5 17. 7x-| = 48 

4 3 "" " 7 

IQ. — ^~— = — -? 18. — -^-=^^ — - = 7 



x + 2 


'1/ 


2a; + 2^ 


7 




5 


3iK — 


2~ 


6 — y 


3aj- 


2 


3y + 7 


5a; — 


1 


5y + 16 


3 a:- 


1 


62^-5 



a — 2/ + 1 
y — x-f 1 



= 35 



x — y-\-l 

11 ----- <^y^' 19 £±jMl3__3 

11- •= ^ = ^ -^ ^''- a: - y - 3 " 2 

a: - y - 3 ^ o 

a; 4-5 " 2y + 3 a; - y + 3 

.„ 4a: + 5y 20 ^ ~ ^ = -^ — 

2a; — y _ 1 — 4y 63g — 3y — 44 ^ 



= 100 



X -\- V «.^a; + 3y-fl3 „ 

a? — y . ^ 8a;4-y-f 6 

-5- + ^ = ^ 6x + 3y-23 = ^ 



24. 
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22. Show that the set of equations = - — r and 

Sx — 12 2x4- 5 . . , ^ . ^ ^ 

-7^ z- = t; T IS indeterminate. 

3y-5 2y + l 

Solve the following equations: 

5a; — 2 2.5x4-3 
15-41/" 9-2y 
2a; + 3y + l _ 3a;-7y4-8 
4 a: + 6 y.— 8 6a; — 14y4-6 

6a;-7 3a;-4 
19-10y""ll-52/ 

6a;-10y-17 _ 4a;-14y-5 
^x-by + 2 " 2x-7y + 12 

25. ^i2JZp^4.2 = 4y-3a; 

5(x-1.2y) 2y-3a; 

6 -r^^ ^y 4 

9fi Q,, 4(4 + 15y) _ 8a:y-53.5 
^®- ^^" 3a; -1 "" a; 4 2.5 

2». 24^ + i^ - 2.0944 

4 o 

_ 2.471 X 4 4.11 y - 3 6.004 a; - 3.012 y ^^,/ 

28. -^-j ^^ ^ ^ = 3.244 

4 o 

4.005 a; - 3.034 y 4- 9 11.07a; 4 1.233y - 9 _ - ^^ 
4 "^ 3 ""^-^^ 

^^ 3.072 a;- 4.002 y 4 0.929 . 4.003 a; 4 8.066 y 4- 8 ^^^ 

29. ;r r J =^ o.uU" 

2 4 

1.781 a; 4 3.024 y 4 0.707 , 2.755 a; 4 2.208 y 4 1.141 _ 
4 + 5~ =^ 
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Exercise 123. Problems 

Examples 1 to 6, oral — Examples 7 to 47 y written 

1. Find the value of x. given r - = 7 ; - = 14; - = ■;:; - = 0.2. 

X X ^ X o X 

1112 13 1 

2. Findthevalueof A;, given: t = «; t = q; 7I~7' I"^*^^- 

K ij Ki %j iC ^ fC 

3. Find the value of r, given : 27rr = 7r; 27rr = 47r; 27rr = — • 

4. Given — |- - = 6 and ----- = 4, find the value of x. 

X y X y 

5. The reciprocal of what number equals 9 ? 

6. If one more than the reciprocal of a certain number 
equals J, what is the number ? 

7. If to the larger of two numbers we add 8, and then divide 
by the smaller number, the quotient is 2; but if from the 
larger we subtract 2, and then divide by the smaller, the quo- 
tient is 1. Find the numbers. 

8. The larger of two numbers lacks one of being six times 

the smaller number; and if 2 is subtracted from the larger, 

and the remainder is divided by the smaller, the quotient is 5. 

Find the numbers. 

X 1 

9. A certain fraction — becomes equal to - if 3 is added to 

y ^ 

its numerator and 1 to its denominator, and equal to ^ if 1 is 
added to its numerator and 1 is subtracted from its denomi- 
nator. Find the fractiton. 

10. A certain fraction becomes equal to f if 1 is added to 
its numerator and 2 is subtracted from its denominator, and 
equal to J if 1 is subtracted from its numerator and 4 from its 
denominator. Find the fraction. 

11. A certain fraction becomes equal to J if 3 is subtracted 
from its numerator and from its denominator, and equal to f 
if 1 is added to its numerator and to its denominator. Find 
the fraction. 
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12. A certain fraction becomes equal to § if 7 is added to 
th.e numerator, and equal to f if 7 is subtracted from the 
denominator. Find the fraction. 

13. If the larger of two numbers is divided by the smaller, 
the quotient is 3 and the remainder 3; but if the smaller is 
divided by the larger, the quotient is 0.266 and the remainder 
0.01. Find the numbers. 

iiet X = the larger number, 

and y = the smaller number. 

Then ? = 3 + -, (1) 

y y 

and ?? = 0.266 + —. (2) 

X X 

Clearing (1) of fractions, a; — 3 = 3 y . 
Clearing (2) of fractions, 

y — 0.01 = 0.266 X. 
Eliminating y, . 0.202 x = 3.03. 

Dividing by 0.202, x = 16. 

Substituting in (1), = 3. 

y 

Solving, y = 4. 

Therefore the numbers are 15 and 4. 

14. If the larger of two numbers is divided by the smaller, 
the quotient is 3 and the remainder 3 ; but if the smaller is 
divided by the larger, the quotient is 0.2 and the remainder 
2.6. Find the numbers. 

15. If the smaller of two numbers is divided by the larger, 
the quotient is 0.8 and there is no remainder ; but if the larger 
is divided by the smaller, the quotient is 1.2 and the remainder 
0.36. Find the numbers. 

16. If the larger of two numbers is divided by the smaller, 
the quotient is 4 and the remainder 9 ; but if twenty times the 
smaller is divided by twice the larger, the quotient is 2 and 
liie remainder 152. Find the numbers. 
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17. A boatman rows 6 mi. down a river and back in 2 hr. 
He can row 1 mi. down the river in the same time that he can 
row 0.6 mi. up the river. Find the time he rov^s down and up 
respectively. 

Let X = the number of hours going down, 

and y = the number of hours going up. 

Then x + y = 2. 

Also, since the time to row a mile downstream is 0.6 of the time to 
row a mile upstream, and so for any other distance, 

x = 0.6y. 
Solving, 2 = }f ^^'^ ^ = !}• 

18. A boat's crew can row down a river at the rate of 10 mi. 
an hour, and up the river at the rate of 5 mi. an hour. Find 
the rate of the. stream, and their rate in still water. 

19. A steam launch goes 20 mi. upstream and 36 mi. down- 
stream in 8 hr. It can go 3 mi. downstream in the same time 
that it can go 1 mi. upstream. Find the rate of the stream, 
and the rate of the boat in still water. 

Let h = the rate of the boat,4n miles per hour, 

and 8 = the rate of the stream. 

Then r^ + r?- = 8, ' 

6—8 + « 



and 



3 1 



6 + s h— 8 

Explain how these two equations are derived. 
Solve the equations and check the results. 

n20. a steamer can go downstream at the rate of 22 mi. an 
hour, but its rate upstream is only ^^ as fast. Find the rate 
of the stream, and the rate of the steamer in still water. 

21. Two bodies are 96 yd. apart. If they move toward each 
other with uniform (but unequal) rates, they will meet in 8 sec. ; 
but if they move in the same direction, the swifter overtakes 
the slower in 48 sec. Find the rate of each. • 
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22. When weighed in water, tin loses 0.137 of its weight, 
and copper 0.112 of its weight. If a 10-pound mass of tin 
and copper loses 1.196 lb., find 'the weight of the tin and the 
copper in the mass. 

Let t = the number of pounds of tin, 

and c = the number of pounds of copper. 

Then i + c = 10, (1) 

and 0.137 « + 0.112 c = 1.195. (2) 

Multiplying (1) by 0.112, 

0.112« + 0.112 c =1.12. 

Subtracting, 0.026 1 = 0.076. 

Dividing by 0.026, t = 3. 

Whence c = 7. 

Therefore there are 3 lb. of tin and 7 lb. of copper in the mass. 

23. When weighed in water, silver loses 0.095 of its weight, 
and copper 0.112 of its weight. If a 12-pound mass of silver 
and copper loses 1.174 lb., find the weight of the silver and 
the copper in the mass. 

24. When weighed in water, gold loses 0.051 of its weight, 
and silver 0.095 of its weight. If a 6-ounce piece of gold and 
silver loses 0.35 oz., find the weight of the gold and the silver 
in the piece. 

25. When weighed in water, tin loses 0.137 of its weight, 
and lead 0.089 of its weight. If a 65-pound mass of tin and 
lead loses 6.025 lb., find the weight of the tin and the lead in 
the mass. 

26. An iron bar covered with brass weighs 13 lb. When 
weighed in water, iron loses 0.128 of its weight, and brass 
0.119 of its weight. The bar loses 1.655 lb. when weighed in 
water. Find the weight of the brass that covers the iron. 

27. In water, 1 oz. of platinum weighs only 0.9535 oz., and 
1 oz. of gold 0.949 oz. An ingot of gold and platinum that 
weighs 6 oz. in air weighs 5.6985 oz. in water. Find the weight 
of the gold and the platinum. 
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28. The sum of the digits in a number of two figures is 14. 
If the number of tens is increased by 4, and the number of 
units decreased by 4, the digits will be interchanged. Find the 
number. 

Let X = the tens' digit, 

and y = the units' digit. 

Then the number is lOx + y, just as 35 means 3 tens + 6, or 10 x 3 + 6. 
Likewise, the number with the digits interchanged is 10 y + x, just as 
35 becomes 53 when the digits are interchanged. 

Then x + y = 14, (1) 

and 10{x+4) + (y-4) = 10y + x. (2) 

Simplifying, x — y = — 4. 

Solving, X = 6, y = 9. 

Therefore the number is 59. 

If desired, we may let t = the number of tens, and u = the number 
of units. 

29. The sum of the digits in a number of two figures is 6 
and their difference is 4. What is the number ? (Two answers.) 

30. The sum of the digits in a number of two figures is 9. 
The number of units is half the number of tens. Find the 
number. 

31. The sum of the digits in a number of two figures is 7. 
If 27 is subtracted from the number, the digits will be inter- 
changed. Find the number. 

32. The sum of the digits in a number of two figures is 12. 
The number of units is three times the number of tens. Find 
the number. 

33. If a number of two digits is increased by 3, and the 
result divided by the sum of the digits of the number, the 
quotient is 4. If the number is divided by the number of its 
tens, the quotient is 12^. Find the number. 

34. The sum of the digits in a number of two figures is 8. 
If the number is .divided by the sum of the digits, the quotient 

is 4.375, Find the number. 



-*t^« 
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35. Twenty-seven coins, dollars and quarters, amount to 
$19.50. How many are there of each kind? 

Let d = the number of dollars, 

and q = the number of quarters. 

Then d + 9 = 27, 

and d + ? = 19.60. 

4 

Explain the second equation and solve. 

36. A man distributed $5.25 in the form of dimes and 
quarters among thirty boys, each boy receiving one coin. How 
many boys received dimes ? How many received quarters ? 

37. A man distributed $3.50 in the form of dimes and nickels 
among fifty children, each child receiving one coin. How many 
received dimes ? How many received nickels ? 

38. The admission to an entertainment was 500 for adults and 
25^ for children. The proceeds from 125 tickets were $51.25. 
How many adults were admitted ? How many children ? 

39. A school gave an entertainment at which the tickets 
to pupils were • sold at 400 each, and to others at 500 each. 
There were 245 tickets sold and the receipts were $108.50. 
How many of each kind were sold ? 

40. A grocer has in his cash drawer 106 bills, some one- 
dollar and the rest two-dollar bills. The total amount is $138. 
How many has he of each ? 

41. A receiving teller at a bank took in 515 bills, some five- 
dollar and the rest two-dollar bills. The total amount was 
$2155. How many of each did he receive? 

42. A paymaster at a shop has 210 silver pieces, some 
quarters and the rest half dollars. The total amount is $75. 
How many has he of each ? 

43. A dealer has 19 pieces of iron pipe, some 12 ft. long 
and the rest 6 ft. The total length of the pipe is 168 ft. How 
many pieces has he of each ? 
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44. In running a quarter-mile race A gives B a start of 
32 yd. and beats him by 1 sec. In a second trial A gives B a 
start of 6 sec. and is beaten by 8.8 yd. Find the rate of each. 

Let a = A's rate in yards per second, 

and b = B^s rate in yards per second. 

Since J mi. = 440 yd., 

440 
therefore — = number of seconds A takes for I mi. 

a * 

Since B has a start of 32 yd., he runs 408 yd. the first trial ; 

and = number of seconds B was running. 

b 

But B took 1 sec. longer than A, 

440 

therefore H 1 = number of seconds B was running. 

a 

440 , 408 
a b 

In the second trial A has run (440 — 8.8) yd., or 431.2 yd., when B 
hits the tape. ^^^ ^^ ^ 

•'• -r = + ^• 

a 

Solving, a = 8.8, 6 = 8. 

Therefore A runs 8.8 yd. a second, and B runs 8 yd. a second. 

45. In running a half-mile race A gives B a start of 56 yd. 
and beats him by 3 sec. In a second trial A gives B a start 
of 30 sec. and is beaten by 88 yd. Find the rate of each per 
second. 

46. In running a half-mile race A beats B by 4.4 sec. In 
a second trial A gives B a start of 25 yd. and beats him 
by 2.5 yd. Find the rate of each per second, and the time 
required by each to run a mile. 

47. A and B run a mile race, A winning by 6 sec. In a 
second trial A gives B a start of 40 yd. and is beaten by half 
a second. Find the rate of each per second, and the time 
required by each to run a mile. 
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• 

176. Literal Simultaneous Equations. Although it is coming 

to be a custom to use initial letters for the unknown quantities 

in numerical equations, it is still common to employ the first 

letters of the alphabet for numbers supposed to be known, and 

the last letters for those supposed not to be known, in liteiul 

equations. 

Solve the equations 

ax-\'by = c^ (1) 

a'x + b'y = c'. (2) 

Here a and a' are entirely different, it being convenient to use similar 
forms as coefficients of the same letter x. 

Multiplying (1) by b% ab'x + bb'y = b'c. 
Multiplying (2) by 6, a'bx -^ bb'y = .bc\ 
Subtracting, (oft' — a'6) x = ft'c — bc\ 

Dividing by 06' - a'ft, , j. ^ 6'c - 6c' 

ab' — a'6 

It now remains to find the value of y. This may be done as in the 
case of X, or we may substitute the value of x in one of the given equa- 
tions. Substituting in (1), we have 

6'c-6c' . , 



06' - o'6 


p Vy ^^. 


Subtracting a , 

o6' — a'6 


6'c - 6c' 

62^ = c— o • 

06' - o'6 




o6'c — o'6c — o6'c + 06c' 




06' - o'6 




_ 6 (oui' — a'c) 




ab' - a'b 


Dividing by 6, 


ojc' — a'c 
v — 


" 06' - a'6 



We might have found y by noticing that if we interchanged x and y in 
the equations we had to interchange o and 6 and also o' and 6'. We 
may therefore write the result for y by making these changes in the 
value of X. 

The teacher should use his discretion as to the amount of checking to 
be required in the case of literal equations. While the only complete 
check is that of substitution in the ociginal equations, this is often so 
tedious that the teacher may prefer to tell whether the result is correct. 
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Exercise 124. Literal Simultaneous Equations 

Examples 1 to 6, oral — Examples 7 to 21, written 

1. Solve the equations : x -^ y = a^ x — y = h, 

2. Solve the equations : x -\- y = S a, x — y = a, 

3. Solve the equations : 2x -{- y = a, 2x — y = b. 

4. Solve the equations : 2x-^y = Sa, 2x — y = a. 

5. Solve the equations : a: -h y = 4 a, y = a. 

6. Solve the equations : x-{-y = 2a-i-byX — y = 2a — b. 

Solve the following equations: 

7. x + y = 15a'\-b li. ax -\- by = S ab 

X — y = 15a — b a^x + b^y z= a -\-b 

S, aM -{- y = m 15. ax + by = c 

bx — y = n bx -\- ay = d 

9. ax -{- by = k 16. ax — by = cd 

ex — dy = I bx — ay = ef 

10. ah^ -j- b^y =• (^ 17. abx -\- cdy = k 

p^x -^ q^y = 7^ pqx -f- mny = I 

^ ^ a^^b^ x — yb — c 

4 ab X ■\- e __ a-\-b 

^-y^^'^ZTi^ y-^b^a + c 

12.^±i^ = ^ 19.^ + ^ = 3 

x-^y — 1 x — ly + 1 



X 



y±l__ x + 1 y — 1 _ 



= n 



x — y — 1 x-1 y + 1 



= 3 



^^ x — a-\-c b «rt x + a a + b-\-c 

13. r = - »"• ,7 — 7 , 

y — a-\-b c y + o a — b -{■ c 

x + c — a c x — a a + b — c 

y + a — b b y — 1> a — b + c 

21. (a + b -\- c-{- d)x +{a — ft + c + d)y^a-\-.b — c + d 
(a — b — c -{■ d)x — (a — ft + <? + ^)y = a ^ b -{- c + d 



r 
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177. Special Forms of Fractional Equations. In the case of 
simultaneous fractional equations it is often advisable to elimi- 
nate without clearing of fractions. 

Solve the equations 

(1) 

(2) 



A 


X y 




21 2 

— = 2 
X y 


Multiplying (2) by 2, 


42 . 4 _ 

X y 


Adding (1), 


'' =5. 

X 



Multiplying by x and dividing by 6, 

9 = X. 

3 4 

Substituting 9 for x in (1), - + - = 1, 

4 2 

or - = - . 

y 3 

Solving for y, y = 6. 



Exercise 125. Fractional Simultaneous Equations 

Examples 1 to 4, oral — Examples 5 to 19, written 

1. When - -f - = 4, and = 2, what, is the value of — ? 

X y X y X 

of - ? of a in terms of oj ? of a: in terms of a ? 

X 

2. When - -f - = 4, and h - = 2, what is the value of 

2h b "^ ^ ^ y 

— ? of-? of y? 

y y 

11 11 2 

3. When - + - = 6, and = 2, what is the value of - ? 

. X y X y X 

of - ? of ic ? How will you find the value oi y? 

X 

4. When - -\- - = a, and = b, what is the value of - ? 

X y X y X 

of - ? How will you find the value of a; ? 
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Solve the following equations : 



5. 


5 + i = 3 

X y 




X y 


6. 


X y 




21 12 _ ^ 
X y 


7. 


M-« . 




l-'i-n 


8. 


2x y 




26 3_ 

2x y" 


9. 


i-&-"» 




i^l-^* 


10. 


43.2 6.2 4 
5 cc 5 ?/ 5 



12. 

• 


2x y 




- 1 1 
2x >"^ 


13. 


a . b 
a; 2/ 




a; 2^ 



14. \- — =zc 

ax by 



• 


1 1 _^ 
bx ay ■ 


15. 


ox ay 




^ , <'^ 2 , 72 

- -1- - a^ + 6^ 


16. 


a , b 

- + - = c 

a; y 




a' . />' , 
X y 


17. 


a -\- b a — b „ 

1 = a^ 



x y 

64.8 , 12.4 ^^ a-b a-b 

—z 1 — - — = J.D = a 

ox oy x y 

1 X oy a -{- X o -{- y 

29.4 6.3 ^ ^ . « ^ 

7x y a -\- X b-\- y 

19. 4(x-3) + fx + 7 + §y = ia; + 15 + Jy + 4x-12 

§(6a: + 15) + i.x + 3(3 + ^2/) = a; + 9 + 4x + ^(y + 9) + 10 
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178. Three Simultaneous Equations. If three simultaneous 
equations are given, involving, three unknown quantities, the 
quantities are eliminated by combining pairs of equations, as 
shown in the following solution. 

Solve the equations 

5x + 2^-4:Z = -S (1) 

Sx-Sy-\-5z = 12 (2) 

4a; + 52/ + 2« = 20 (3) 
We may eliminate z by combining (1) and (2), as follows : 

Multiplying (1) by 5, 26x + 10y -20z =- 16. (4) 

Multiplying (2) by 4, 12 x - 12 2^ + 20 2 = 48. (5) 

Adding, 37x - 2 y = 33. (6) 

We may eliminate z between (1) and (3), as follows : 

Multiplying (3) by 2, 8 x + 10 y + 4 z = 40. (7) 

Adding (1) and (7), 13x + 12y = 37. (8) 

We now have two equations, (6) and (8), involving x and y. We may 
now eliminate y as follows : 

Multiplying (6) by 6, 222 x - 1 2 y = 198. (9) 

Adding (8) and (9), 236 x = 235. 

.'. X = 1. 
Substituting in (8), 13 + 12 y = 37. 

Hence 12y = 24, 

and 2/ = 2. 

Substituting x = 1, y = 2, in (1), 5 + 4 — 4« = — 3. 
Solving for «, z = S. 

Therefore x = 1, y = 2, « = 3. 

Check. Substituting in (1), (2), and (3), we have 

6 + 4-12 =-3, 

3 - 6 + 16 = 12, 

4 + 10 + 6 = 20. 

In checking, it is usually sufficient to substitute in the equation which 
lias been used least in the solution. In this case the equation is (3). To 
be sure of the results, however, it is necessary to substitute in all three 
of the original equations. 
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Exercise 126. Three Simultaneous Equations 

Examples 1 to 4, oral — Examples 5 to 54, wiHtten 

1. In the system of equations 

X -h 2/ + « = 6 (1) 

x + y- z=:4. (2) 

x-y + z = 2 (3) 

eliminate y and z at the same time from (2) and (3). What is 
the value of x? 

2. Eliminate z from (l).and (2) and find the value of x -{-t/. 
Then substitute the value of x found in Ex. 1, and find the 
value of y. 

3. Substitute the values of x and y found in Exs. 1 and 2, 
and find the* value of z from (1). 

4. Check the values of x, y, and z found in Exs. 1-3, by 
substituting in (2). 

Solve ihefolhmng equations : 

5. ir-h3^ + « = 10 10. 3a; + 2y — 4« = 15 
x — y + z = 2 5aj — 3y + 2« = 60 
X -\- y — z = ^ 2x-\'4:y — Sz=4:5 

e. x + y + z = 7 11. a; - 3y + « = 10 

Sx + y — z = S ' 2x — 7y — 5z=—2 

2x-^4:y + z = 12 x-\-y — 2z = 5 

7. a; + y + «=13 12. 10a; -|- Sy - 9« = 10 
Sx'{-y-Sz=:5 • 12ajH-2y-16« = 15 
x-2y + 4z = 10 2x + 10y-25z = 

8. X + 2y 4- 3« = 41 IZ, x + y-\-?i = 14.6 
aj — 3y + 4« = 6 X — y -^ z = 3.4 
6a; 4- 6y-7« = 63 aj + y - « = 12.2 

9. 2aj-y4-« = 3 14. a; + 2y-« = 3.26 
X'\-2y + z = 12 3aj-y + » = 3 
4aj-3y + « = l x-fy-5z = 1.92 
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Solve the following equations: 

15. ic — y = 3 23. 

y — « = 5 



16. a:-fy = 2 

z + x = 12 

17. a: + y = 6 

z-^x = 7 

18. 2y4-« = 9 
«-2y=l 

aj + 2^ + « = l 

19. £c-|-3 = 6 — 4y 

ic + « = 3y 
8y — 4 = « 

20. aj + 2^ + « = 7.77 

3 a: + y — « = 6.51 
7aj-2y + 3«=- 11.49 



21. f + ^ + ^ 






z 
d 



= 1 



oca 



'*''• 6 ^3^ 4 

-+—4 ^ 



9 ' 15 ' 20 

5 + 2^ + A 
4^2^10 



= 36 



= 10 



= 43 



24. 



25. 



26. 



27. 



28. 



29. 



30. 



ax -\' by — cz =^ 2 ah 
by -^ cz — ax = 2bc 
cz + ax — by = 2a^ 

m 

3(^-l)=2(y-l) 
4(a; + y)=9«-4 
2y-9 = 7(5a;-3«) 

0.7 a;- 1.1 y + 0.2« = l 
a; - 0.3 y - 0.5 « = 1.5 
1.2x-0.1y-0.6« = 3.1 

(a + ^)a; -\-(a — ft)« = 2^»c 
(b 4- c)y 4- (a 4- ^)aj = 2 ao 
(a — b)z+lb 4- c)y = 2a^ 

ax — by + cz=:a^ 
ax -^by — cz = b^ 
— ax + by + cz = (^ 

ax + by -^ cz ^= a 
ax'-^ by ^ cz = b 
ax -\- cy •\' bz = c 

X y z 

2-3 + ^ = 14 

a; ?/ « 
a; y « 

aj y « 



5_6_ 
X y 
9 10 



= - 10.4 



- = 14.9 

X 
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31. A and B can do a piece of work in 3 da., B and C in 4 da., C 
and A in 5 da. How long will it take each to do the work ? 

Let a,b,c = the number of days required by A, B, C, respectively. 

Then- -,-,- = the parts they can do in 1 da., respectively. 
a c 

Then - + - = the part A and B together can do in 1 da. 
a 

But - = the part A and B together can do in 1 da. 

8 

Therefore _ + _ = _ . /1\ 

ah 3 ^ ' 

Similarly, + _ = (2) 

6 c 4 

111 
and - + - = -. (3) 

c a 5 
Adding and dividing by 2, 

1 1 1 47 

a be 120 

1_ 7 

c~120' 



Subtracting (1), 
Similarly, 
and 



1_ 23 
6~i20 
1 17 



a 120 
Solving, a= 7iiy, 6 = 6/3, c= 17|. 

Therefore it vrill take A 7j\ da., B 6/^ da., and C 17| da. 

32. A and B can do a piece of work in 7 da., B and C in 
6 da., C and A in 5 da. How long will it take each to do 
the work ? 

33. A cistern can be filled by two pipes, X and y, in 35 min., 
by X and Z in 42 min., and by Y and Z in 70 min. How long 
will it take X, Y, and Z to fill it ? How long will it take each ? 

34. A and B can build a wall in j> days, B and C in g' days, 
C and A in r days. How long will it take them working 
together to build the wall? 
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35. A and B can remove a pile of bricks in 2^ da., B and C 
in 4 da., C and A in 3 J da. How long will it take them work- 
ing together to remove the pile ? How long will it take each 
working alone ? 

36. Three villages, A, B, and C, are situated at the vertices 
of a triangle. The distance from A to B by way of C is 76 mi. ; 
from A to C by way of B, 79 mi. ; from B to C by way of A, 
81 mi. Find the direct distance from A to B ; from B to C ; 
from C to A. 

37. Three boys were playing marbles, when A remarked 
that if B gave him one of his marbles, B would have twice 
what A then had. C remarked that if B gave him three marbles, 
C would have twice what B then had. A theti remarked that 
if C gave him seven of his marbles, the number that A would 
have would lack three of being half as many as C would have 
left. How many marbles did each have ? 

38. A printing office furnishes 1000 cards, 2000 billheads, 
and 3000 letterheads for JlO.SO ; 2000 cards, 1000 billheads, 
and 2000 letterheads for $8.50; 1000 cards, 1000 bill- 
heads, and 2000 letterheads for $7. Find the cost of each 
per thousand. 

39. In an athletic meet the following was the final score of 
teams A, B, and C : 

^ 1st Places M Places 

A 5 3 

B 2 4 

C 2 2 

How many points did each place count ? 
The first equation is 5 x + 3 y + 2 z = 36. 

40. A cheese factory received 69,000 lb. of milk in June and 
July, 53,000 lb. in July and August, and 94,000 lb. in June, 
July, and August. How many pounds did it receive in each 
of the months ? 



3d Places 


Total No, of Points 


2 


36 


1 


23 


6 


22 



244 SIMULTANEOUS SIMPLE EQUATIONS 

41. The sum of the three digits of a number is 8. The digit 
in the units' place exceeds that in the tens' by 3, and if 396 is 
added to the number the order of the digits will be reversed. 
Find the number. 

Let A = the hundreds* digit, 

t = the tens* digit, 
and u = the units* digit. 

Then 100 A + 10 « + m = the number. 

But ^ + * + M = 8, (1) 

u - « = 3, (2) 

and 100;t + 10« + u + 396 = 100M + 10«+ A, (3) 

since the order of the digits is now reversed. 

From (1) and (2), ^ + 2 u = 11. 

From (8), 99 A - 09 u = -396, 

whence h—u = —4. 

Eliminating h, u = 5. 

From (2), i = M-3 = 5-3 = 2. 

From (1), * ;t = 8-«-u = 8-5-2=l. 
Therefore the digits are 1, 2, 6, and the number is 126. 

42. The sum of the three digits of a number is 12. The sum 
of the hundreds' and tens' digits is four more than the units' 
digit. The sum of the hundreds' and units' digits is four more 
than the tens' digit. Find the number. 

43. The sum of the three digits of a number is 9. The sum 
of the hundreds' and units' digits is 6, and if 198 is added to 
the number the order of the digits will be reversed. Find the 
number. 

44. The sum of the three digits of a number is 6. The sum 
of the hundreds' and tens' digits is 3, and the units' digit is 3 

■ 

more than the tens'" digit. Find the number. 

45. The sum pf the three digits of a number is 18. The 
value of the number is not changed if the order of the digits is 
reversed, and the sum of the hundreds' and units' digits equals 
the sum of the units' and tens' digits. Find the number. 
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46. In any triangle the sum of the three angles is 180**. In 
a certain triangle ABC the sum of angles A and jB is 130®, 
and the sum of angles B and C is 110^ Find the number of 
degrees in each of the three angles. 

47. In Ex. 46, if angle A is 30° larger than angle B, and 
angle B is 30® larger than angle C, find the angles. 

48. In a certain triangle ABC angle A is 100® larger than 
angle B and 110® larger than angle C. Find the number of 
degrees in each of the three angles. 

49. Of the three angles of a triangle, the sum of the second 
and third equals twice the first, and the difference between 
the second and first equals five times the third. Find the 
number of degrees in each of the three angles. 

50. The cost of repairs in a sawmill was -^^ of the total 
expenses for the month, and the total expenses were | of the 
gross earnings. The net proceeds for the month were $256 
Required the gross earnings and the running expenses. 

51. A food ration for a horse contains f as much oats as 
corn and J as much mineral-carrying food as other kinds of 
food. How much of each kind of food is there in 20 lb. of 
mixed feed ? 

52. Three postmen deliver mail on routes of different 
lengths. The first route is 1 mi. shorter than the second and 
1§ mi. shorter than the third. The average length of the routes 
is 4| mi. Find the length of each route. 

53. Three boys went fishing, and on their return they gave 
this problem : " We caught 19 fish in all, and one of us caught 
four more than either of the others. How many did each of 
us catch?" 

54. If X, y, and z are three numbers such that 3 a; = ?/ + 13.6, 
Sy=2z + 6.4, and twice the sum of the numbers, plus the 
second, plus twice the third is 67.8, what are the numbers ? 
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179. Four or More Simultaneous Equations. Four simulta- 
neous equations may be solved by eliminating one unknown 
quantity from one pair of equations, the same quantity from 
another pair, and so on until three equations involving three 
unknown quantities result, these being solved as usual. 

Thus we may eliminate some letter like z from the first and second 
equations, then from the first and third, then from the first and fourth. 
We then have three equations with three unknown quantities. 

Exercise 127. Four or More Simultaneous Equations 

Examples 1 and 2, oral — Examples 3 to 9, written 

1. In Ex. 3 which letter will you eliminate first ? Which 
equations will you use for this purpose ? Why ? 

2. Answer the same questions for Ex. 4^ for Ex. 5 ; for Ex. 6. 

Solve the following equation% : 

^. w-\-x-\'y-\-z=^10 6. i^ + a? + ?/ = 6 

w-^x-\-y — z = 2 X -\-' y -\- z =^ ^ 

w-\-x — y-{-z = 4: y -^ z -^ 2V = 6 

w — X -\- y -\' z = ^ ;$j-f-t^;-f-ic = 6 

4. i^;4-x + y + « = 18 7, w + 2x + Sy = 12 
w — 2x-{-y -{'2z = 12 w + 4^x — 3y = 14: 
w-\-3x — 2y — z=—l w-{-Sx + y = 14: 
4:W — X + Sy — 5z =—7 x -\- y + z = 9 

5. w-\-2x-\-Sy-\-4:Z = S B, u-{-v + x = 7 
2w-^Sx-^4y-\-5z = S 2v +2x-\-2y = S 
6w-\'7x-Sy-h9z = S5 Sx -^ Sy + Su = 24 
64w; + 16ic + 4y4-« = — 54 42/-f-4w-}-4i; = 28 

9. A number consists of four digits. The sum of the hun- 
dreds', tens', and units' digits is 9; of the hundreds', tens', 
and thousands' digits, 6; of the tens', units', and thousands' 
digits, 8; of the units', thousands', and hundreds' digits, 7.. 
What is the number? 
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Exercise 128. Miscellaneous Problems 

Examples 1 to 6, oral — Examples 7 to S2, written 

1. In a certain number the sum of the un\ts' and tens' 
digits is 6, and the tens' digit, is half the units' digit. State 
the equations. 

2. The sum of two numbers is 10 and their difference is 6. 
State the equations. 

3. Twice the first of two numbers added to the second 
equals 9. Twice the second added to the first equals 6. State 
the equations. 

4. If a man can do a piece of work in d days, what part of 
the work can he do in one day ? 

5. How will you represent a general number of two digits ? 
of tliree digits ? 

6. If A can do a piece of work in a days, and B can do it in 
h days, what part of the work can they do in one day, working 
together ? 

7. A pupil in the arithmetic class was told to add 3 to a 
certain number and divide the sum by 2. Misunderstanding 
the problem he subtracted 2 from the number and multiplied 
by 3, and yet he obtained the correct result. What was the 
number ? 

8. A pupil was told to add a to a certain number and divide 
the sum by h. Misunderstanding the problem he subtracted b 
from the number and multiplied by a, and yet he obtained 
the correct result. What was the number ? Evaluate the result 
for a = 3, 6 = 2 ; also for a = 3, ^ = 1. 

9. Two trains go from A to B over different roads, one of 
which is 15 mi. longer than the other. The train on the shorter 
route takes 6 hr., and the one on the longer route, traveling 
10 mi. less per hour, takes 8 hr. 30 min. Find the length of 
each route 
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10. A boy riding a bicycle at the rate of 9 mi. an hour is 
sent to overtake a boy who is riding horseback at the rate of 
6 mi. an hour and who had 4 mi. the start. How long will it 
take the secoqd boy to overtake the first ? 

11. The cost of publication of each copy of a certain illus- 
trated magazine is 6}^. It. sells to dealers for 6^, and the 
amount received for advertising is 10% of the amount received 
for all the magazines in excess of 10,000. Find the least num- 
ber of magazines that can be issued without loss. 

12. A man bought 10 cows and 50 sheep for $760. He sold 
the cows at a profit of 10%, and the sheep at a profit of 30%, 
receiving in all $875. Find the average cost of the cows and 
the average cost of the sheep. 

13. A number of boys purchase a camp. If there had been 
two more in the company, each would have paid $12 less ; 
and if there had been three less, each would have paid $24 
more. How many boys were there and how much did each 
of them pay ? 

14. A boat's crew can row 15 mi. an hour downstream. The 
crew can row a certain distance in still water in 15 min., and 

'requires 20 min. to' row the same distance upstream. Find the 
rate of the stream and the rate of rowing in still water. 

15. The perimeter of a rectangle is 60 ft. If the length is 
increased by 3 ft. and the width is decreased by 3 ft., the area 
is decreased by 21 sq. ft. Find the dimensions. 

16. The length of a rectangle is twice its width. If the 
length and width are both increased by 1 in., the area is 
increased by 31 sq. in. Find the dimensions. 

. 17. If the length of a rectangular rug is increased by 5 ft. 
and the width is decreased by 2 ft., the area is increased by 
10 sq. ft. If the length is increased by 2 ft. and the width is 
decreased by 5 ft., the area is decreased by 65 sq. ft. Find the 
dimensions of the rug. 
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18. In the equation B = xA -{- y, it is known that when 
B = 1S the value of A is 8, and when B = 46 the value of 
A is 16. Find the values of x and y, 

19. In the equation F= aB -{- c, it is known that when 
F=110 the value of B is 8, and when F= 210 the value of B 
is 16. Find the values of a and c. 

20. In the equation R = aE + b, it is known that when 
Ji = 40 the value of E is 10, and when R = 220 the value of 
E is 60. Find the values of a and b. 

21. Of two squares of carpet, the perimeter of one is 44 ft. 
more than that of the other, and the area of the one is 
187 sq. ft. more than the area of the other. Find the side 
of each. 

22. Two pictures are framed in the same manner. The first 
is 1 ft. 6 in. by 2 ft., and the second is 2 ft. by 2 ft. 6 in. The 
frame, glass, and labor for the first cost ^1.50, of which 36^ 
was for labor and the extra molding for the corners ; and that 
for the second cost f 2.10, of which 420 was for labor and the 
corners. What is the price of the glass per square foot, and 
the price of the frame per linear foot ? 

23. The dimensions of a rug are such that if the length were 
1 J ft. less, the rug would be a square ; but if the width were 
6 J in. less, the length would be double the width. Find the 
dimensions. 

24. A lady paid 760 for some sugar and tea. The sugar cost 
60 a pound and the tea 800 a pound. The sugar weighed 
twelve times as much as the tea. How many pounds of each 
did she buy ? 

25. A lady bought 12 lb. of sugar, 2 lb. of tea, and 5 doz. 
eggs, paying $3.74 for all. The tea cost ten times as much per 
pound as the sugar. If the tea had cost 100 less per pound she 
could have bought 2 doz. eggs for the cost of 1 lb. of tea. Find 
the price of the sugar and tea per pound, and of the eggs per 
dozen. 
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26. In any quadrilateral the sum of the four angles equals 
360°. There is a quadrilateral with angles A, B, C, and 2>, such 
that A+B + C = 280^ B+C + D= 280^ and C + i> = 190^. 
Find the size of each angle. 

27. In this figure the following equalities are known : 
PA = PB, QB = QC, RC = RD, SA = SD, It 
is further known that PS = 9, PQ = 8, QR = 5, 
and PA = SA + 1. Find the lengths of SA, AP, 
PB, BQ, QC, CR, RD, DS. 

28. A box contains a mixture of 6 qt. of 
oats and 9 qt. of corn, and another box contains a mixture 
of 6 qt. of oats and 2 qt. of corn. How many quarts must 
be taken from each box to have a mixture of 7 qt., half of 
which will be oats and half corn ? 

29. In this square M, P, and N are so taken 
that BM = J MC, and CP = PD. The perim- 
eter of the square is 40. Find the lengths of 
BM, MC, and CP, 

30. In this triangle AC = BC and AP = QB 
= RC=CS, It is also given that AQ = S^, 
BC = S, and the perimeter of the triangle is 
lOj. Find the lengths of AP, PQ, and BR. 

31. A person has |18,375 to invest. He can buy 3% bonds 
at 75 (a $100 bond that pays 3% interest being purchased by 
him for $75), and 5% bonds at 120. How much of his money 
must he invest in each kind of bond to have the same income 
from each investment ? 

32. The formula for the area of a trapezoid is a = J A (^ + ^'), 
where h is the height and b and b' are the bases. It is known 
that a certain trapezoid with a height of 10 in. has an area of 
140 sq. in., and that the upper base of the trapezoid is 4 in. 
shorter than the lower base. Find the length of each base of 
the trapezoid. 
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180. Discussion of a Problem. When the result of a problem 
is expressed in letters as a general formula, the interpretation 
of the result is called a discussion of the problem. 

An express train and a freight train are traveling along par- 
allel tracks in the same direction. The express travels e miles 
an hour and the freight / miles an hour. At noon the freight 
is d miles in advance of the express. When will the express 
pass the freight ? 

If the express passes the freight x hours after noon, it will 
have traveled ex miles, while the freight will have traveled 
fie miles. And since the express must gain d miles, we have 

ex =fx -j- d; 
whence x = ;^' 

1. Suppose e is greater f^an / (expressed thus: e >/). 

Then the denominator is positive and x is positive. This is 
as it should be, since the express is then traveling faster than 
the freight and will overtake it after noon. 

2. Suppose e is Zess /Aa/i / (expressed thus : e </). 

Then x is negative. This is as it should be, since the ex- 
press is traveling slower than the freight. Therefore if the 
trains were together at any time it was before noon. 

3. Suppose e =f 

Then aJ = Tv > an expression excluded by § 74. This fraction 
may, however, be regarded as a symbol of infinity (oo), and 
written t: = <»• For if the trains are d miles apart and are 
traveling at the same rate, they can never be together. 

4. Suppose e = /, and d=^ 0. 

Then cc = J. But if the trains are traveling at the same rate 
and are no distance apart, they are always together. Therefore 
{ is to-be regarded as a symbol of indetermination. 
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Exercise 129. Discussion of Problems 

Examples 1 to S, oral — Examples 4 to 11, toritten 

1. If a; = y and b > c, is x positive or is it negative ? 

2. In Ex. 1 suppose b <c; suppose b = c, 

3. In Ex. 1 what interpretation is to be given to the result 
when a = and b = e? 

4. A train traveling r miles an hour is t hours ahead of a 
second train that travels r' miles an hour. In how many hours 
will the second train overtake the first ? Discuss the problem 
when r > r' ; when r = r' ; when r < r\ 

5. In the figure here shown, the area of the outer circle is 
Trrf and that of the inner circle is irr}. Hence the area of the 
shaded ring is given by the formula a = 7r (r^ — r^) 
= 7r(r^-\- r^) (r^ — r^. Discuss the problem when 
/•j > r^ ; when r^ = r^. 

6. If a is divided by ^ — c, the result is q. Dis- 
cuss the nature of q when b> c; when b <c; when b = c; 
when a = and 6 = c ; when a = and b > c or b < c, 

7. Two boys live d miles apart. They start from their re- 
spective homes at the same time and walk toward each other, 
one at the rate of a miles an hour, and the other at the rate 
of b miles an hour. In how many hours after starting will 
they meet ? Discuss the problem when d = a = b; when d = a 

and b = 0: when d = 0, 

a^ — b^ 

8.. Discuss the formula a — b = r- when a>b: when 

» 1 , a 4- b 

a<b: When a = b. 

j^ Y 

9. Discuss the formula P = -- — — when X> Y>Z; when 
X< Y<Z I when X = Y=Z. " 

10. Discuss the formula of Ex. 9 when X = Y and y > Z ; 
when X> Y and Y = Z. 

11. Discuss the formula of Ex. 9 when X < Fand.y > Z; 
when X=Y and Y < Z. 
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181. Location of Points on a Map. Points are located on a 
map by means of latitude and longitude. Latitude is stated in 
degrees north or south of the equator, longitude in degrees east 
or west of the prime meridian through Greenwich, England. 

Thus to the nearest degree, the position of New York is 41^ N. (that 
is, the latitude is 41° north of the equator) and 74° W. (that is, the longi- 
tude is 74° west of Greenwich). Similarly, the position of Chicago is 
42° N. and 88° W. ; of San Francisco, 38° N. and 122° W. ; and of Paris, 
40° N. and 2° E. 

182. Location of Points on Paper. In a similar way we may 
locate points on paper. We may take two lines, one vertical 
and the other horizontal, and measure distances to the right 
and left of the one, and up and down from the other. 

In this figure, Pj is 8 units tfi the right of the vertical line YY' and 
S units above the horizontal line XX'] P^ is 4 units to the left of 
YY' and 2 units above XX'; Pj is 
2 units to the left and 2 units below ; 
%nd P4 is 6 units to the right and 1 
unit above. 

In the same way we may locate a 
chair on the floor with reference to 
the east and north wall, a spring in 
a field with . reference to two fences 
meeting at right angles, or a point on 
the blackboard with reference to two 
lines perpendicular to each other. 

Some of this work of locating points, given their distances from two 
lines intersecting at right angles, has already been done in connection 
with the study of the negative number (p. 33). 
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183. Axes. The two lines at right angles to each other, from 
which distances are measured in locating a point, are called cuxes. 

The horizontal axis is called the ax\» of x and is lettered X'X^ as in 
the figure at the right. The vertical axis is called 
the axis of y and is lettered YY\ „ ^ 

n 

184. Origin. The intersection of the -^ 



two axes is called the origin, m 

The origin is usually lettered O, as in this figure. 



D 

IV 



185. Quadrants. All that part of the plane above the axis of 
X and to the right of the axis of y is called the first quadrant; 
that above the axis of x and to the left of the axis of y, the 
second quadrant; that below the axis of x and to the left of 
the axis of y, the third quadrant; and that below the axis of x 
and to the right of the axis of y, the fourth quadrant 

186. Signs. Distances to the right of the axis of y or above 
the axis of x are considered positive; those to the left of the 
axis of y or below the axis of x are considered negative. 

Thus we consider temperatures below zero sus negative. Similarly, 
we might consider north latitude as positive and south latitude as nega- 
tive, and east longitude as positive and west longitude as negative. 
Whatever direction is considered positive, the opposite direction is con- 
sidered negative. 

187. Designation of Points. In locating a point it is ciifitomary 
to state first the distance to the right or left of the vertical 
axis, parallel to the axis of a;, and then the distance up or 
down from the horizontal axis, parallel to the axis of y. 

Thus the point 2, 3 is in the first quadrant, 2 units to the right of the 
axis of V and 3 units above the axis of x. 

Similarly, — 4, 5 is in the second quadrant, 4 units to the left of the 
axis of y and 5 units above the axis of x, 

A point — a, — & is evidently in the third quadrant, a units to the left 
of the axis of y and h units below the axis of x. A point a, — 6 is in the 
fourth quadrant, a units to the right of the axis of y and h units below 
the axis of x. 
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188. Coordiiiates. The distances of a point to the right or left 
of the axis of y, and above or below the axis of x, are called the 
coordinates of the point. 

Thus the point P is in the first quad- 
rant. It is designated as the poi nt (4, 8) , 
and its coordinates are 4 and 3. A point 
(— 4, 3) would be represented in the 
second quadrant, and so on. 
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189. Abscissa. The distance of 
a point from the vertical axis, 
measured on or parallel to the 
axis of Xy is called the abscissa of the point. 

Thus the abscissa of P is 4. 

The abscissa of a point in the second quadrant is negative. The abscissa 
of a point in the third quadrant is also negative. The abscissa 6f a point 
in the fourth quadrant is positive. 

190. Ordinate. The distance of a point from the horizontal 
axis, measured on or parallel to the axis of y, is called the 
ordinate of the point. 

The ordinate of P is 3. 

The ordinate of a point in the first or second quadrant is positive. The 
ordinate of a point in the third or fourth quadrant is negative. 

191. Plotting a Point. The representing of a point by means 
of its co5rdinates is called the plotting of the point. 

To plot the point (— 2, — 3), take the abscissa — 2 and draw its ordi- 
nate — 3. The point is, therefore, in the third quadrant. 

192. Coordinate Paper. Paper ruled in squares for convenience 
in plotting points is called coordinate paper. 

Coordinate paper will be found of use in the representation of equa- 
tions and in drawing many of the figures used in geometry. 

Such paper can be purchased at stationers. It is also easily made by 
the student. Points may be plotted by the aid of a ruler without the use 
of coordinate paper. 

Coordinate paper is also knovm as croaa-nUed paper, croas-aection paper^ 
or squared paper. 
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Ezerdae 130. Plotting Points 

Examples 1 to 6, oral — Examples 7 to 16, written 

1. In what quadrant is the point (2, 6) ? 

2. In what quadrants are the points (— 2, — 6) and (4, — 2) ? 

3. Where is the point (0, 0) ? (6, 0) ? (0, 5) ? (- 6, 0) ? 

4. What is the distance from (4, 0) to (- 4, 0) ? 

5. In what quadrant is (2, 7) ? (- 2, 7) ? (2, - 7) ? 

6. What is the distance from (4, 3) to (— 4, 3) ? from 
(4, 3) to (4, - 3) ? from (0, 0) to (0, 7) ? from (- 2, 5) to 
(-2,-5)? 

7. Plot the points (1, 3), (7, 6), (6, 2), (9, 1), (1, 9), (5^ 5). 

8. Plot the points (- 2, 3), (- 4, 6), (- 6, 4), (- 5, 2). 

9. Plot the points (- 2, - 3), (- 4, - 6), (- 5, - 2), 
(- 6, - 9), (- 7, - 7). 

10. Plot the points (2, - 3), (3, - 2), (4, - 6), (6, - 4), 
(7, - 7), (- 7, 9), (0, - 4), (li, 2i), (- 0.5, - 3). 

11. Plot the points (4, 4), (2, 1), (4, 1), (2, 4), (- 4, - 4), 
(-2,-1), (-4,-1), (-2, -4). 

12. Plot the points (3, 5), (2, 3), (1, 5), (2, 6), (5, 3), (2, 0), 
(- 3, - 5), (- 2, - 3), (- 1, - 5). 

13. Plot the points (1, 4), (4, 5), (4, - 4), (1, 1), (1, -:. 1), 
(1, 3), (- 4, - 5), (- 1, - 1), (- 1, 4), (0, 4). 

14. What letter is formed by joining (1, 1) and (1, 4), (1, 4) 
and (3, 1), (3, 1) and (5, 4), (5, 4) and (5, 1) ? 

15. Join in succession the points (0, 4), (1, 1), (2, 3), (3, 1), 
and (4, 4). What letter is formed ? 

16. Join (0, 0) and (3, 5), (3, 5) and (6, 0), (1.2, 2) and (4.8, 2), 
(7, 0) and (12, 5), (7, 5) and (12, 0), (13, 0) and (13, 5), (18, 4) 
and (17, 5), (17, 5) and (15, 5), (15, 5) and (14, 4), (14, 4) and 
(14, 3), (14, 3) and (18, 2), (18, 2) and (18, 1), (18, 1) and (17, 0), 
(17, 0) and (15, 0), (16; 0) and (14, 1). What word is spelled 
by these lines ? 
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193. Plotting an Equation. Not only is it possible to plot a 
point, but it is also possible to plot an equation. For ex- 
ample, consider the equation 3 a? -h 4 y = 7. 

Solving for y we have 

y = — That IS, y IS a 

function of x (§ 46). 

Evidently for any value 
that we may give to x we 
may find a corresponding 
value of y. 

Thus if 

^ 7-3x1 , 
x = l, 2/ = J = 1. 

We may now plot the point (1, 1) and we have one point that lies on 
the line. This is represented by B on the diagram. 
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Let X = 
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Then y = 


1| 
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-2 


-n 
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We might also take fractional values of x and find corresponding 
values of y and corresponding points. All such points would be found 
to lie on a straight line, as shown in the diagram. 

194. Equation of the First Degree. An equation of the first 
degree in two unknown quantities represents a straight line. 

195. Graph. The line representing an equation is called the 
graph of the equation. 

To plot, or graph, an equation means to draw the graph of the equation. 
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Exercise 131. Graphs of Equations 

Examples 1 to 3, oral — Examples 4 to 22, written 

1. In the equation y = 4 — x, find the value of y when 
X = 1; when x = 2] when x = 4 ; when a; = 7 ; when aj = ; 
when aj = — 4. 

2. In the equation x = y — b, find the value of x when 
y = ; when y = 1 ; when y = 4 ; when y = 5; when y = 10 ; 
when y = — 3. 

3. In the equation x — y = 7, what does x equal when 
y = 7 ? What does y equal when x = 7? 

4. Make a table like that on page 257, giving values of y 
for fourteen values of x, in the equation 5x — 2y = 7, 

6. Make a similar table for the equation 3 oj — 4 y = 9. 

6. Make a similar table for the equation 2x = Sy. 

7. Plot the equation given in Ex. 4. 

8. Plot the equation given in Ex. 5. 

9. Plot the equation given in Ex. 6. 

Plot the following equations^ fixing three points in each : 

10. aj + 2y = 5. 15. 7a; = 8y. 

11. a; — 2y = 5. 16. 8aj = 7y. 

12. 3 a; + 4 y = 7. 17. a; = y. 

13. 3a;-4y = 7. 18. 2.7 a; + 12 y = 3.9. 

14. 5a; + 7y = 12. 19. 4.1 a; - 2.3 y = 1.9. 

20. Plot the equation of which the graph cuts the axis of x 
at 5 and the axis of y at 3. 

21. Plot the equation of which the graph passes through 
the points (0, 0) and (5, 5). At what angle does it seem to 
cut the axis of a: ? 

22. Plot the equation of which the graph passes through 
the points (0, 0) and (— 5, 5). At what angle does it seem to 
cut the axis of y ? 
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196. Linear Equations. Because an equation of the first 
degree involving two unknown quantities has for its graph 
a straight line, all equations of the first degree are known as 
linear equations. 

197. Variable. A quantity that, under the conditions of a 
problem, may take different values is called a variable. 

In the equation y = 4 x — 2 we may give to x various values and from 
these we may find corresponding values for y. This equation has there- 
fore two variables, x and y. 

198. Constant. A quantity that, under the conditions of a 
problem, has a fixed value is called a constant 

Variables are usually represented by the last letters of the alphabet, 
and constants by the first letters of the alphabet or by numerals. 

199. Special Directions. Since two points exactly fix the posi- 
tion of a straight line, we need fix only two points in plotting a 
linear equation involving two variables. If we let y = we have 
for the value of x the distance to the point where the graph 
cuts the axis of x. If we let a; = we have for the value of y 
the distance to the point where the graph cuts the axis of y. 

In the equation 

3«-62/ = 15, 
if x = 0, y=:-8, 

and if y = 0, « = 5. 

Here (0, — 3) is the point Pj, 

and (5, 0) is the point P^. 

Therefore the required graph is P1P2. 
Any other two points may be taken 
to' fix the line. 

The equation a; = 5 is equivalent to a; + • y = 5, and hence, 
whatever value y has, x always equals 5. The graph is there- 
fore parallel to the axis of y, 5 units to the right of the axis. 

Similarly, the equation x = — 2 represents a line 2 units to the left of 
the axis of y, and parallel to it ; and y = 4 represents a line 4 units above 
the axis of 2, and parallel to it. 
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200. Two Linear Equations. Two linear equations involving 
two variables are represented by two straight lines. These 
lines can intersect in only one 
point. Therefore, in general, 

The. graphs of two linear equa- 
tions involving two variables have 
only one point in common ; 

Two linear equations involving 
two variables have only one pair 
of values of the variables in 
common. 

Thus the graphs of x + j/ = 5 and x — y = 3 intersect at P. The 
coordinates of. P are 4 and 1. Hence x = 4, y = 1. 

There are an infinite number of points on each graph, but there is 
only one point on both graphs. Similarly, ther6 are an infinite number 
of values of x and y that will satisfy each equation, but there is only 
one value that will satisfy both equations. 

201. Inconsistent Equations. If we plot the equations 
X — 2y = A: and 3 x — 6 3/ = 5, we shall have two parallel 
lines. Such lines have no point in 

common. Considering the equations 
we see that the second one reduces to 
x — 2y = l^. The equations are there- 
fore inconsistent^ since x — 2y cannot 
equal both 4 and 1|. 

202. Equivalent Equations. If we 

plot the equations 2 a; -f- 4 y = 5, and 

X -\' 2y = 2 J, we shall find that one graph coincides with 
the otheV. They have an infinite number of points in com- 
mon, and therefore an infinite number of values of x and 
y satisfy the equations, every pair of roots of either being 
a pair of roots of the other. The equations are therefore 
equivalent. 
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Exercise 132. Graphs of Linear Equations 
Examples 1 to 4, oral — Examples 5 to 36, written 

1. What is the nature of the graph ofa5 = 2? of y = 2? 

2. What is the nature of the graph ofy = 4? ofy = — 4? 

3. State two points on the graph of a; + 4 y = 8. 

4. State two points through which the graph oix = 7/ passes. 

Plot the folhwing equations^ and solve hy measuring ths 
coordinates of the point of intersection of the graphs : 

5. a; + 4y=tll 9. a;-}-5y = 
2a; — y = 4 3aj + 9y = -6 

6. 2x + Sy^l9 10. 7« + 2^ = 14 
7ic-2y = 4 5aj-32^ = -21 

7. a; + 6y=:-3 11. 2a;-3y = 7 
2x-^y = 20 6ir-7y = 14 

8. 2a;-9y = 23 12. 6aj-3y = 15 
5a;4-y = -13 2a; + 7y = 46 

13. Show by graphs that the equations cc + 4 y = 6 and 
0.5 X + 2 y 3= 4 are inconsistent. 

14. Show by graphs that the equations 0.2 a; — 0.5 y = 6 and 
X — 2.5 1/ = 30 are indeterminate. 

15. Show by graphs that the three equations » + y » 6, 
2 a; — y = 0, and 5x -{-Sy = 22 have a common root. Find 
the root. 

16. Show by graphs that the three equations x + y ^ 5, 
2x — Sy=20, and Sx + y = 2 have no root common to all 
three. 

17. If aj + 5 y = 2.1, y equals what function ot x? x equals 
what function oi y? li 2 x — y = 2, y equals what function 
oi X? X equals what function ot y? 

18. Taking y =f(x) and y = F(x) as found in Ex. 17, plot 
these two equations, and solve by measuring the coordinates. 
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Plot thefoUowing eqtuMtianSj and determine what sets admit 
of solution and what do not: 

19. 3aj + 6y = 7 25. x + y = 9 
2aj — 4y = 6 a; — y = l 

20. 3aj + 6y = 7 26. x + 7y = 14 
2a; + 4y = 6 7x — y = 48 

21. 3aj + 6y = 7 . 27. 3a; + 8y = 12 
2x + 4y = 4| 4.5 aj + 12y = 16 

22. 3a;-6y = 7 2». 5aj-7y = 6 
2a; + 4y = 5 6x — 8.4y = 8 

23. 3a: — 6y = 7 29. 2aj — 5y = 3 
2a; — 4y = 5 5a; — 2y = 3 

24. 2a; + 7y = 27 30. 5aj + 12.8y = 35 
5a;-2y = 9 3|a:-4.8y = 22 

Determine by means of graphs whether one or more of the 
foUomng sets of equations have a root common to all three 
equations of the set: 

31. a; + 2y = 8 33. 4aj + y = 21 
y — a; = 1 4y-faj = 9 
4a; + y = 6 4a; + 4y = 12 

32. 5a; — y = 7 34. a; + y = 9 
x + 7 y = 2S a;— y = 5 
2a;-hy = 5 2a; + 3y = 20 

35. When we consider the graphs of two linear equations 
containing only x and y, how does it appear that such equa- 
tions are usually simultaneous? Draw the graphs of two 
equations to illustrate this fact. 

36. When we consider the graphs of three linear equations 
containing only x and y, how does it appear that such equa- 
tions are usually not simultaneous ? Draw the graphs of three 
equations to illustrate this fact. 



CHAPTER XVI 

POWERS AND ROOTS 

203. Power. The product of several equal factors is called 
a power of the factor. 

204. Laws of Exponents. The laws of exponents are these : 

1. Products : tf"a« = 0*"+ ". § 63 

2. Quotients : tf" -a- a" = a^- ". § 72 

3. Powers of products : (aft)*" = a^ft*^ 

For (a6)"» = ab* ab' ab'^m times 

= (aaa . . • to wi factors) (W* . . • to m factors) 

Conversely, ce^b^ = (a6)"». 

Similarly, {abc)^ = a'"6«c'», and so on for any number of factors. 



4. Powers of quotterUs : 


• 


For 


/a\"« aaa ^ . 
(-1 =-. •••torn f aci 

\b) b b b 




aaa • • • to m factors 




"" bbb'" torn factors 




6« 


Conversely, 


a« _ /a\"« 
6« " \6/ 



5. Powers of powers : (a^)" = tf"". 

For (a"*)" = (aaa ... to m factors)* 

= a^a^aJ^ ... to m factors, by Law 8 

;— ^n + n + n • • • to m terms \yj LaW 1 

268 




264 



POWERS AND ROOTS 



305. Law of Sign^. From the law of signs in multiplication 
(S 64) we have the following law : 

Even power 9 of a positive or a negative number are positive; 
odd powers have the same sign as the number itself. 

Thus (+3)2 = +9, (+a)2=+a2, (±o)*=+a*, 

and (-8)2 = 4-9, (-a)2=+a2, (±a)io=+aio. 

Likewise, (+ 2)* = + 8, (+ af = + a\ (+ a)« = + aS 

and (-2)»=-8, (-a)8=-a8, (-a)«=-a«. 



Exercise 133. Powers of Monomials 

Examples 1 to 6, oral — Examples 7 to S5, written 

1. State the product of a^ • a' ; of a* • a^ ; <5f x^ - x^ • x\ 

2. State the product.of a** • a' ; of a"* • a ; of a** • a^ • a*". 

3. State the quotient of a* -f- a^ ; of 3^ h- 3^ ; of a^ -s- a«. 

4. Express without the parentheses : (al^y ; (abcd)^ ; (xyzf. 

5. Express without the parentheses : (a^y ; (a*)^ ; (oC^y ; 

6. Express without the parentheses: (-j ; (-); ij-^Jy \1^)' 
Express the following without the parentheses : 



7. {ay. 


13. ( 


;- «^/. 


19. ( 


[a'^Jfy, 


25. ( 


[ab^c^d^y 


8. {ay. 


14. ( 


;- 2«)i 


20. ( 


>W)"». 


26. ( 


;4 a^'^cy 


9. (2«)2. 


15. ( 


;- <^r^ 


21. ( 


;- a%y. 


27. ( 


;- 2 a***)*. 


10. (3«)«. 


16. ( 


;- a*^^«)«. 


22. ( 


[- a'by. 


28. ( 


;- 3 a^«^^)«. 


11. (aV)^ 


17. ( 


;- a"'«>»)^ 


23. ( 


;__ a'^hy^ 


29. ( 


;- 2 a^5«)«. 


12. {a^hy\ 


18. ( 


;- arby. 


24. ( 


;_ «"»&»)'«. 


30. ( 


;- 2 xyy. 



31. Is 2 n even or odd ? Is 2 ti + 1 even or odd ? What is 
the sign of (- a)*"? of (- a)2» + V? 

Eocpress the following without the parentheses : 

»■©• -(-f:)' »(-^)'. «■(-?)""■• 
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2106. Binomial Theorem. By actual multiplication we have: 
(a-\-by = a^ + 2ab + b^, 
(a + by = a* 4- 3a% -f 3aft* + b*y 
(a + by = a* + 4a»6 + 6aV -^4:ab\+b\ 
(a + by = a* 4- 5a** + 10a»6^ + 10a%^ + 5ab^ + V. 

In these results it is seen that : 

1. The number of terms is greater by one than the exponent 
of the power to which the binomial is raised, 

2. In the first term the exponent of a is the same as the 
exponent of the power to which the, binomial is raised, and 
decreases by one in each succeeding term, 

3. Hie letter b appears in the second term, with an exponent 
1, and the exponent increases by one in each succeeding term,, 

4. The coefficient of the first term is 1, and the coefficient of 
the second term is the same as the exponent of the binomial, 

5. The coefficient of each term after the second is found from 
the preceding term by multiplying the coefficient of that term by 
the exponent of a and dividing the product by a number greater 
by one than the exponent of b. 

The above law is called the binomial theorem. 

If h is negative, the terms in which the odd powers of b ooeur are 
negative. Thus 

(a- 6)8 = a8 - Sa^b+^ab^ - 6*; 

(a-6)« = a« - Qa^b + ISa*^^ - 20a«6« + ISa^ft* - 6aJlfi + 6«. 

In ^ese cases it will be noticed that the terms are alternately positive 
and negative. 

The most important part of the Binomial Theorem is 5, and this 
should be mastered. The theorem is true for any positive integral ex- 
ponent. Other exponents are considered later in the student^s work in 
mathematics. 

A complete proof of the Binomial Theorem is not practicable at this 
point in our work. Enough has been shown, however, to convince us of 
the probable truth of the statements above made. A proof of the theorem 
\A glydn on page 378. 
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1. Raise 2ar — 3 to the second power. 
Since (a- 6)3 = a^- 2a6 + &«, 

therefore (2 x - 3)2 = (2 x)^ - 2 • (2 x) • 3 + 3« 

= 4x»-12x+9. 
Check, Let x = 1. 

Then (- 1)« = 1 = 4 - 12 + 9. 

2. Raise J x^ — § to the third power. 
Since (a -6)» = a« - Za^ + 3 aft^ _ 58^ 

therefore 

(fa5V-§)» = (Ja:V)»-3.(JxV)«-S + 3.(JxV)-(8)»-(J)» 

= A's^^V J|x*y«+ JxV- gV 
Check, Let x = 1, y = 1. 

Then (t-§)» = (-i^^)» = -iJ3VB» 



and yV3 - it + t - !?T = 12 5 - 5T 



37 _ 8 



"" 53V5' 



3. Raise 2 cc — y' to the fifth power. 
Since (a - 6)^ = a* - 5a*6 + lOa^fta _ lOa^fts + 6a6* - l^, 

therefore (2 x - y^Y = (2 ^f - 5 (2 x)*y2 + 10 (2 x) V - 10 (2 x) V 

+ 6(2x)y8-yW 
= 32x6- 80x*y2 + 80x8y* - 40 xV + 10xy« - y" 

Check, Let x = 1, y = 1. 

Then both members of the equation reduce to 1. 



Exercise 134. Powers of a Binomial 

Examples 1 to 8, oral — Examples 9 to 24, written 



1. 


(a 4- 1)'. 


9. 


(4.a-\-bby. 


17. (2 a 4- 1)*. 


2. 


(a -2)1 


10. 


(5a^-Sby, 


18. (2 m^ - ^ny. 


3. 


{a + 3)^ 


11. 


(3 a* -h 2)1 


19. (ii> + f qy. 


4. 


(a« - hy. 


12. 


(§^-32/)». 


20. (ix^-fy^*. 


5. 


{a - 1)«. 


13. 


(l^' + §2/)'. 


21. (a-3^)«. 


6. 


(a^ - 1)». 


14. 


a^'-i3/^'. 


22. (x + ^fy. 


7. 


(a» + 1)^. 


15. 


(0.1x^4- 0.2 y^)». 


23. (2x + fy. 


a. 


(a« - 1)^. 


16. 


(2.1 a:^ - 0.3 y^». 


24. (1.1 a; + 2.1 y)*. 
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207. Root. Any one of the equal factors whose product is 
a given number is called a root of the number. 

The term is already familiar from arithmetic and has therefore been 
used whenever necessary in the previous work (§ 7). 

The root is called a square root, cube root, fourth root, or rth root, 
according as it is one of two, three, four, or r equal factors. 

The word root is used in two different senses in algebra. The other use 
is to represent the value of the unknown quantity in an equation. Thus 
the square root of 26 is 5, and the root of the equation x — 7 = 23 is 30, 

206. Radical Sign. The common symbol for root (V^) is 
called the radical sign. 

Thus, -v^626 = 5, bec ause 6 25 = 5 • 6 • 5 • 5. In this case 4 is called the 
ivdez of the root. In Vo — 6, n is the index of the root. In the case of 
a square root, such as Vi, the index is not written. 

209. Imaginary Number. Since any even power of a posi- 
tive or a negative number is positive (§ 205), therefore an even 
root of a negative number cannot be positive and cannot be 
negative. 

We can merely indicate such roots thus : V— 1, V— 8, "s/— 2. Such 
numbers are treated later in our work. 

An indicated square root of a negative number is called an 
imaginary number, 

210. Real Number. A number that does not contain an im- 
aginary number is called a real number, 

A real number may be an integer (whole number) like 3 or — 7, a 
fraction like §, §, — |, or 0.7, a mixed number like \\ov — 2.76, or such 
a number as Vs or ir ; but 2 + 3 V^S is not a real number. 

211. Rational Number. An integer or the quotient of two 
integers is called a rational number. 

For example, 3, — 7, §, |, 1.25, and — 0.75 are rational numbers. 

212. Irrational Number. A real number that is not rational 
is called an irrational number. 

For example, V2 and Vj are both irrational. Similarly, numbers like 
— 2 Vs and §\^J are irrational. 



1 
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213. Signs of Roots. Since(4-2).(+2)=4, and (-2)(-2)=4, 
we see that 4 has two square roots, + 2 and — 2. For the same 
readon it is evident that 

Every positive number has two real square roots which have 
the same absolute values but have opposite signs. 

Similarly, every positive number has at least two real fourth roots, 
two real sixth roots, aud so on for any roots indicated by an even number. 

For example, 9 has two real square roots, + 8 and — 3 ; and 16 has 
two fourth roots, + 2 and — 2, since (+ 2)* = 16, and (— 2)* = 16. Im- 
aginary roots are discussed later. 

As a matter of fact every number has three cube roots, four fourth 
roots, five fifth roots, and so on. Some of these roots are imaginary, but 
we do not need to consider such roots at the present time. 

Fur thermore, since (-|- 2)* =+8, and (— 2)* =— 8, we see that 

"V+S = -f 2, and "v^— 8 = — 2. For the same reason it is 

evident that 

/ 
An odd root of a number has the same sign as the number 

itself. 

For example, because (— 2)^ =— 82, therefore V— 82 =—2, while 
\/+82=+2. 

214. Principal Root. The one real root of a number, if it 
has but one, or its real positive root, if it has two real roots, 
is called the principal root of the number. 

Thus the principal square root of 4 is + 2, although there is another 
root, — 2 ; and the principal cube root of — 27 is — 3, although it will 
later be shown that there are two imaginary roots. 

215. Radical Sign and Principal Root. It is to be understood 
in algebra that the radical sign indicates the principal root. 

Thus Vi = 2, and it is incorrect to write Vi = — 2, although 4 has 
two square roots. If we wish to indicate the negative root, we write 
— VS =—2, and if we wish to indicate both roots, we write ± V4= ±2. 

Therefore if we have to simplify VS + V9 + Vi6, we have 2+3+4=9, 
and not ± 2 ± 8 i 4, which has several possible values. 

Similarly, if we have the equation a;^ = 5 we should write x = ± Vs 
and not merely x = Vs. 
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216. Square Root of a Polynomial. If we square a + 5 the 
result is, as shown in § 91, a^ '\-2ab + b\ In extracting 
the square root of a^ -{- 2 ab -{- b'^ we reverse the process of 
squaring, thus : 

The given square = a^ -\-2ab + b* \a -{- b = Root 
The square of a = a^ 



Trial divisor = 2 a 

Complete divisor =2a +b 



2ab -j- b^ = First remainder 
2ab + b^ = b(2a+b) 



The first term of the root is evidently a, because the square of a is a^. 

Since in squaring a binomial we have the square of the first term plus 
twice the product of the first and second terms, etc., we have in 2 a6 twice 
the product of a and the second term. We therefore divide by 2 a to find 
the second term. Since 2 a6 -^ 2 a equals 6, b is the second term. 

In squaring a + & we have a^ + 6(2 a + 6). We therefore add 6 to 2 a, 
and multiply 2 a + 6 by 6, thus completing the square of a + 6. 

The names trial divisor and complete divisor are used as above shown, 
being convenient names brought into algebra from arithmetic. 

1. Find the square root of 9 a:^ — 30 a^ -\- 25 y*. 

The given square = 9a^-S0xf-\-25 y* \Sx-5y^ = Root 

The square of 3x= 9x^ 



Trial divisor =6x 
Complete divisor =6x—5y^ 



-30a:y2+25y* 
-S0xf-{-25y^ 



The student should compare this, step by step, with the example 

explained above, answering the following questions: 

How is the first ^rm of the root found ? 

Why is 60! taken as the divisor ? 

How is the second term found ? 

Why is— 6y2 added to 6z? 

Why is 6x — 6y2 multiplied by - 5 y2 ? 

2. Find the square root of 81 xY - 90 xy + 25. 

81 xY -90xy + 25 \9xy^5 
81a;Y 



ISxy 
ISxy — 5 



- 90 xy + 25 

- 90 a:j^ + 25 



This example is merely illustrative. In such a simple case we would 
ordinarily find the square root by inspection. 
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3. Find the square root of 4a;* — 12a;^y + 9y^H- 4a5V — 

4 aj* - 12 a;V + 9 jr* + 4 a;V - 6 2/«» + ««[2^_-3^J-_^ 
4a;* 



4ar» 
4:X^-Sy 


-12a;V + 9y2 
-12a;VH-9/ 


4a;»-6y 


+ «" 


4 a;^«* — 6 2/«* + «* 
4 a; V — 6 3/«* -h «* 



% 



The first term of the root is 2 x^. 

Subtracting the square of 2x2, which is 4x*, the remainder contains 
twice the first term times the second, plus the square of the second. 
Dividing by 4 x^^ which is twice 2 x^^ the second term is — 3 y. 

Proceeding as before and subtracting, we may consider the second 
remainder as twice the product of (2 x^ _ 3 y) times the next term, con- 
sidering the binomial 2x2 — 3 y as x\^q firgj term. 

Dividing by twice 2 x^ — 3 y, or by 4 x^ — 6 y, we find the next term 
to be «'. 

Proceeding as before and subtracting, there is no remainder. Hence 
the square root is 2x2 — 3y + 2^. 

We may check this result by squaring it, or we may let x = 2, y = 1, 
2 = 1 (or any other convenient values). Then we have 62 = 36. 

If the terms of the given polynomial are not arranged according to 
the asc^ding or descending powers of some letter, make this arrange- 
ment before beginning the work. 

217. Extracting the Square Root. Therefore, in extra>eting the 
square root of a polynomial, 

Arrange the terms according to the powers of some letter. 

Find the principal square root of the first term, and subtract 
its square from the polynomial. 

Divide the first term of the remainder by twice the first term 
of the root^ and write the quotient as the second term of the root 

Multiply the sum of twice the first term and the second 
term of the root by the second term^ thus completing the square 
of the sum of the first two terms^ and subtract this product. 

Consider what has now been found as the first part of the 
root^ and proceed as before. 
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Exercise 135. Square Root of a Polynomial 

Examples 1 to 8, oral — Examples 9 to ^0, written 

1. What is the square root of4a^ — 4a + l? 

2. What is the square root of 9 a* -|- 6 a* + 1 ? 

3. What are the two square roots of a%V — 4 a^c -|- 4 ? 

For both square roots, inclose the root in parentheses preceded by 
the ± sign. 

a 

Find the square roots of the follomng : 

4. x^-^x-^- 9. 6. 16m* -f 24mw -f 9nl 

5. a* - 4a5 + 4«»2. 7. aj* 4. 16ary -f 64 y*. 

8. It is known that a:*-f-2a^-f3aj* + 2a: + lis the square 
of a trinomial. Looking at the first term, state the first term of 
the square root of the polynomial. Looking at the last term 
of the polynomial, state the last term of the root. Dividing 
the second term of the polynomial by twice the first term of the 
root, state the second term of the root. What is the square 
root of the polynomial ? Check the result by written work. 

Find the square roots of the following : 

9. a*-2a«-f 3a*-2a + l. 

10. x*-f 2ic'-h5a;*-|-4x + 4. 

11. a*-2a»-f-5a*-4a4-4. 

12. x"" -{- 2xy + 1/ + 2x -{- 2y -{-1. 

13. a^ + 2xy + f-\-2xz + 2yz^ z\ 

14. X* - 6aj» 4- ITx* - 24a 4- 16. 

15. 9a;* - 12cc» + 34x2 - 20a; + 25. 

16. 4a;« - 12a;* - 7a;* + 44a;8 - Ux^ - 40a; + 26. 

17. 25x'' -SOa^y + dxY + lOxV - 6xy + y\ 

18. 29 a^b" + 16b^- 12 a^b - 46 a^V + 4 a* - 40 ah^ + 49aV. 

19. 16ar^-H8a;y-f 2/'+3a;« + 2i/«-f «'4-8a;-|-2y-f-2« + l. 

20. a;»4-8a;y + 16/-f-2a;« + 82/« + «^ + .2a; + 8y + 2« + l. 
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218. Square Root of a Polynomial containing Fractions. If a 
polynomial contains powers and reciprocals of the same letter, 
the order of arrangem'fent in descending powers of the letter 



is as follows : 



x^. a?. 7?. X, 1, ~> -5' ^> ~i» • • • 

X of of X* 



4 12 

Find the square root of a;^ -h 13 + 6x -f -5 H 

ar X 

Arrange according to the descending powers of x, and proceed as before. 

2 



12 4 
x2 + 6x + 13 + — + ^ 



a-* 



X 



aj + 3 + 



X 



2x 
2x + 3 



6X + 13 
6x+ 9 



2x+6 



2X + 6 + - 

X 



A 12 4 
X x^ 

4 + V-z 

X x* 



Exercise 136. Square Root of a Polynomial 

■ 

Examples 1 to 6, oral — Examples 7 to 28, written 
1. Find the square root ofa;^ + 2H--^; of4ar* + 4H--3 



X' 



9 

2. What are the two square roots of a;^ — 6 -f -2 ? 



X' 



XT 



Find the square roots of the following : 



.2 



'•f + T + '- 



x^ xy y* 

B 9 4Q 

4. l + - + ~- 7. 81a:»-126 + ^ 

X X* XT 

5. x^^2'-^~ 

y y 

9 f) 1 

9. 4a*-12a + 4 + -2--, + -4 

a a a 



8. 4a*4-20a2-3-^4-^ 



a 



10.4- 



* a%« . h"^ 



d^c"^ 



8^4 



^>»c 



3 "^ 9"^ 4 6 



+ 



16 



11. 13a:* + 13ic^4-4a:«-14aj«-|-4-4a:-12a;*. 
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Find the %quare roots of the following : 

12. 0.04 a* + 0.12 a« + 0.29 a^ + 0.3 a + 0.25. 
Since 0.2 x 0.2 = 0.04, therefore V0.04 = 0.2. 

13. 0.01 a« 4- 0.04 a* + 0.1a* + 0.2 a« + 0.25 a^ 4. 0.24a + 0.16 

^A ^ . 2aj^2aj^ 2^11 
y z yz y^ ^ 

11; o 2 12a^4^6a 4^1 
¥ c he <r 

.« o^ 4 . 9 . 4 . 30a2 20a2 12 
16. 25 a* + 75 + "1 + —7 1 r^- 

4;5!*"*"25x*'^5a:;sf bx" z^ '^ 

7? 4:xz 4:Z^ 6qx 9q^ 12qz 
y- ay a^ by ¥ ah 

19. xy Q ^8 "^ TTZt + "~9 oTii + 



2a;^y^ y" 4a;y« 4^* 4y» 
3a« "^9a«"^ a* 3a^'^ a}^ 



^^ 9ajy 15a;y . 203 35 a* . 49a^5« 
49 a%^ 28 ab ^ 192 36 xy ^ 81 ^y 

21. i;>*-ii>V+n' + JA* + A^'-J?'^*. 

22. J m* -f J m'n — /^ mV — J mn^ + ^ n\ 

23. 4 a« - 14 a^** + 25 ^>« - 7a*«>2 ^ ^2 a% + 40 a5^ - 44 dJ'V. 

24. 4j9« - 20y^ - 3y^2 + 9 ^6 _ 42^^6 + 19^^^* + 82^^'. 

25. a^ -f 2 a5 + 52 + 2 ac + 2 ^>c + c^ + 2a^ + 2^»t£ + 2c^ + c^. 

26. If the square root of a* + 8 a^ + 10 a^ — 24 a + 9 is 
(j^ '\-xa — y, what are the values of x and y ? 

27. If the square root of a^ + aja + 9 is a -\-y, what are 
the values of x and y? 

28. It is known that a;* + 6 a;« + 19 ar^ + 30 a; + 25 is an 
exact square of a trinomial. Without going through the com- 
plete process of extracting the square root, state the first term 
of the root; the last term of the root ; the second term of the 
root ; the entire root. Check the result. 
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219. Arithmetical Square Root. The first step in extracting 
the square root of a number is to separate the figures of the 
number into groups of two figures each, called periods. 

Since 1 = 1^, 100 = 10^, 10,000 = 100^, and so on, it is evident that 
the square root of any number between 1 and 100 lies between 1 and 
10; of any number between 100 and 10,000 lies between 10 and 100. 
In other words, the square root of any integral number expressed by 
one or tvoo figures is a number of one figure ; expressed by three or 
four figures is a number of tioo figures; and so on. 

Therefore if an integral number is separated into periods of two 
figures each, from the right to the left, the number of figures in the 
square root will be equal to the number of the periods of figures. The 
last period at the left may have two figures or one figure ; for example, 
22 00, tmd 7 80 04 81. 

1. Find the square root of 2209. 

We first recall that if i = tens and u = units, we have {t + u)^ = 
f« + 2tu + u2. 

Separating into periods, we see that there will be two integral places 
in the root. 

The first period, 22, contains t^. And since the greatest square in 
22 is 16, therefore Vi6, or 4, is the tens' figure of the 
22 .09 (47 root, or t. 

■« g Subtracting t^, the remainder contains 2 tu + u*. 

^pr — W~7Z^ Therefore if we divide hj 2t (that is, by 80, which is 

2x4 tens), we shall find approximately u, the units. 
^'^ ^ Q^ Dividing 600 by 80 (or 60 by 8), we have 7 as the 

units' figure. 
Since 2 <M + M« = (2 i + u) u, that is, 2 x 40 x 7 + 7^= (2 x 40 + 7) x 7, 
we add 7 to 80 and multiply the sum by 7. The product is 600, thus 
completing the square of 47. 

7 89 04 81 (2809 2. Find the square root of 7,890,481. 

^ When the third period, 04, is brought 

40 3 89 down, and the divisor, 660, formed, the i^ext 

48 3 84 figure of the root is 0, because 660 is not con- 

^glQQ 5 04 81 tained in 604. Therefore is placed in the 

5609 6 04 81 ^^^^' another is annexed to the divisor, and 

the next two figures, 81, are brought down. 

The work then proceeds as before, the trial divisor now being 5600, 

which is twice 280 tens. The entire root is thus found to be 2800. 
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2SS0. Square Roots of Decimals. If the square root of a 
number has decimal places, the number itself will have twice 
as many. 

Thus if 0.25 is the square root of some numher, the number will be 
0.25^, or 0.25 x 0.25, or 0.0625. Hence if a given number contains a deci- 
mal', we separate the number into periods of two figures each, beginning 
at the decimal point and proceeding toward 

the left for the integral part, and toward the 52.27 29 (7.23 

right for the decimal. The last period of the 49 

decimal must have two figures, a zero being JJq 327 
annexed if necessary. 1 4.9 9 fU. 

Find the square root of 52.2729. 1440 43 29 

We see at once that the root will have one 1443 43 29 
integral place. Furthermore, if it is a perfect 

square it will have two decimal places, since the square of thousandths 
is millionths. 

Exercise 137. Arithmetical Square Roots 

Examples 1 to 3, oral — Examples 4 to 26 1 written 

1. State the squares of 11, 12, 13, 15, 20, 21, 25, 50. 

2. State the square roots of 144, 169, 400, 900, 1600, 3600. 

3. What is the square root of 121 ? of 1.21 ? of 0.0121 ? 

Eoctract the iqaare root of: 

4. 190,969. 9. 804,609. 14. 1036.84. 19. 3.9204. 

5. 743,044. 10. 194,481. 15. 82.2649. 20. 462.25. 

6. 401,956. 11. 173,056. 16. 0.063001. 21. 0.003969. 

7. 758,641. 12. 174,724. 17. 1.5129. 22. 0.182329. 

8. 117,649. 13. 509,796. 18. 2.6244. 23. 0.054756. 

Find the side of a square whose area is : 

24. 12,321 sq.ft. 25. 8046.09 sq. in. 

26. What is the perimeter of a square whose area is 1944.81 
sq. in.? 
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221. Approximate Square Roots. If a number is not a perfect 
square, zeros may be annexed and an approximate value of 
the root found. 

For example, extract to three places of decimals the square 

19.00 00 00 (4.3588 -|- ^^^^ ^^ ^^' 

-^^ In this example we proceed in 

80 3 00 the usual way, annexing pairs of 

83 2 49 zeros for each decimal place in the 

350 52 00 '^^*- ^® carry the work to four 

865 43 25 decimal places, so as to find the 

Q^f^ -p. ^^ nearest" approximation for three 

»70U 7 75 W places. The result is found to be 

8708 6 96 64 4 359 _ . ^hat is, it is nearer 4.359 

87160 78 3600 than 4.858. 

222. Summary of Square Root. We may summarize the 
process of square root as follows : 

Separate the nurnher into periods of two figures each, begin- 
ning at the decimal point 

Find the greatest square in the period at the left and write 
its root for the first figure of the required root. 

Square this root, svhtract the result from the period at 
the left, and to the remainder annex the next period for a 
dividend* 

For a partial divisor double the root already found, consid- 
ered as tens, and divide the dividend hy it. The quotient (or 
the quotient diminished slightly if necessary^ will be the next 
figure of the root. 

To this partial divisor add this next figure of the root for 
a complete divisor. Multiply the complete divisor by this next 
figure of the root, subtract the product from the dividend, and 
to the remainder annex the next period for a new dividend. 

Proceed in this manner until all the periods have been thus 
annexed. The result unll be the square root required. 
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Exercise 138. Arithmetical Square Roots 

Examples 1 and J?, oral — Examples 3 to 39 y written 

1. Find the square root of ^^\, ^^, |f , ^^, 

2. Find the square root of Hi, |H, \%^, ^, Ht- 

Find the tquare root of: 

3. tW»- 4- \m- «• T%V- 6. f J8f. 7. lie- 

Find the square root^ to two decimal places : 
8. 2. 9. 11. 10. 30., 11. 125. 12. f. 

Reduce to fractions with denominators that are perfect 
squares^ and find the square root to two decimal places : 

13. ^. 14. f 15. §. 16. |. 17. |. 

Find the square root, to two decimal places, of: 

18. 0.625. 19. 0.571. 20. 0.6. 21. 0.423. 22. 0.916. 

Find the hypotenuse, given the other sides as follows: 

23. 39 ft., 52 ft. 24. 21 ft., 72 ft. 25. 51 ft., 68 ft. 

Also as follows, carrying the results to three decimals: 
26. 82 ft., 35 ft. 27. 31 ft., 23 ft. 28. 27 ft., 43 ft. 

GUven the hypotenuse and one side, find the other side : 
29. 10 ft., 6 ft. 30. 17 in., 15 in. 31. 25 in., 20 in* 

Also as follows, carrying the results to three decimals: 

32. 15 ft., 6 ft. 33. 18 ft., 12 ft. 34. 23 in., 12 in. 

Find the diagonal of the square whose side is : 

35. 20". 36. 32". 37. 45". 38. 70". 39. 76". 
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227. Applications of Square Root. It is proved in geometry that 

The corresponding lines of similar figures are to each other 
as the square roots of the areas of the fibres. 

That is, if one circle has 16 times the area of another, the radius is 
4 times as long as that of the other. 

The radius of a circle equals approximately the square root 
of the quotient of the area of the circle divided hy 3.1416. 

"FoT example, if the area of a circle is 78.54 sq. in., the number of 

/ 78.64 / — 

inches in the radius is \/ — - — = V 26 = 6. Therefore the radius is 6 in. 

\3.1416 

In Exercise 139 carry the square roots to two decimal places. 

Exercise 139. Applications of Square Root 

Examples 1 to 3, oral — Examples 4 to 9, written 

1. The areas of two squares are 121 sq. in. and 144 sq. in. re- 
spectively. What is the ratio of their sides ? of their diagonals ? 

2. The area of one circle is 81 times that of another. 
What is the ratio of their diameters ? of their circumferences ? 

3. A rectangular lot has a certain frontage and is worth 
|1000. Find the value of a similar lot which has twice the 
front and twice the depth. 

Find the radius of the circle whose area is : 

4. 314.16 sq. in. 5. 113.0976 sq. in. 6. 250sq. in. 

7. What must be the diameter of a water main to have 
the area of a cross section 3 sq. ft. ? 

8. A horse tethered by a rope can graze over 1570.8 sq. ft. 
of ground. How long is the rope ? If the rope were twice as 
long, over how much ground could he graze ? 

9. A tinsmith wishes to make some cylindrical gallon cans. 
They are to be 10 in. high. What must be the area of the base ? 
What radius must he use to draw it ? (1 gal. = 231 cu. in.) 



^ 
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228. The nth Power of the nth Root. Because Vs means one 
of the two equal factors of 3, Vs • Vs must equal 3. That is, 
( Vs) = 3. By the same reasoning 

The nth power of the nth root of a number equals the 

number itself 

That is, (^)" = a. 

For a similar reason, the nth root of the nth power of a number 
equals the number itself 

That is, -y/cpi = a. 

229. The nth root of a Product. Because it has already been 
proved that ab =^ {V^)\Vb)% §228 

= (Va..V^)', §204 

therefore VaZ^ = Va • V6. Axiom 5 

By the same reasoning 

The nth root of the product of two or more numbers equals 
the product of their nth roots. 

•That is, -Vab^ "V^--^. 

Reversing this statement, Va • Vb = Va6. That is, V2 . Vs = V6, 
^ . ^3 = </T2, etc. 

230. The nth Root of a Power. Since we know that 

■V^ == -s/^^ = aa = a\ § 229 

and that "V^o^ = v^a"a" =^ aa = a^, 

Therefore, the exponent of the nth root of any power of a 
number is found by dividing the exponent of the power by the 
index of the root, 

Thatis, •v^ = aj*, V^'^^^n^ 

Similarly, V^ = a^. 

If the Exponent is not exactly divisible by the index of the root, 
we proceed as follows : 
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231. Surd. If an indicated root of a positive rational number 
cannot be obtained exactly, the indicated root is called a surd. 

For example, V2 and Vf are surds, but any expression in which the 
radical sign enters is called a radical^ such as a + Vft. 

232. Surds classified. Surds are classified according to the 

index of the root, being called quadratic^ cubic, and biquadratic, 

according as this index is 2, 3, or 4. 

We might have other names, as quintic (fifth root), sextic (sixth root), 
and so on, but it is not necessary to use these terms. 

Surds are also classified as mixed surds, when there is a 
rational coefficient; and as entire surds, when there is no 
rational coefficient other than 1. 

Thus 2 Vs is a mixed surd, and -\/7 is an entire surd. 

233. Reduction of Surds. The changing of the form of a surd 
without changing its value is called a reduction of the surd. 

Thus it will be seen that VTa = 2 Va, and in this case we have re- 
duced VJa to another form. 

234. Surds in Simplest Form. When the quantity under the 
radical sign is integral and as small as possible, a surd is said 
to be in its simplest form. 

That is, a number left under the radical sign must be as small as 
possible, a letter must have as small an exponent as possible, and there 
must be no fraction left under the radical sign. 

For example, V4a is not in its simplest form, for we can extract the 
square root of 4, nor is v2a* in its simplest form. 

235. lUustrative Problems. Consider the following problems : 

1. Simplify ■v^5«, {V5)\ and "V^. 

^ = 5, (^/6y = 5, and ^5" = 6, by § 228. 

2. Simplify V9 a%% ^21 a%'^, and ^32 x^\ 

V9a268=3 oM, ^27a«6i2=:3a2&*, and \/32xio=2 x^, by §§ 229 and 230 

3. Simplify ^/32^V^. 

\/32 a«xio = V¥aW^a = 2 ax^Va, by §§ 229 and 230. 
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Exercise 140. Radicals 

Examples 1 to 4, oral — Examples 5 to 36, written 

1. Simplify V^; Va*; {Vnf', ^^/r^\ ^d}V^, 

2. Simplify Vl6 a%'^ ; -^8^; "V^IG aP'V^ ; ^^f^^^, 

3. Simplify VT^; ■v^27^; -^/SI^V; ■^32a;y. 

4. Simplify V(a -f ^>)2(a - i); ■V^(a - 6)^; T^T^. 

Simplify the follovring ; 

5. Vl96 a^^>"c". 13. V1849 (a + «>)'(«- ^►)2. 

6. V266^^W^. 14. -Vl^^lia - h)\c -- d)\ 

7. V289aW. 15. ■^/ Q2^ a^^ (x - %j)\ 

8. V361^y?. 16. ■v^(a-^)*(^-c/(c-a)*. 

9. V529 m^nYq^'^, 17. "V^a* + 3 a«6 + 3 a^^>^ + a^'- 

« 

10. ■v^216a;V(a; + y)'. 18. ■v^l024 a^^Vj^. 



8/:r;77 — . ,.o . — : — tt;? .^ 6, 




11. V27(a + ^)'(c + (i:)«. 19. Va^>(a + Z»)^(aj + y/. 

12. ■V^125 (a + ^» + c)*. 20. V(a«+ 2 a'^> + ab^(a^ + a^) 

21. If the side of an equilateral triangle is 2 in., 

what is the altitude ? 

Since h is perpendicular to and bisects the base, there- 
fore A2 + 12 = 22, or A2 = 3. Therefore h = VS. 

22. If the side of an equilateral triangle is s, what is the 
altitude ? 

As before, h cuts off a right triangle with base \ s and hypotenuse s. 

Hence h^ + (-) = s^, 

or hr = 8^ = — t 

4 4 

and ^ = 
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23. If the side of an equilateral triangle is 2 m, what is the 
altitude ? the area ? 

24. If the side of an equilateral triangle is s, what is the area ? 

25. If the altitude of an equilateral triangle is a, what is 
the side ? the area ? 

26. If the altitude of an equilateral triangle is 3, what is 
the side ? the area ? , 

27. If the area, a, of an equilateral triangle is J ^ Vs, what 
is the side ? the altitude ? 

28. If the area of an equilateral triangle is 9 Vs sq. in., what 
is the side ? the altitude ? 

29. If the area of an equilateral triangle is 81 sq. in., find 
the length of the side to three decimal places. 

30. If the area of an equilateral triangle is n sq. in., what 
is the side ? the altitude ? 

31. From the formula for the area of a circle, a = ttt^, find 

the value of r^. Knowing that — = 0.3183, nearly, find the 
value of r. , 

32. If the area of a circle is 50 sq. in., find to three decimal 
places the value of r. 

33. Find the radius of the circle whose area is n sq. in. 
(Use the value of the reciprocal of tt given in 
Ex. 31.) 

34. Find the area of a square inscribed in a circle 
whose diameter is 10 in. 

35. Find to two decimal places the area of a square inscribed 
in a circle whose circumference is 6if in. ; in a circle whose 
circumference is 21 in. 

36. How many square inches are there in the surface of the 
largest bar, having a square cross section, that can be cut from 
a cylinder 6 ft. long and 3 in. in diameter ? Find the result to 
three decimal places. 




284 POWERS AND ROOTS 

236. Redaction of a Mixed Surd to an £ntire Surd. Since we 
have found that ^^ ^ v^To^ = ^ 

we see that a* Vft = Vo^ . V^ = Va®6. 

Therefore, to reduce a mixed surd to an entire surd, raise the 
coefficient of the surd to the power indicated by the index of the 
radicaly and introduce it ew a factor under the radical sign. 

That IS, a ■>/& = -v^. 

Reduce ^x^Jxy and — 2a^/ab to entire surds. 

^xVxy = ^(3 xfxy = ^21x^y. 
-2aV^ = -V(2a)2a^ = -Vta^. 

Exercise 141. Reduction of a Mixed Surd 

Examples 1 to St oral — Examples 4 to S3, written 

1. Reduce to entire surds : 2 Va ; a Va ; ab V a%'^. 

8 r^ 8 ^~^' 8 J ' 

2. Reduce to entire surds : x '\y ; x Var ; {x + y) v (x + y)^. 

3. Reduce to entire surds : 3 a V2 ; 3 x V2 xy\ 5x^ Va;. 

Reduce the following mixed surds to entire surds : 

4. 2 a" -yJu^c, 14. -\a ^^27^. 24. a%^^ "V^^^W. 

5. 13^»V2^. 15. 10 ah ^2 a^". 25. -b''c''VM\ 

6. 17mnV9m?i. 16. 2abVai. 26. -p\-^^q. 

7. 7a^^»^A/3^. 17. 3ccyV^. 27. -2axy-s/2^: 

8. bxY^^^xf. 18. SmV'imn^. 28. ZpqrV^r, 

9. Im^n-y/niSi. 19. 2pq-y/fy\ 29. (a + />) Va + ft. 

10. - 11a V2ia2. 20. mV^V^. 30. (a - ft) Va - ft. 

11. -2a;V^. 21. x^V^. 31. (x^ + y^) VS. 

12. 11;?(7 V2^y. 22. 12 aa^Vs^. 32. arV^M^^- 

13. 3 aftc ^ab^c\ 23. llmTiVmV. 33. (a: -{- y) Vx — y. 



\ 
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V2 I2 

237. The nth Root of a Quotient. If we square —= aaid AJ - 

we obtain the same result, thus : 

/ V2V V2 . V2 2 / f2\" 2 

(2 V2 

We therefore see that y\- equals — t=- In like manner, 

The nth root of the quotient of. two numbers equals the 
quotient of their nth roots, 

»i27o»6»c -^27o»6«c Zal^Ve 
For example, VllFiV = IM^* = "S^V" ' 

Exerdae 142. Roots of Quotients 

Examples 1 and 2, oral — Examples S to 14, written 

1. Simplify ^g; ^-; y\^^^; S^U^'^ S/^' 

2. Simplify ^-; -1^^^^^,; ^Jj^; A^^^; S|-^S^;v^ 
Simplify the following gurds: 



*-^Sl27A=- *-2"^Sl8^- '''•NC^'- 

5.8a*jr^;. 9.3a*^^.. 13. ^^±|^- 

6. 4;?^V--^- 10. 2 7?i-Vt^-7- 14. A h^T^T ^ 

^ >l x^y^^ M6 m* \ 243 (a — b) 
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238. The mth Root of the nth Root. If we separate a num- 
ber into two equal factors, and each of these factors into 
three equal factors, we thereby separate the number into six 
equal factors. 

For example, 64 = 2 • 2 • 2 • 2 • 2 • 2. If we separate 64 into two equal 
factors, each factor equals 2 • 2 • 2, or 8 ; and if we separate each of these 
into three equal factors we have 2 for each factor, and this is one of the 
six equal factors of 64. 

That is, VV64 = ^ = 2, and hence VV64 = v^. 

Therefore the cube root of the square root is the sixth root. 
In the same way, the mth root of the nth root of a number 
equals the mnth root of the number. 

That is, V -y/a = "''Va. 

Thus V\/729 = ■v/729, and VVtIo = \/729. 
Similarly, ^^49 = V'ViO = \/7; V'32 = V</32 = V2. 

Similarly, "%^ = V W^ = V^. 

Exercise 143. Radicals 

Examples 1 to 3, oral — Examples 4 to 15, written 

1. Express as a square root : Vi; Vl25; VS; VSI; V243. 

2. Express as a cube root : -^9; "v^; "VS; ^/27; ^. 

3. Express as a single root : Vv2 ; yf -Vl ; V VT; Vv3. 

Express as a single root: 



4. V^?/^MT». 6. V^^i. 8. V'°^^. 

5. y^^3p. 7. "'V'^^^. 9. ""V^^^^. 

Express as a simpler root: 

10. Vi21. 12. VoW. 14. v'aW. 

11. V133I. 13. ^■\/S2aWc''€F. 15. ■v^(a -f bf (a — bf. 
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239. Fractional Exponent. The positive integral exponent 
shows how many times the number which it affects is taken 
as a factor. 

Thus x^ = XX, the exponent showing that x is taken twice as a factor. 

There are also fractional exponents, but these must have a 
different meaning from integral exponents, for we cannot take 
X half of a time as a factor any more than we can pick up a 
book half of a time. 

Since we have certain laws of positive integral exponents 
(§204), it would be illogical and inconvenient if we should 
give to the fractional exponent a meaning such that these 
laws should not also apply to them. Therefore 

Such a meaning muBt he given to. fractional exponents as 
mil make the laws of exponents valid for them as well as for 
positive integral expoTients, 

Since a^ - a!^ — «"• + »", 

we must have a^ ^ a^ =^a^^^ = a^ =ia. 

But Va . Va = a. 

We therefore define a" to mean Va. 
And since (a"*)» = a"*, • 

we must have * (a«) = a*. 

That is, we define ai to mean (Va)** 

Therefore we see that the following meaning must be given 
to a fractional exponent if the laws of exponents are to 
remain valid. 

In a fractional exponent the numerator indicates the power 
of the number affected^ and the denominator indicates the root. 

Thus 4^ means the same as Vi and equals 2 ; 

8t means the same a^ (^^)^ or as v^ and equals 4, 

and a» means the same as (\/a)"*, or as Vo^. 

Sometimes it is much easier_to use fractional exponents than radicals. 
In simple cases, like V^ or ^8, it is easier to write the radical sign. 
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240. Comparison of Fractional Exponents and Radicals. The 

following comparison of fractional exponents with the ordi- 
nary radical sign should be studied with care: 



Ordinary Radical Sign 
{^y = a. §228 

§230 

•v^= -v^. -Vh, §229 



a' 



a. 



aVb= '\/a^. 



§230 
§236 

§237 

§238 



Fractional Exponent 
(a*)" = a. 



(a»)» = a. 



1 1 



1 

1 1 

1 I 



11 ji^ 



241. Reduction of Fractional Exponents. Since the nth root 
of any power of a number is found by dividing the exponent 
of the power by the index of the root (§ 230), in the expression 

- . * m ' 

a? we may divide m hj n just as if the exponent — were an 

ordinary fraction. That is, 

A fractional exponent may he reduced in the same way as 
an ordinary ^fraction. 

For example, a* = a^, x» = x*, rrA = m, (a +. 6)» = (a + b)i, and 
(a-6)S=(a-6)8. 

242. Advantages of Fractional Exponents. If we have a com- 
plicated expression involving radicals it is usually easier to 
employ fractional exponents. » 

For example, ( V^)* = {ai)i = ai'i = a^. 

Similarly, ( VV^f = U V™ = a""». 
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Exercise 144. Fractional Exponents 

Examples 1 to 5, oral -^ Examples 6 to 56, written 

1. What is the meaning of a^ ? a^ ? a^ ? a^ ? 

2. What is the meaning of r^ ? (ahc)^ ? ah^ ? a*^M ? 

3. What is the value of 4* ? 36^ ? 81* ? 144* ? 400* ? 

4. What is the value of 16* ? 32* ?' 32^ ? 32* ? 126* ? 

5. What is the value of 8* • 32* ? 8* . 27* ? 8* • 27* ? 

EQcpre%% with radical signi: 

6. a*. 9. 2 a*. 12. 7x*. 15. a*^*c*. 

7. a*. 10. (2 a)*. 13. (7a;)*. 16. •je?*^*^ 

8. m*. 11. 2*a* 14. 7*a;*. 17. aV«^. 



Simplify the following : 

18. 81*. 24. - 343*. 30. 32* . 27*. 

19. 81*. 25. - 343* 31. (^)i - (^)*. 

20. 81*. 26. (- 32 a)*. 32. 4* . (J)* . 9* 

21. 125i 27. (-32 a)*. 33. 125* . 626*. 

22. 126*. 28. (- 32 a)*. 34. 121* . 144*. 

23. 126*. 29. (- 32 a)*. 35. (^)i • (j^j)l 

Eocpres^ with fractional exponents: 

36. Va. 43. ^/a^, 50. ^^/^. 

37. -V^. 44. </^W. ■ 51. a -\/(mny. 

38. -v^^. 45. ^x*yz\ 52. V(a - «>)». 

39. ■v/2^. 46. 2 Va -v^. 53. a V6 • c^ "V^. 

40. -V^. 47. 3 -V^ -s/^\ 54. ^ • V^. 

41. <^. 48. 52 . -v^ V^. 55. -v^ . </^. 

42. ■v^3 a%\ 49. 2 a* "^ "V^. 56. >G^ • <^. 
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! 
243. Reduction of Surds to a Common Index. From the mean- 
ing of the fractional exponent (§ 239) and the fact that such 
an exponent may be reduced like an ordinary fraction (§ 241), 
we know that ^^^t^,«^«/^^ ■ 

and that -v^ = «? = «^^ = '-v^^. , 

I 

In the same way we may reduce any two surds to surds 
having the same index. 

That is, Vak = a^ = a^= '^J^. 

Reduce V4 and V27 to surds having a common index. 

Since the L.C.D. of j and } is 12, we reduce to twelfths. 

Then </i = 2} = 2A = V2^; ! 

Exercise 145. Reduction of Surds to a Common Index 

Examples 1 to S, oral — Examples 4 to 16 y written 

1. Express as a twelfth root: a^; ft*; c*; c?«; Vx; Vy; V«. 

2. Express as a tenth root; a;» ; y^. V«; Vw; Vm*; "vV. 

3. Express x^ and y* with a common root index. 

Reduce to surds having a common root index : 

4. V6, </2. 8. ai, 6*. 12. 2 V2, 3^, 2<^. 

5. -v^, -v^. 9. xi, V^. 13. 3 V2, 5^, 3<^. 

6. -v^, ■^. 10. 2a*, V^. 14. 2 V2, 3^, 6-V^ 

7. ^, ^/^. 11. 3ajJ, Va. 15. a*, fti, c*, V5. 

16. Reduce to surds having a common index, and then 
arrange in order of magnitude: VS, "N^^, Vsi; Vs, "v5, 
</23; V^, </i6, V2. 
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244. Similar Surds. Surds which, when reduced to their 
simplest forms, have the same surd factor are called similar 
surds. 

For example, 3V2, 4V2, and 9V2 are similar sardn. 

245. Addition and Subtraction of Surds. The principles of 
addition and subtraction of similar surds are the same as those 
of other algebraic expressions. 

Thus 3V2 + 4V2 = 7\^, 

and a Vx + b Vx — c Vx = {a + b — c) Vx. 

Simplify V243 - y/W. 

V^= V81.8 = 9V3; 
V76 = V26.3 = 5V8. 
V243-V76 =9V8-5V8 = 4V8. 

Exercise 146. Addition and Subtraction of Surds 

Examples 1 to S, oral — Examples 4 to 12, written 

1. Simplify 3 V^+ 9 Va; 17 -\/^- 9 V^, 

2. Simplify 39 ^ + 17 V^ ; 41 >^. - 16 ^3, 

3. Simplify 41 ^-a% + 17"^-a2^>; 43%/^-19>/^. 

Simplify the following : 

4. 2Vi + 3Va + 9Vi — 4Va-h2Vx — eVi. 

5. 3Va-7V6 + 4V^-2V^ + 5Va-V6. 

6. 3 Vim — 2 V9m -f 2 V25 m - 4 V49 w -|- 12 V81 w. 

7. 5V9a + 7<^-3V25x + 4-4^i6^ + 10Vl00«. 

8. 3V8 + 2V32 4-7V50-6Vl62 + 9V98-f-7V242. 

9. V(a + 6)^0 + V(a - hfc -\-V^-V^c -^(a + 6)c. 

10. 99* 4- 44* + 176* + 275* - 396* + 2 VlT. 

11. ^Vi6+-v^+'v^^662--^l28+^^^ 

12. 4^ + 2^^ + 3^512 + 5^1250-^^2692. 
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246. Multiplication of Surds. Since we have found (§ 229) 
that ^>fa • "V^ = "yfah^ therefore 

To multiply one surd by another^ express the surds with a 

common index. Then find the product of the coefficients for 

the required coefficient, and the produ^et of the surd factors 

for the required surd factor. 

In all work with radicals the results should be reduced to their 
simplest forms. 

Simplify 4 V3 • 2 ^. 

4 Vi . 2 v^ = 4-v^ . 2\/g« = 4 v^ . 2\/3* 

We may also express the numbers with fractional exponents, thus : 
4 . 3 J • 2 • 9i = 4 . 2 . 8^ • si = 8 • 3^ + i 

= 8 • si = 8 . 3 • 3i = 24 • si. 

Exercise 147. Multiplication of Radicals 

Examples 1 to 3, oral — Examples 4 to 20, toritten 

1. Simplify : a*a^ ; a^a* ; a^a^ ; V^ . Vx. 

2. Simplify : a^a^ ; Va . Va^ ; a»a« ; Va . Va** 

3. Simplify : Vs • Vl2 ; V2 • VlS; Vs - V20; VS • V27. 

4. V2O.V3O. 8. ViS.^. 12. -v^.54^4. 

5. -v^ . Vim. 9. 2 V3 . 3 ^. 13. V^^^ . VI8. 

6. -V^ . V^. 10. 4 V5 . 2 v^. 14. Ve . V864. 

7. 2-y/l 'l-y/2. 11. -v^^ . 27 VS. 15. V^ • VSOO. 

16. ( V2 + 3 VTS + 9 V50 - 7 V32) V2. 

17. (^^+8^^-2^/375-34^192) a/3. 

18. (vT2 + 2V27 + 8V75-5Vi08 + 4Vl47 + Vl92)V3. 

19. (V5 + V20 + 9V45-2V80--3Vi26 + 6Vi80)V5. 

20. {V2-\-6Vbi-^Vl2^ + ^Vl&--2V2^-{-l'V^)y/2. 
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247. Mttltiplication of Polynomial Radicals. Polynomial radi- 
cal9 are multiplied like ordinary polynomials. For example, 

3V5+ 2V3 
7V5- 4V3 

105 + 14 Vl5 

-12 Vis -24 

105+ 2 Vi5- 24 = 81 +2 Vis. 



Exercise 148. Multiplication of Polynomial Radicals 

Examples 1 to 4, oral — Examples 5 to 24, written 

1. Multiply 2 V3 -f 3 V2 by 2 ; by 3 ; by 5 ; by - 4. 

2. Multiply V2 -h 1 by V2 - 1; by V2 + 1. 

3. Multiply V2+V3by V2-V3; byV2+V3. 

4. Square V6+V2; VS-V?; V2+V6; V2-V6. 



5. 
6. 
7. 
8. 
9. 
10. 



V8+V6)(V8-VS). 
V8 4-V7)(V8 + 2V7). 
ViO - V3)( ViO 4- 4 V3). 
7-3V6)(9 4-7V6). 
a + 2V^)(3a-4V^). 
a;-3V^)(2a:-f rVy). 

7. 



11. Vr-fVis. Vr-Vis. 

12. V7+2V6. V7-2V6. 

13. V9+Vi7. Vo-VTr. 



8. 

9. 
20. 
21. 

• 

22. 
23. 
24. 



14. (3+V2)(7-2V2). 

15. (4+V3)(S-2V3). 

16. (4^-h^)(V2-V3). 

12 VS - 11 V3)(l3 VS + 19 V3). 

5 + 9 V3 + 6 VS) ( 8 - 7 V3 - 9 Vs ) . 

2-|.7V6-12V6)(7-3V6 + 8V6). 

2 V7 - 8 V28 + S V63)(2 V7 - 8 V28 - S V63). 

V9 - 7 V72 + 6^ii25)(3 V2 + 8 V3 - 4 V9). 

V^-|_ ■y/h){a^ ^ ah -^b''){-^/^ -\/b\ 

V^ - V^)(aj + y){-yJx + ^y){x^ + fl 

a ^ V^ ■^h){a + Vfl0 + ^)(a^ - (1^ + ^). 
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248. Division of Radicals. If, in the solution of a problem, 
3 

we find — 7= as the result, we have an awkward numerical ex- 
V5 

pression. If we extract the square root of 5 to any number 
of decimal places, we have a long divisor. But if we multiply 

r 3V5 

both terms by VS, we have — 3 — > and the division is much 

simpler. 

Comparing the two operations we have : 

(1) -^ = — ?— = 1.S416, nearly. 
^ ^ V6 2.236 ' ^ 

,„ 3 3\/6 6.708 ,-.,_ , 

(2) — - = — -— = — — - = 1.3416, nearly. 

VS 5 6 

The work in (1) will be found more difficult than that in (2). 

Therefore, if the denominator of a fraction contains a surd, 
multiply both term^s of the fraction by a numher that will m^ke 
the denominator rational, 

Thia is called ratwrudizing the denominator, the expression meaning 
that the denominator is to be made rational without changing the value 
of the fraction. 

1. Divide 3 by V2. 

3 3 V^ 

— = . The result should be left in this form unless the extrac- 

V2 2 
tion of the root Is required. 

2. Divide V2 by Vs. 

V2 _ v^ . V3 _ 1 /^ 
V3" 3 ~3 

3. Simplify ^f. 

4. Divide 7 -v/SO by V2. 

7-y50 _ 7\/2y50 _ 7\/8.2600 7«/t^^^ 

V2 "" 2 ~ 2 ~2 ' ' 
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Exercise 149. Division of Radicals 

Examples 1 to 4, oral — Examples 6 to £8, written 
,-.,., 1 2 1 1 2 3 

2. Simplify >J; >]?; ^; ^^i ^|; ^. 

3. Simplify ^.; •>;||; <l^; ^; ■^. 

4. Simplify Vo* -5- Va ; Va* -s- Vo" ; Va^ -!- Va. 
Divide : 

5. -^^ by ^. 9. V§ by Vf . 13. V^ by <^. 

6. -v^^ by -v^. 10. Vl^ by "v^. 14. "V^^ by V^. 

7. 75* by si 11. 7 by V21. 15. aft* by V^. 

8. 25* by 5*. 12. 9 by V21. 16. xy by "V^. 

17. From a "Vx — b "wx -j- c Vx remove the factor Va. What 
is the quotient of a Vx — b V« + c Vo; divided by Va ? 

Divide: 

18. 8 VSO - 7 V32 4- 2 VlS - 6 V98 by 2 V2. 

19. 9 ^24 + 6 -Vsl - 3 4^192 + 12 ^^375 by 3 "v^. 

20. 56V30-84Vi04-100Vi5by4V35. 

21. 10Vi4-5V63 + 4V28 + 6V7by2V7. 

22. 6V334-5V22-7V664-8V44by Vil. 

23. aV^^ --bV^^ ^ c^VM'' - d-V^^hj -y/^\ 

24. ah^ 4- ah^ — ah^ + a^** by aift*. 

25. 4Vi5 + 16V35-l6V30 + 12V50by 2V6. 

26. 9-v^4-15-J^ + 30v^-2l4^by3^. 

27. ahc -yfahc -f a%c Va^ — ah^c "yJabh + Voft^ by "wabc, 

28. (a + ft)VM^~(a-ft)Va2_i,2^a6Va2^-f-aft^by Va + ft. 
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249. Division by a Binomial Surd. If the divisor or the 
denominator of a fraction is a* binomial involving only quad- 
ratic surds, it may be rationalized by the process shown in the 
following example : 

24-3V2 

Multiply both terms of the fraction by 8 + 6 V2, because the denomi- 
nator will then become the difference of two squares. Then 

2 + 3 V2 ^ (3 + 6VJ)(2 + 3 V2) ^ 86 + 19 V2 ^ 1 ^gg ^ ^^^^^ 
8-6V2 (3 + 6V2)(3-6V2) 9-60 41 

The binomial 8 + 6 V2 is called the conjugate of 3 — 6V2. In such 
cases we multiply both terms of the fraction by the conjugate of the 
denominator, thus rationalizing the denominator. 

Bxercise 150. Division by a Binomial Surd 

Examples 1 to 3, oral — Examples 4 to 36, voritten 

1. What is the conjugate of3-V7? of4-f-V5? 

2. By what should Vz -4- Vs be multiplied that the product 
may be rational ? What is the product ? 

3. Multiply 12+Vl5 by 12--ViO; Vsi+VTl by 
/Si-Vli; 9V2- VlO by 9V2+V1O. 

Divide : 

4. V3 by V5 - V2. 10. 8 -f 7 V5 by 2 - 3 Vs. 

5. 6 by V3 - V2. 11. 3 -f Ve by V2 + V3. 

6. V2 by VS - V2. 12. 5 V3 - 3 V5 by VB - Vs. 

7. 3+V2by5-V2. 13. 7V5 + 6V7by VS-fVz. 

8. 5+V7by V7-5. 14. 2V3+V6by V3-fV6. 

9. V3+V2by V3 — V2. 15. a -^-h-^Jxhy a — h^x, 

16. Simplify r^ and find the approximate value to 

two decimal places. 
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Rationalize the denominators : 

2 + V3 2-I-V2 a+Vd 

, 17. ^ Z. ' 21. ^ ^ ' 26. -^ ,- » 

2-V3 3-V2 a-Vft 

2 ^„ 4-f-V7 ^^ a-rV^; 

18. 7=' 22. — ■ — z=' 26. p- 

7-3V5 6-V7 a-fvTi 

,^ 4-2V2 ^^ 5-V2 . a+V^ 

19. p- 23. 7=- '27 r- ' 

20. ;=• 24. 7=- 28. ^ ^ ' 

5 + 3V3 34-V2 aj-yVy 

3 i 'x/t 

29. Simplify ^) and find the approximate value to 

three decimal places. 

30. Simplify -pi 9 and find the approximate value to 

three decimal places. 

31. Arrange in order of magnitude, beginning with the 

3+V7 3-hV5 ^ 4+V6 
largest ; 7= > 7^ j and 7= • 

3-V7 3-V5 4-V6 

2-UV34.V5 

32. In the fiuction 7= ;=> multiply both terms by 

2 -f V3 +V5. Then rationalize the denominator of the result- 
ing fraction. ^ _ 

31 -^2 -4- "V 3 

33. Rationalize the denominator of the fraction — t= 

by a method similar to that of Ex. 32. 3 - V 2 + V3 

34. Rationalize the denominator of the fraction j= y= 

by a method similar to that of Ex. 32. 5 + V 2 + V^ 

7-1- V3— V2 

35. Rationalize the denominator of the fraction ;= ;=• 

7+V3+V2 

36. Rationalize the denominator and then find, to three deci- 

mal places, the approximate value of 7= — 7= 

3.6V2 + iV6+l 
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250. Powers of Radicals. The powers of radicals are conven- 
iently found by the following methods : 

1. Find the square of 2 Vs^ and the cube of 5 Va. 
(2;v^)' = (2 . 5^)2 = 22 . 5* = 4 . 6 . 6* = 20^. 

(5 V^/ = (5 a;*)» = 125 x^ = 125 xx^ = 125 a V^. 

2. Find the square of 2 + Vs. 

(2 + VS)"" = 4 + 4 V3 + 3 
= 7 + 4 Vs. 



Bzercise 151. Powers of Radicals 

Examples 1 to 4, oral — Examples 5 to SO, written 

1. Raise to the second power : VT; VS; Vo^; Va. 

2. Raise to the third power : Va; ; Va^ ; a* ; «». 

3. Raise to the fourth power : Va ; 'a* ; a* ; V??i^ 

4. Raise to the fifth power : ^w2x ; x^ ; Vm* ; Va;*y*. 

Perform the operations indicated : 



5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 




•^2^^ 
•^«^* 







3. (a/^)'. 

4. (^)*. 

5. {-^)\ 

6. vVa. 



7. 



*V. 



8. "^Vx\ 

9. Vv^i 



21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 



(a + hf[\ 

ahh^"^. 

(1 + a?)^'\\ 



20. V-n/^. 

29. Multiply (</4)' by ^; by "V^; by ("V^)*; by V4« 

30. Divide (^V^)* by <^^; by (^v^^)"; by (^v^)"". 
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251. Negative Exponents. We have found the meaning of 
positive integral exponents as follows : 

cf means daa^ q^ means aaa — (n factors). 

We have also found the meaning of fractional exponents as 
follows : 

a* means Va^ or (Va) , • a» means "x/o^ or ("V^)"*. 

We also have occasion to use negative exponents in algebra, 
and their meaning will now be considered. As with fractional 
exponents, 

Such a meaning must be given to negative exponents as will 
make the laws of exponents valid for them, as well as for posi- 
tive integral exponents. 

Since a^ -i- a^ = a"»-«, we know that a* -7- a^ = a^. We must there- 
fore have a^ -T- a* = a2-6 = a-8. But a^ -r- a* = — . We must therefore 

1 «' 

have a-' = ---• 

More generally, we must have a"* • a-» = a"»-*» ; but a"» • — = a*»-*, 

2 a* 

and hence a- » must equal — 

a" 

Therefore, a quantity affected by a negative exponent equals 
the reciprocal of that quantity affected by a numerically equal 
positive exponent. 

That is, a-« = --. 

a" 

Hence a- = l, a-i = l = -L, 



a-' = — , a» = — = -— = . 



_1_ 



If we have a complicated expression involving radicals and 
fractions it is usually easier to employ negative and fractional 
exponents than to use positive exponents and radical signs. 



For 



example, -\(t^ ={ai -a i)i = (ai"i)i = {ai)i = ai, or y/a. 
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252. Zero as an Exponent. It now remains to find the meaning 
of zero as an exponent. If a^ is to conform to the same laws 
as a"*, we must have a'' . a"* = a°+"* = a"*. But to have this 
true, aP must equal 1. Therefore 

A quantity affected by an exponent zero is equal to 1, 

That is, a:«=.l. 

For example, 20 = 1, (i)o = 1, (- l)o = 1. 

Exercise 152. Negative and Zero Exponents 

Examples 1 to 22y oral — Examples 23 to 31, written 

1. Express a~^, using a positive exponent. 

2. What is the value of 2P ? of (- 3)? ? of Q^y ? of a^ ? 
oi4P? of 4-1? of 4^? of 4*? 

Express with positive exponents : 

3. a-\ 6. (1)-^ 9. 8"*. 12. a~*. 

4. x-*. 7. (J)-2. 10. 8"*. 13. (a-{'b)-\ 

5. (i)-\ 8. (i)-8. 11. 27" ^ 14. a-^ + b-'. 

Express in integral form, using negative and fractional 
exponents : 

15. i. 17. ii, 19. 3^. 21. ^. 

16..-- 18. 4 ^^ Ti' ^^ T~r' 

a or V^ l^c 

Copy and express in integral form, using negative and frac- 
tional exponents : 

23.^. 26.^. 29. ^ 



^^ ^b «« ^4-^ 1 

24. — ;=• 27. — 7=- 30. 



Vary ■\/a-b ' Va'' - 2 a^» + «»* 



OPERATIONS INVOLVING EXPONENTS 



801 



253. Operations involving Negative, Zero, and Fractional Ex- 
ponents. Since we have defined negative, zero, and fractional 
exponents so that they conform to the ordinary laws of expo- 
nents, we operate with them in the same way as with positive 
integral exponents. 

In the following operations the quantities having negative exponents 
are compared with the fractional forms to show their relation. In solving 
the problems in Exercise 163, however, use negative exponents whenever 
they appear, without changing to fractional forms. 

1. Multiply x-^ + 2 by x'^ - 7. 

(x-i + 2)(x-i-T.7) 

= x-«+2«-i-7x-i-14 
= x-2--6x-i-14. 

It is seen that the quantities with 
the negative exponents occupy less* 
space and are quite as easily written. 



MM 



12 7 



^•2 



X 



= i-«-14. 



X^ 



X 



2. Divide «-• + 1 by «"* 4- 1. 



X- 



--• + 1 


x-1 + 1 


^8 + X-2 


X-2-X-1 + 1 


-X-2 

-x-« 


+ 1 

-x-1 




x-1 + 1 
x-1 + 1 



This work is more compact in 
form than the other and is more 
easily written. After a little ex- 
perience it is as easily understood 
as the other. 



1 


1 


3 + 1 


- +1 


X* 


X 


1 1 


1 1 . 


Ii + -5 


^-- + 1 


X« X2 


X^ X 


\ + i 


X^ 


1 1 


X* X 



i+1 

X 

X 



3. Factor x-^ - x'^- 56. 

Since the two numbers whose product is — 56 and whose sum is — 1 
are — 8 and + 7, therefore 

x-2 „ x-i - 66 = (x-i - 8) (x-i + 7). 

This is only another way of writing 

It is therefore an extension of ordinary factoring to include fractions 
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Exercise 153. Negative Bxponents 

Examples 1 to 6, oral — Examples 7 to 33, written 

1. What is the value of 4* ? of 4-^ ? of 4^ ? 

2. WTiat is the value of 9* ? of 9""* ? of 9° ? 

3. What is the value of 8* ? of 8* ? of 8"* ? of 8« ? 

4. What is the value of 16^ ? of 16* ? of 16"* ? of 16^ ? 

5. What is the value of 1"^? of l-^? of l-»? of 1*? of 1«? 

6. What is the value of 2-i ? of 2-^ ? of 2-« ? of 2« ? 

Multiply: , 

7. (aj-i + 7) (x- 2-3). 9. (x-^-2 aj-^ + 1) (a?"' - 1). 

8. (x-^ + 2) (»-« - 2). 10.' (aj-i + 3) (a;-^ + a;-i - 2). 

Divide : 

11. a;-2 + 2a:-i 4- 1 by a;-i + 1. 

12. x-^ - 3aj- V^ -f- 3a;- V"^ - 2^"? by x'^ - y-^ 

13. ic-*-16?/^*by a;-2+ 42/-2; bya;-^ + 2y-^ 

Factor : 

14. aj-2-8a;-i + 7. 16. 2a-2 + Sa'^ + 8. 
. 15. x-^ 4- 6a:-i - 7. 17. 2a-2 + Ta-^ + 6. 

^JEzpre88 in integral form with negative exponents: 

18. -• 22. -7- 26. -=^- 30. -^ 5 + ~ 

a; ^t a;'*^'* a* a^ a 

2 ^« 1 «« ^V ,,4.3 1 

20.^-1,. 24.1. 28.^. 32.^-^*. 

a^V a* ^2^ ^ y 

21. -— • 25- "T* 29. — j=' 33. £- — IL-. 

a^y a* ^Va aj y 
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254. Graphic Representation of Surds. It is shown in geometry 
that if, in a semicircle, a perpendicular is drawn from any point 
on the diameter and extended to meet the 
circumference, the perpendicular is a mean 
proportional between the two parts into 
which it divides the diameter. 

In the figure, a:p = p:b, and therefore (§ 163, 1) p^ = a6, orp z=:Vab, 
If we wish to draw a line equal to Vs, we make a = 1, taking any 
convenient unit, ^ inch being taken here. We then take 6 = 3 and 
describe the sem icircle. Draw the perpendicular p. 
Then p = Vl -3 = Vs. By measuring p the length 
will be found to be about 1.7, the exact length 
being Vs, or 1.73 +. 

Required to draw a line equal to Vs. 

In the figure, a = 1 and 6 = 6. Then p = Vl -6 = Vs. 




Exercise 154. Graphic Representation of Surds 

Examples 1 to 7, oral — Examples 8 to 25, written 

1. In the above figures, if a = 1 and b = 7, what does p 
equal ? If a = 1 and b = 9, what does p equal ? 

In the above figures find the value ofp when : 

2. a = l,b = 2. 5. a = 2,b = S. 8. a = 7, ^ = 13. 

3. a = 1, 5 = 4. e, a = 5,b = 7. 9. a = 11, ^ = 21. ' 

4. a = 1, ^ = 6. 7, a = 7,b = ll, 10. a = 13, ^ = 29. 

11. In a right triangle the perpendicular from the vertex of 
the right angle to the hypotenuse is also a mean propor- 
tional between the two parts of the hypotenuse. 

In the figure, if a = 1.3 and 6 = 4, what is the / p\^ 
length of > ? ^^1 ^ ^ 

12. In this square, show by § 226 that d = s V2. 

13. Draw a line 2'w2 inches long, by the method 
of Ex. 12. 
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14. In the right triangle below, if a = 3 and ^ = 4, what is 
the value oi h? If a = 4 and ^ = 5, what is the value of A ? 

15. In Ex. 14, find the value of h ii a = 5 
and b = 10. 

16. In Ex. 14, find the value of ^ if A = 8 
and a = 5. 

17. In the square below, AP is half of AB. If the side of the 
square is «, find the length of PC; of PC + PD. 

In all such cases express the result in the simplest 
form. 

18. In the figure at the right, if PC = V20, 
what is the length of a side of the square? 

19. In the square below, P, Q, R, and S are 
midpoints of the sides. If the perimeter of 
the outer square is 16, what is the perimeter 
of the inner square? 

20. In the figure at the right, if the perim- 
eter of the inner square is 8, what is the 
perimeter of the outer square ? 

21. If the side of an equilateral triangle is 2, what is the 
altitude ? If the side is s, what is the altitude ? 

22. If the altitude of an equila<teral triangle 
is h, what is the length of each side ? What is 
the area ? 

23. If the two_^ sides of a right triangle 
are ^s and ^s Vs, what is the length of the hypotenuse? 

24. If the two sides of a right triangle 
are x and ^x{'\/5 — l), what is the length of 
the hypotenuse ? 

26. In the figure at the right, if the angles 
marked by arrows are all right angles, and 
if AB = BC = CD = DE = 1, show that 

^C = V2, 4J? = V3, and AE^'Vl^2. 
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255. Equations involving Radicals. Certain forms of equa- 
tions containing radicals can be solved by the operations 
already studied. The following are types: 



1. Solve the equation a = 3 -f Va:* — 45. 
Subtracting 3, x - 3 = Vx^ _ 46. 
Squaring, x" — 6x + 9 = x^ — 46. 
Subtracting x* + 9, — 6x = — 54. 
Dividing by — 6, x = 9. 

2. Solve the equation Vx — 0.1 = Va: — 3.1 -h 1. 



Squaring, x — 0.1 = x — 3.1 + 2 Vx - 3.1 + 1. 
Subtracting x — 3.1 + 1, 2 = 2 Vx — 3.1. 

Dividing by 2, 1 = Vx-3..1. 

Squaring, l = x— 3.1. 

Adding 3.1, 4.1 = x. 



Exercise 155. Equations involving Radicals 

Examples 1 to 7, oral — Examples 8 to 19, written 

1. Solve Vaj -I- 7 = 5 ; Vx-7 = 3; V2a;-5 = 6. 

2. Solve Va;-3-4 = 0; Vx-9-5 = 0; Vi - 2 = 7. 

3. Solve ■y/x{-y/2 + 1) = V2 -f 1; V2x + Vx = V2 -f 1 

Solve tJie following equation% : 

4. 5 + 2 V^ = 13. 12. V4^ - Vx = 2. 

5. 7 + 4 Vx = 11. 13. V9^ - VO.26 x = 8. 

6. V3^ -3 = 3. 14. Vi (V2 + 1)= 1. 

7. v^x - 1 = 3. 15. V2x-|-Vx = l. 

8. Vi2T^ = 6 - Vx. 16. 2 Vx - V2x = 2 -f V2. 

9. Vx + 1 = 2 -f Vx - 7, 17. 3Vx + V5x = 3 + Vs. 

10. VlO-x = V22-x-.2. 18. 1 + V^ = 2(l-Vx). 

11. 4S^zl_ = 2^. 19. 3x-7 ^^^3 
V5x H- 1 2 V3^ - V7 



1 
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256. Simplification of an Imaginary. Because ^ab = Va • V6, 
we see that V— a =Va(— l) = Va • V— 1. Therefore an 
imaginary expression (§ 20 9) ma y be written as the product 
of a real expression and V— 1. 

This is advisable in most of the operations with imaginaries. 

Imaginaries are met in the solution of certain equations, and there- 
fore a brief discussion is needed at this time. A more elaborate treat- 
ment of the subject is given in advanced courses in algebra. 



257. Powers of V— 1. Because V— 1 enters into all imagi- 
nary expressions of the form V— a, since this eq uals Va • V--1, 
it is necessary to know the various powers of V— 1. Since the 
square of the square root of any number is the number itself, 

therefore ( V— l)^ = — 1. Then we have : 

(v:ri).=-i; 



( Viri)8 = ( V-- If v^ = (_ 1) vzi = _-->/zi;; 

. (V3l)4 = (V£l)2(V^)^ = (-l)(-l)= + l; 

( V^)^ = ( V~ 1)* V^ = (+ 1) V- 1 = + v^, 

and so on, repeating the group V— 1, — 1, — V— 1, and + 1. 

Frequently i is used for V— 1, it being the initial of imaginary. In 
that case is = - 1, i^ = -i, {* = 1, {s = i, t« = - 1, i? = _ i^^ = i, and 
so on, the even powers being real and the odd jwwers imaginary. 

258. Product of Two Imaginaries. If the imaginary number 
V— a is written as above explained, with V— 1 by itself, the 
product of such numbers is easily found, thus : 

V— a . V— b = Va . V— I'-y/b ' V— 1 

= Va . -Vb . ( V^)2 = V^ . V^ . (- 1) 

= — Va^. 

« 

That is, V— a- V— ft= — Vaft. 

Mmllarly, (-V^)(-V^) = (-V2) V^(-V3) V^ 

= (+V6)(V3i)« 
= -V6. 
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259. Complex Number. The sum of a real number and an 
imaginary number is called a complex number. 

Thus 2 + V— 3, or 2 + Vs V— 1 is a complex number. In the study 
of certain equations we need to be able to add and multiply complex 
numbers. 

The general for m of a comp lex n umber such jls ye s hall meet in our 
workisa + ftV^. Thus5-V-20 = 5- ViV5V^=6-2 VsV^. 
Here a = 6, and 6 = — 2 Vs. 

260. Sum of Two Complex Numbers. Complex numbers are 
added as follows: 



3^-4V^ a + b-yJ^-1 

5 — rV^ p-\-q-\f^l 



8-3 V^ (a +i?) + (^ + q) V- 1 

Similarly, 3 + V^ = 3+ 2 V2V^ 

-2 + 3V->16=~2+ 12 V^ 

1+(12+2V2)V^ 

261. Product of Two Complex Numbers. Complex numbers 
• are multiplied (§ 268) as follows : 

5_, 2V-I i^-h qV^ 



IO4-I5V— 1 ap-k-phyf—l 

- 4V^+6 aq V^ - hq 



10 4- 11 V^ + 6 ap + (j>h + aq)V^ — bq 

= 16 + 11 V^ = (ap - bq) + (pb + aq)^/^ 

262. Conjugate Complex Numbers. Two numbers of the forms 
a-^-b V— 1 and a — ft V— 1 are called conjugate complex numbers. 

Since (a + bV^) + (a-bV^) = 2a, 

and (a-^bV^)(a-bV^) 

= a^^ah V^ + ab V^ + b^ 

= a^ + b^ 

the sum or the product of two conjugate complex numbers is a 
real number. 
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Exercise 156. Imag^inary and Complex Numbers 

Examples 1 to 8, oral — Examples 9 to 35, written 

1. Express in the form a V— 1: V--4; V— 9; V— 16. 

2. Express in the form a V^: V- 49 ; V-81; V- 121. 



Eot^esi in the form a + h V— 1 : 

3. 2 + ■\/-25. 5. 7 -f V- 100. 7. 2 + V^. 

4. 3 - V-64. 6. 3 - V- 400.. 8. 3 - V^. 

Reduce to the form a V— 1 : 

9. 2 V- 289. 12. i V- 784. 16. V^. 

10. 4 V- 361. 13. J V- 81 7^. 16. V- 7 a^^. 

11. i V- 441. 14. V- a^^V.' 17. V- 12 a^y 

Simplify : 

18. V^+V^. 20. V- 144 -I- V- 49. 

19. V- 36 - V- 25. 21. V- 625 - V- 361. 



22. (2 + 3V^)-|-(3-7VI3) + (---5-f2V^). 

23. (3-2 -yT^) + (5 + 7 V- 18) + (7 - 3 \?- 50). 

24. (a + jV^) + (i + cV^) + (c + aV^). 

25. Show that the sum and the product of 5 + 7 V— 1 and 
5 — V— 49 are both real numbers. 

Multiply : 

26. (2 + V^) (2 - VITl). 29. (3 + 4 V^) (2 - V^). 

27. (3 + V^)(2-VI3). 30. (2+3V^)(3-2V^). 

28. (4+3V^)(2 + V^). 31. (4+7Vr5)(3+6VI^). 

32. (2V3+5V^)(3V3 + 2Vir3). 

33. (3V5 + 2V^)(5V5-4V^). 

34. .Does x=^2± V— 1 satisfy the equation x* — 4 a; + 5 =; ? 

35. Does x=^i — i V— 3 satisfy the equation aj^+a;+l=0? 



CHAPTER XVII 

QUADRATIC EQUATIONS 

263. Quadratic Equation. An eqiiation which, when reduced 
to its simplest form, contains the second power, but no higher 
power, of an unknown quantity is called a quadratic equation. 

For example, x^ = 9, x^ — 3 x = 0, aiKj x^— 3x + 7=0 are quadratic 
equations in x. 

A quadratic equation may always be reduced to the type ax^+ fex+ c =0, 
in which a is not zero but b or c, or both b and c, may be zero. 

Thus 3x^ + 2x = 7isa quadratic equation in which a = 3, 6 = 2j and 
c = — 7; 5 x^— 2 = is a quadratic equation in which a = 6, 6 = 0, and 
c=— 2. In 2x2— 3x = 0, a = 2, 6=— 3, and c = 0; and in 4x2 = 0, 
a = 4, 6 = 0, and c = 0. 

264. Coefficients of an Equation. In the equation aa;^+^rc+c=0, 
a, by and c are called the coefficients of the equation. 

If a, b, and c are numbers expressed by figures, the equation is called 
a numerical quadratic; if some or all are represented by letters, the equa- 
tion is called a literal quadraiic. 

Thus x2+7x — 3 = 0isa numerical quadratic, and x^ + ox + m = 6 
is a literal quadratic. 

The term represented by c is called the absolute term, or the constant 
term, of the equation. 

265. Affected Quadratic. A quadratic eq]^g.tion that contains 

both the second and first powers of the i^njcnowzx; qw^xti^y is 

called an affected quadratic. 

Thus x^ — 5x + 6 = is an affected quadratic. 

An affected quadratic is also called a complete quadraiic. 

266. Pure Quadratic. If the first power of the unknown 
quantity is missing, the equation is called a pure quadratic. 

Thus x^ — 4 = is a pure quadratic. 
A pure quadratic is also called an incomplete quadratic, 

309 
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1. Solve the equation 5 x* + 15 = 3 a;^ 4- 66. 

Given 5 x^ + 16 = 8 x^ + 66. 

Subtracting 16 and 3 x^, 2 x^ = 60. 
Dividing by 2, x* = 26. 

Extracting the square root, x = ± 6, 

Check, Substitute either + 6 or — 6 for x in the given equation. 
Then 6 • 26 + 15 = 3 • 26 + 66, 

or 140 = 140. 

When we extracted the square root of x^ and 26 we might have written 
the result ±x=:±6. In this case we should then have 

+ x = +6, +x=— 6, — x = +5, — x=— 6. 

But since we wish only the values of + x, we should obtain from — x = + 5 
the value x = — 6, and from — x = — 6 the value x = 6, which we have 
already. Therefore it is unnecessary to write the sign ± before both members. 
There are therefore only two roots. In this case these are real, 
rational, and numerically equal, but of opposite signs. 

2. Solve the equation aj' -f 7 = 14. 

Given x^ + 7 = 14. 

Subtracting 7, x^ = 7. 

Extracting the square root, x =: db V7. 

Here the two roots are real but irrational. We may extract the square 
root of 7 to as many decimal places as we please. 

Check, (± V7)2 + 7 = 7 + 7 = 14. 

3. Solve the equation x^ + 5 = 0, 

Given x» + 5 = 0. 

Subtracting 5, x^ = — 6. 

Extracting the square root, x = ± V— 6. 

Here the two roots are imaginary. We may show that they are correct 
by substituting in the given equation. 

4. Solve the equation 05* + 9 = 9. 

Given x^ + 9 = 9. 

Subtracting 9, x^ = 0. 

Extracting the square root, x oc 0. 

Of course we may write ± instead of 0, if we wish, the value being 
the same. That is, we have two roots, as is always the case in quadratic 
equations, and these roots in this example are both zero. 
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Exercise 157. Pure Qoadratica 

Examples 1 to 5, oral — Examples 6 to 19, written 

1. Solve the equation a^ = 26, and check. 

2. Solve the equations a:* = 9 and as* — 9 = 0. 

3. Solve the equations a:* — 36 = and a;* — 64 = 0. 

Solve ihefollouying equations: 

4. a* - 81 = 0. 8. aj» - a* = 0. 

5. a* -121 = 0. 9. a:^-a = 0. 

6. 4a:* - 196 = 0. 10. «* -h a == 0. 

7. lla^-176 = 0. 11. 6<*-h7 = 3^ + 25. 

Solve the follounng equationB^ and check the roots : 

35H-3a; x-56 g'-f 5x + 7 ar'+^-H 

x-f-1 "■3aj-53* x + l ■" a-1 ' 

x — 2 24 — 3 a; g -j- a; _ a; — a 

13* 7\ ! TT ^^ rkrt 15« 1 — "l, * 

3aj + 14 28 — a; h + x h — x 

16. An arch 6 ft. high is described with a radius 10 ft. 
Find the length of the span. 

Let 2fB = 05. What is the length of JfC ? Find /^ ^ 

the value of x ; of 2x, 

17. A cistern with a square base is 8 ft. 
deep. When full it contains 7260 gallons. Allowing 7^ gallons 
to thei cubic foot, find the side of the base. 

18. What must be the diameter d of the piston shown in 
the figure below, to have a steam pressure of 100 lb. per square 
inch exert a total pressure on the piston of 3850 lb. ? 

Use ^ for w in this example. [(^ 

19. Two men start from the same place at the 
same time. One walks east at the rate of 3 mi. an hour and the 
other walks north at the rate of 4 mi. an hour. How soon will 
they te 16 mi. apart ? 





1 
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267. Solving by Factoring. The method of solving an affected 
quadratic by factoring will be understood from a single ex- 
ample. Required to solve the equation x^—5x + 6 = 0. 

Given x2-5x+6 = 0. 

Factoring, (x — 2) (x — 8) = 0. 

Since the product of x — 2 and x — 3 equals 0, one or the other of 
these factors must equal 0, because no two numbers can have for a 
product unless one of them is 0. Furthermore, it makes no difference 
which factor is.O, since multiplied by any other number is 0. 

If * X - 2 = 0, 

x = 2; 

and if x — 8 = 0, 

X = 8. 

Therefore X may equal 2 or it may equal 8. Since there can be only 
two factors of the polynomial, there can be only two roots. 

Check. Substituting 2 in the given equation, 

22-6.2 + 6 = 4-10+6 = 0. 
Substituting 3, 3^ - 6 • 3 + 6 = 9 - 15 + 6 = 0. 

Exercise 158. Solving by Factoring 

^Examples 1 to 14, oral — Examples 15 to 32, written 

1. Factor a?-^x + 8; ic^-Tx + lO; o^-Sa+lS. 

2. Factor aj^-10a; + 21; a;2-9a;H-20; aj^-iax +-24. 

3. Factor ar* - 11 a; +- 28 ; a^-llaj + SO; aj*^ - 12 a; +- 35. 

4. Solve the equation (x — 1) (a; — 2) = 0. 

5. Solve the equation x^— 3 aj +- 2 = 0. 

6. Solve the equation {x — 2) (a; +- 3) = 0. 

Solve the following equations : 

7. x(x - 2)= 0. 11. (x -l)(x- 6) = 0. 

8. x(x +. 7) = 0. 12. (x - l)(a; + 6)= 0. 

9. a;(a: - 3) = 0. 13. (x +- 2)(a; - 9)= 0. 
10. a:^ - 3a; = 0. 147 (a: - 2)(x - 9)= 6. 
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Solve the following equationB : - 

15. aj^- 7x4- 12 = 0. 21. a:^ 4- 4a; - 45 = 0. 

16. a:^ - llaj + 30 = 0. 22. a^ + 5a: - 50 = 0. 

17. x^ - 12a; + 35 = 0. 23. f-\-^y = T7, 

18. a;*4-45 = 14x. 24. ^^-71^ = 60. 

19. a;^ + 50 = 15 a;. 25. ^ = 7 ^ + 78. 

20. «* + 78 = 19a;. 26. 6 a;^ + a; = 1. 

27. The area of a rectangle is 12 sq. ft. The width is 1 ft 
less than the length. Find the dimensions. 

Which root is it reasonable to take ? 

28. The area of a rectangle is 45 sq. in. The length is 4 in. 
greater than the width. Find the dimeiisions. 

29. A man purchased part of a sheet of 2-cent postage stamps 
for $1.60. When he was folding it he saw that there were 
two more rows on one side than on the other. How many 
stamps were there on each side ? 

30. If a bar of iron weighing 80 lb. were drawn out 1 ft. 
longer, it would weigh 6| lb. less per linear foot. How long 
is it? 

If it is X feet long, what is its present weight per foot ? If it were 

1 ft. longer, what would be its weight per foot? How do these com- 
pare? Which root is it reasonable to take? 

31. In building a circular arch the radius is found by the 

^4-h^ 
formula r= > in which r = the radius of the circle, 

s = half the span of the arch, and h = the height of the arch. 
If r is known to be 10, and the span (2 s) to be 
16, find the value of h. 

Which root is it reasonable to take ? 

32. A tank that has two pipes can be filled in 2 hr. less 
time by one pipe than by the other, and by both together in 

2 hr. 55 min. How long will it take each pipe to fill the tank ? 




ax 


o« 


X* 
X 


ax 
a 
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268. Completing the Square. A second method of solving the 
quadratic equation, and one commonly used, is that called the 
solution by completing the square. 

Since (a + a)"= «* + 2 oa; + «'? the binomial x^ ■^2ax lacks 
only a' of being a perfect square. This a^ is the square of 
half the coefficient of x. Therefore if we have an equation in 
the form a^ -{- 2 ax = b, we may make the first member a per- 
fect square (complete the square) by adding a^ to both members. 

For example, given sc^ + 6x = 55. 

Adding ( J)«, or 83, jc^ + 6aj + 9 = 64. 

Extracting the square root, x + $= ±S, 

.-. x=— 3db8 
= 5 or -11. 

Chsck. 5» + 6 . 5 = 26 + 80 = 55. 

(- 11)3 + 6 . {- 11) = 121 - 66 = 55. 

If the equation is in the form x^ — 2ax = b, we may evi- 
dently complete the square in the same way, by adding a^, the 
square of — a, to both members. We then have 

a^ ^ 2ax -\- a^ = b + a^\ 

whence x — a = ± Vft -f a% 

and x = a ± Vft + a\ 

If the equation has a coefficient for a^ other than 1, we may 
divide both members by this coefficient and reduce the equar 
tion to the form x^-{'2ax = b. 

For example, given 2 x^ _ 3 x = 9. 

Dividing by 2, x^-^x = J, 

or x»-2.Ja; = J, 

in which — | equals the a of the equation x^ + 2 ax = 6. 

Therefore to solve an affected quadratic : 

1. Reduce the equation to the form a^ + 2ax = b 

2. Add to ea^h member the square of half the coefficient ofx. 

3. Extract the square root of each member of the resulting 
equation, 

4. Solve the two resulting simple equations. 
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1. Solve the equation 2 a:^ — 3 a; = 9. 

Given 2x»-3x = 9. 

Dividing by 2, x* — f x = |. 

Adding the square of ^ • ^ ; that is, adding (|)3, or -^j^, 

Extracting the square root, x — J = ± j. 
Solving for X, » = f db f 

= 8 or - 5. 

Check. 2.8a-3.8 = 18-9 = 9. 

2.(-J)a-8(-t)=|+| = 9. 

In solving this and similar equations we may multiply both members 
by 2 and have 

\ (2x)2-8(2x) = 18; 

Whence (2x)2 — 8(2x) + | = \S and 2x — f = ± | ; whence x = 3 or 



— 1 as before. 


c\ 




2. Solve the equation x 


X 




Given 

/ 


X 


:4. 


Multiplying by x, 


x2 + 2 = 


:4X. 


Subtracting 2 and 4x, 


x2-4x = 


-2. 


Adding ( J)2, or 2«, or 4, x^ - 


-4x + 4 = 


2. 


Extracting the square root, 


x-2 = 


±V2. 


Solving for x, 


X = 


2±V2. 



Check, Substituting 2 + V2 xor j; in the original equation, 

2+V24 ^ = 4. 

2+V2 

Rationalizing the denominator of the fraction, 

2+V2 + ^i^r2^ = 4, 
4-2 ' 

or 2+V2 + 2-V2 = 4. 

In the same way we may check for 2 — V^. 

If the practical problem in which such an equation enters requires 
the square root extracted to two or more decimal places, this should be 
done. The results would then be 2 ± 1.414 +, or 8.414 + and 0.686—. 
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Exercise 159. Affected Quadratics 

Examples 1 to 8, oral — Examples 9 to 40, written 

1. What must be added to aj^ + 8 « to complete the square ? 

2. Whait must be added to ic^ + 6 a; to complete the square ? 

Complete the squares in the following cases : 

3. oc^ — 4:X, 5. a^ + X. 1, oc^ + 5x, 

4. jc^ — 6 a;. . 6. a;^ — aj. 8. aj^ — 7 a;. 

Solve the follomng equations : 

9. a? - 20a; - 9 = 60. IS. a? + x + 1 = 0. 

10. a;2 - 20 a; - 6 = 70. 19. aj^ - a; + 1 = 0. 

11. a;2 - 12a; - 2 = 26. 20. a;'-^ + 3a; + 2 = 0. 

12. a;2 4- 8a; - 9 = 200. 21. a;^ - 7a; -h 6 = 0. 

13. a;2 - 4a; - 7 = 110. 22. a;^ - 9a; -f 7 = 0. 

14. a^-\-5x-4t = 100. 23. 2^^ - 8a; - 3 = 0. • 

15. a;2 - 8a; - 5 = 100. 24. Sa;^ - 6a; + 10 = 0. 

16. a;* + a; - 82 = 100. 25. Sa;^ - 2a; + 30 = 0. 

17. x^ + 35a; + 300 = 0. 26. 7a;2 - 28a; + 3^ = 0. 

27. Find the value ofp in the equation 2>* — 7^ = 6. 

28. Find the value of t in the equation 2 ^^ — 3 # =« 35. 

29. Find the value of v in the equation v^ + 11 = 8 v. 

30. Find to two decimal places the value of K in the equar 
tionir(14-ii:)=47. 

31. Find to three decimal places the value of P in the equa- 
tion P2 = 6 (3 P - 13). 

^ "^ 5 a; — 7 14 

32. Solve the equation — ;r h = a; — 1. 

^ 9 2a; — 3 



33. Solve the equatio 



6a; + 4 15 -2a; 7(a;-l) 

n z 7r~ = — ^-z ^' 



X 



«. a 1 .V ^' a; - 5 , a;-8 3(1 -a;) 
34. Solve the Equation ^ H « = —^ — ^' 
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35. If from a square piece of paper I cut a strip 2 in. wide 
as is shown in the figure, the area of the rest of the paper is 
63 sq. in. What is the side of the square ? 

Let X = the number of inches in the side. 

Then x^ := the area of the square in square inches, a 

Then x«-2x= 08. 

Solving, X = 9 or — 7. 

Of these roots — 7 is inadmissible by the conditions of the problem, 
although it satisfies the algebraic equation. Usually only one of the 
algebraic roots meets the conditions of the problem. 

36. A circle with radius 7 in. is cut from a square as shown 
in the figure. The number of square units of area remaining 
equals six more than twelve times the side of the 
square. Find the side of the square. (Use ^ for tt.) 

37. A certain positive number multiplied by the 
sum of itself and 9 equals 220. What is the number ? If the 
problem specified a certain negative number, what would be 
the result? 

38. If twice a certain integer should be subtracted from 7, 
and the remainder multiplied by the integer, the product would 
be 6. Find the integer. If the problem specified a fraction 
instead of an integer, what would be the result ? If the prob- 
lem placed no limitation on the kind of number, what would 
be the result ? 

39. The molding for a square picture frame is 2 in. wide. 
The area of the opening for the picture is 54 sq. in. 
Find the outside dimensions of the frame. Are both 
results admissible ? 





40. A steel plate is 3 in. longer than it is wide, 
four corners holes are drilled for rivets, the area of 
each opening being 1 sq. in. The area of the rest 
of the rectangle is 454 sq. in. Find the dimensions 
of the rectangle. Are both results admissible? 



In the 
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269. Equations solved like Quadratics. It often happens that 
an equation is not a quadratic in x, but admits of solution by 
the aid of quadratics. 

1. Solve the equation ('^ + ""f ' ^^ = (f)'- 

Clearing of fractions, x^ (x + 2) (x — 2) = 46. 
Expanding, x* — 4 x^ = 46. 

Completing the square, x* — 4 x^ + 4 = 49. 
Extracting the square root, x^ — 2 = ±7. 

Solving, X = ± 8 or ± V— 6. 

There are therefore four roots, two being real and two being imag- 
inary. An equation of the fourth degree always has four roots. 

2. Solve the equation a;' — 1 = 0. 

Factoring, (x -- 1) (x^ + x + 1) = 0. 

Then the equation is satisfied if either 

X - 1 = 0, 

or if x2 + X + 1 = (by § 267). 

If X - 1 = 0, 

x = l. 

If x3 + x+l = 0, 
subtracting 1, x^ + x = — 1. 

Adding (i)2, a;2 + X + i = - }. 

Solving, » = - i ± ^ V^. 

We therefore have three roots, 1, — i + i V— 3, and — J — J V— 3. 
An equation of the third degree always has three roots, 

3. Solve the equation 77 a; = ic^(18 — x). 

Rearranging, x* — ISx^ + 77x = 0. 

Factoring, x (x^ - 18 x + 77) = 0. 

Then the equation is satisfied if either x = 0, or x^ — 18x + 77 = 0. 

Then x2-18x + 77 = 0, 

and (x-ll)(x-7)=0. 

Solving, X = 11 or 7. 

Therefore there are three roots, x = 0, 11, or 7. If x is a factor of 
every term in an equation, is always one of the roots. 
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Exercise 160. Equations solved like Quadratics 

Examples 1 to 4, oral — Examples 5 to 2S, written 

1. If a;* = 16, what are the two values oi a?? From these 
find the four values of x, 

2. If x* -I- 2 x^ = 3, what must be added to complete the 
square? Complete the square and find the values of 05* + 1. 

3. What are the two roots of the equation 05* — aj = ? 

4. What is one of the roots of the equation x' — a = ? 

Solve the following eqications : 

5. aj* + 8a* = 48. 13. «» -h 1 = 0. 

6. y*-6f = 27, 14. a;» - 8 = 0. 

7. ^^ - 10^ = 31. 15. aj» +.27 = 0. 

8. j9* + 10 j9* = 11. le. x^ + x = 0, 

9. ^* + 7 ^* = 30. 17. 8aj» + 1 = 0. 

10. 2m* + 3m* = 119. 18. ^* (X* + 1) = 650. 

11. 3 (n* - 21) = 20 71*. 19. r* (T* + 9) = 52. 

12. 4w*(87i* + 3)-5 = 0. 20. 2 P* = 3 (45 + P«). 

21. If the square of a certain number is multiplied by the 
square increased by 2, the product is 9. What is the number ? 
Is there any integer that satisfies the conditions ? Are there 
any real numbers ? any imaginaries ? 

22. If the square of a certain number is multiplied by the 
square increased by 3, the product is 28. What is the number ? 
Check the result. Is the number integral ? fractional ? real ? 
surd ? imaginary ? 

23. In the equation 05* = 1, x must equal the cube root of 1. 
This equation, in the form of x' — 1 = 0, is solved on page 318. 
It therefore appears that 1 has three cube roots. Show that 
this statement is true by cubing each of the three roots, 1, 
- i + * V^, and - i - i V^Ts. 



^ 
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270. Literal Quadratics. A quadratic with literal coefficients 
may be solved by completing the square, as shewn in the 
following examples : 

1. Solve the equation oc^ -^bx = c. 
Given x^ + te = c. 

Adding Q , x2 + te + J = c + ^. 



Extracting the square root, x + 



Subtracting - 









2 2 2 

The amount of checking to be required in the case of such compli- 
cated results must be determined by the teacher according to the needs 

of the class. 

.1 

2. Solve the equation (x -|- a)^ + 4 (a; -f a) = 21. 

Consider this as a quadratic in x + a, and add 4. 

Then {x + a)^ + 4(a; + a) + 4 = 26. 

Extracting the square root, x+a+2 = db5. 

Therefore x=— a + 3or — a— 7. 

t 
Exercise 161. Literal Quadratics 

Examples 1 to S, oral — Examples 4 to 53, written 

1. Solve the equations x^= a; aa^ = b ; aW = b\ 

2. Solve the equations a: (a — a) = ; x(x^ — a^=0. 

' 3. Solve the equations 2 a; (a — 1) s= ; ax(x — 1)=0, 

Solve the foUowinff equations : 

4. x" +px = 6p\ 9. a^-\-Scx- lOc^ = 0. 

5. a^ —px = 24:p\ 10. x^ = 5 m(10m — x). 

6. a:' + 5aaj = 6a^ 11. 2x^ -{- Skx = 119E 

7. x" + i' = ax. 12. x^ 4- ^x = m^n(n + 1). 

8. a? — ax = b. 13. x^ = a^c (2 abc — sc). 
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Solve the following equations : 

14. aj2 = (a - ft)a; + ah, 26. :x? = k''(2Tc^ - x). 

15. 7na? =p -\-2nx. 27. w(w-\-2h) = 24*2. 

16. aa?-^b = 2ax-\-h\ 28. w^ -{a - h)w ^ 2h (a + hy 

17. oa^ + 5 = 4 aa; + 7. 29. v (v + a^" = i^ (a + 1). 

' 18. pa? + 2px = ^ + r. 30. 4 v (v + 4) = ^ (Z + 8). 

19. f + 4:alnj = 5a%\ 31. x^ -^ (a + b)x == 2a{a + b), 

20. u^ + 6mu = 16m\ 32. 9 ic^ + 27 oa: -- 10 a^ = 0. 

21. w'* - 8cw; =- 16cl 33. aV + a«x = 9.-h Sa\ 

22. ai^-a%t = 0. 34. Gar*- a^ + Sax =0. 

23. fi-at = a^k (k -1). 35. a^ + aj Va = 6 a. 

24. v^ - ftv = 1 H- 5. 36. x^ + 2aj Va* = 15 ab. 

25. 2t;24-2*t; = 4-*l 37. 4a;(a; + 2 V^) -f 6 a =rO. 

38. Solve the equation {a -\- xf -\- 2 (a -{■ x) = 35, and check 
the roots. What are the values of the roots if a = 1 ? if a = 2? 

Solve the follovnng equations : 

a X ^ 1 

39. - + - = 1. 44. aj + - + a = ft. 
X a X 

ax ^ 1 

40. -^ — h 7r~ = — 1- 45. X — - — a = b. 
2x 2 a X 

41. X + - = ft. 46. a; + - + ft = a. 



X 



X 



42. ^ + a = -. 47. aj - - - ft = a. 



a X 



X 



^A ^ ^« 1 ft . 7 

43. X = w. 48. oa; H 1- c = a. 

a; a; 

49. a;^ — (m + w) a; + (m 4-^) (n —p) = 0. 

50. x^-(a-b)x-(a - 1) (ft - 1) = 0. 

51. aj* + 2 aft (a^ + ft^ = (a + ft)^^. 

52. (a + ft + c) aj* - (2 a + ft + c) aj H- a »s 0. 

53. (a - a;)^ + (6 - xf = 2.5 (a - a?) (ft ^ i). 



-V. 

>. 




n 
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271. Solution by Formula. Although the methods of factor- 
ing and of completing the square are sufficient for solving any 
quadratic equation, it is convenient to be able to write down 
the roots at once without the trouble of factoring or complet- 
ing the squara 

Since 3x7 = 74-7 + 7, we could dispense with the multiplication table 
and perform the multiplications by addition. In the same way we could 
dispense with the solution of the quadratic by formula and continue to 
solve by the methods already studied. This is not advisable, however, 
because it usually takes too much time. 

Every quadratic equation may evidently be reduced to the 
form oar* + bx + c = Oy in which a, h, and c are integers. 

Given ax^ + te + c = 0. 

Then ox* + te = — c. 

h c 

Dividing by a, x* + - sc = 

a a 

Completing the square, x* 4- - x H = — . 

a 4 a^ 4 a^ 

b 1 / 

Extracting the square root, x-\ = ± — V 6* — 4 oc. 

2a 2a 



Therefore x = 

2a 

Therefore the roots of an eqtiation in the form ax^ ■i-bX'\-e = 

ac 



-ft±V^34 



If a = 1, then x = 



2a 

_6_t.V6a-4c 



2 

Solve the equation 2ic* — 3a; — 9 = 0. 

Here o = 2, 6 =— 3, c =— 9. 

Substituting these values in the formula, 

3 J.V9 + 72 

X = 

4 

8±9 ^ 3 

= -^ = 3 or 

4 2 

The student may also solve by factoring or by completing the square. 



F 
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Exercise 162. Solution by Formula 

Examples 1 to 4, or(tl — Examples f) to 30, written 

1. What is the value of — -— - when 5 = — 4, « = 2? 

z a 

2. What* is the value of h^ — i:ac when Z>=— 4, a = 2, 
c = 1? when 5 = 2, a = l, c = l? 

3. When h^ is greater than 4 ac are the roots real or are 
they imaginary ? 

4. When i^ is less than 4 ac are the roots real or are they 
imaginary ? 

Solve the following equations^ using the formula : 



5. a:2 + 7a: + 6 = 0. 

6. a:2 + 9a:4-14 = 0. 

7. a:^ _|. a! - 12 = 0. 

8. x2-5cc-6 = 0. 

9. a?2 + 6a:-6 = 0. 

0. a;2-2ic--15 = 0. 

1. x'-bx-14. = 0. 

2. a:2-9.T4-14 = 0. 

3. ar2 + 5a:-14 = 0. 

4. a;2-14a; + 33 = 0; 

5. a:^ - 11 a: + 28 = 0. 

6. f-lly-{-12 = 0. 

7. w;2-13w; + 42 = 0. 



18. 6a;2-a!-l = 0. 

19. 6y2-262/-l = 0. 

20. 2f-bt + 2 = 0, 

21. 5A;2-22A; + 21 = 0. 
'22. 6^2^13j9 4-6 = 0. 

23. 16/^2-49 = 0. 

24. 121.r2-«2^0. 

25. f/ V - 4 aa; - 5 = 0. 

26. aV-f 4 aa:- 21 = 0. 

27. x2-9a;=-9. 

28. a-2 4-10a:=-24. 

29. a:2-2a: = 24. 

30. x^+\x = ^^. 



31. a^x^ -\- a (b — c) X — be = 0. 

32. x^ — (a-\-b)x-}-ab = 0. 

33. x^ -^{a -b)x — ab = 0. 

34. a-2-f-(a4-2)a;4-2a! = 0. 

35. a-2 + 8.r + 49 = 17a: + 29. 

36. 3 (5a;2 -f 12) -f 3a; = 30 - 13a;. 



1 
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272. Relation of the Roots to the Coefficients. Designating the 
two roots of the equation a;^ -|- ^.x -|- c = by x^ and x.^, we have 



^1 



_z,+V^ 


-46' 


2 


-h-^U'- 


-46' 



^1' 9 

Therefore jr^ + ar, = — ft, 

and x^x^ = c. 



-_6-|-V62-4c -6-V62-4C • -26 
For x^ + ^2 = —' z + 7, = = - ^ 



and ^1^2 



_ (-6 + V6g- 4c)(-6-V6g-4c) 

4 
_ 5» - (62 _ 4c) _ 62 _ 62 ^. 4c _ 

4 ~ • 4 

Therefore, in an equation of the form x^ + &b + c = 6, 

The product of the roots equals the absolute term. 
The sum of the roots equals the coefficient of x with the 
opposite sign. 

Students should be able to apply this check to most equations at sight. 

1. Are 3 and — 5 the roots ot x^ -\- 2x — 15 = 0? 
We see that 3 • (— 6) = — 15, the absolute terra ; 

and 3 + (— 5) = — 2, minus the coeflBcient of x. 

Therefore 3 and — 5 are the roots. 

2. Are — J and -2 the roots of 2a;2 + 3ic - 2 = 0? 
Reduce to the form x* + ^ x — 1 = 0. 

Then (-J)(-2) = l, 

which is not the absolute term (—1). Therefore — J and — 2 are not 
the roots. 

3. Form the equation whose roots are 6 and — J. 
In the equation x^ ^ 6x + c = we must have 

& = -(6-§) = -6j = - V, 
and c = 6 .(-§) = - 4. 

Therefore the equation is x^ — y x — 4 = 0, or Sx^ — 16x — 12 = 0. 
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Ezerdse 163. Relation of Roots and Coefficients 

Examples 1 to 17, orcd — Examples 18 to S6\ written 

1. Are 3 and 6 the roots of x* - 9a; + 18 = ? 

2. Are - 7 and - 2 the roots ofa:*-9a; + 14 = 0? 

3. What is the suin of the roots of a* -|- 3 = 2 x ? 

4. What is the product of the roots of x* -f 5 a; = 6 ? 

Without solving^ determine whether the roots of the following 
equations are as stated : 

5. x^ - 8x + 15 = 0; 5, 3. 10. x^ h- 12a; + 35 = 0; 5, 7. 

6. ar»- 16a; + 72 = 0; 7,9. 11. a;^ + 15x + 56 = 0; 7,8. 

7. a;^ -14a; + 48 = 0; 6,8. 12. a;^ - 12a; + 32 = 0; 4, 8. 

8. a;«-16a; + 44 = 0;4,ll. 13. a;^ - 4a; + 2 = 0; 2, 2. 

9. ^2 + a; - 12 = ; 3, - 4. 14. a;^ - 6a; - 9 = 0; 3, - 3. 

15. a;2 + a; + 1 = 0; - J + V2, - i - V2. 

16. a;^ + (a + ^) a; + aZ^ = ; — a, — b, 

17. ar*-(a + 5 + <;)a;+(a + ^')c = 6; -{a-^b),c. 

t 
Form the equations of which the roots are : ■ 

18. 2, 3. 22. 7, - 13. 26. J, 9. 30. a,-h, 

19. - 2, 3. 23. - 11, - 17. 27. g, 15. 31. \ a, h, 

20. 2,-3. 24. - 19, 35. 28. |, J. 32. a\ a\ 

21. --2,-3. 25. - hh, - 13. 29. - J, 24. 33. - a\ - h\ 

34. If some one at the blackboard should give 1.22 and 3.06 
as the roots of the equation x^ — 4.28 x + 3.7147 = 0, how 
could you tell, without solving, that they were wrong ? 

35. If you find 2 J and 3.1416 to be the roots of the equation 
7^ - 5.6416 X + 7.854 = 0, how will you check them ? 

36. If x^ and a;2are the two roots of the equation a;^ + ^>a; + c = 0, 





1 




1 


find the value of 


^ 


+ 


^. 




^x 




*« 
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273. Nature of the Roots. We have found (§ 271) that the 
roots of the general quadratic e(j[uatiou ax'^ -^ Ox -\- c = are 



-l^ -y/i;^ _ 4 ao _, -b- Vlr - 4 ac 
o ^^^^ o 

We see that if b^^ — Aac = the two radicals become zero 

and the two roots become — ^ and — — ; that is, the two 
roots are real and equal. 

For example, in the equation a;^ — 4jc + 4 = we have If^ — Aac 
= 16 — 4 • 4 = 0. Hence we know, before we solve, that the two roots 
are real and equal. 



If ft^ — 4 ac is a i)erfect square, V^'*^ — 4 ac is rational, and 

hence both roots are rational. 

For Sample, in the equation x*^ — 9 x + 14 = we have h^ — A^ac 
= 81 — 66 = 26. Hence we know, without solving completely, that the 
two roots are rational but that they are not equal. 

If V^ — 4 ac is positive and not a perfect square, ^U^ — Aa^ 
is irrational, and hence both roots are irrational and unequal. 

If b^ — 4 ac is negative, V^ — 4 ac is imaginary, and hence 
both roots are imaginary. 

274. Discriminant. The expression ^^ — 4 ac is called the 
discriminant of the equation ax^ -{- bx -{- c = 0. 

By its use we discriminate as to the nature of the roots, thus : 

If ft* — 4 ac> 0, the roots are real and unequal ; 
if ft* — 4 ac = 0, the roots are real and equal ; 

if ft* — 4 ac<; 0, the roots are iinaginary. 

1. What is the nature of the roots oix^— 2x-\-l = 0? 

We have ?>2 __ 4 ac = (— 2)^ — 4 • 1 • 1 = 4 — 4 = 0. Hence the discrim- 
inant equals 0, and the roots are real and equ'al. Indeed, we know by 
inspection that the roots are 1 and 1. 

2. What is the nature of the roots of x^ — a; + 1 = ? 

We have 62 _ 4 ac = (- 1)2 - 4 • 1 • 1 = 1 - 4 = - 3. Hence the dis- 
criminant is negative, and the roots a re bo th imaginary. If we solve, 
we shall find that the roots are ^(1 ± V— 3). 
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Exercise 164. Nature of the Roots 

Examples 1 to 6, oral — Examples 7 to '2(i^ written 

1. What is the discriminant ofx--|-2a;-|-l = 0? 

2. What is the discriminant of»:^-|-25cH-2 = 0? 

3. If the discriminant of an equation equals §, what is the 
nature of the roots ? 

4. If the discriminant of an equation equals — 0.5, what is 
the nature of the roots ? 

5. If the discriminant of an equation equals 0.25, what is 
the nature of the roots ? 

6. In the equation ax^ -\-bx ^ c = what is the nature of 
the roots when b^ = 4t(ic? 

Without solving^ determine the nature of the roots : 

7. a;2 + X + 1 = 0. 14. x^ -f 7 a; -f- 12 = 0. 

8. 0^24- 2a; 4-3 = 0. 15. 5x'^-3x-2 = 0. 

9. x^ - a: + 10 = 0. 16. 4 a-^ - 4 .x - 1 = 0. 

10. a;2 _ 3.r + 1 = 0. 17. 7 ./^ _(- 9a - 10 = 0. 

11. ic2 ^ 4a; -f 4 = 0. 18. .S./^ - 7.x - G = 0. 

12. a;2-2a; + 4 = 0. 19. 2 .i;^ - 13 a; -h 15 = 0. 

13. a:^ - 2a; - 4 = 0. 20. 9.a;2 + 12a; + 4 = 0. 

21. Give to a, b, and c values that will make b^ — 4: ac = 0. 
Write an equation having two real and equal roots. 

22. Give to a, b, and c values that will make b^ — 4 ac > 0. 
Write an equation having two real and unequal roots. 

23. Write an equation having two unequal surd roots. 

24. Write an equation having two imaginary roots. 

25. Write an equation that will have — 2 -}- V— 2 and 
— 2 — V— 2 for its roots. 

26. For what values of a will the roots of 2a;^-}-(l-f-a)a;+2= 
be equal ? real ? imaginary ? 
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275. Special Forms. A few other special forms of equations 
will now be considered. 

1. Solve the equation a;*** + 2 aj* — 15 = 0. 
This is a quadratic in a;». Solving for x», we have 



^^^V4 4.60 -2j:8 ^^_ ^ 

a?» = = = o or — 5. 

2 2 



.*. X 



= \/3 or V^. 



2 m tn 

2. Solve the equation 2 arV _ 17 aj» -|_ 35 = 0. 



m m 17± V172-4.2.36 17± \/289-280 
Solving for jc«, x»» = r— = -j 

17±3 _ ., 

= = 6 or 3i. 

4 ^ 

Raising each member to the nth power and then extracting the with root, 

n n 

x = 6™ or (3 J)". 

3. Solve the equation (ar* + 2 x)* - 2 (ar* + 2 a) - 3=0. 

9 4. ■\/4 4. 19 9-4-4 

Solving for jc^ + 2x, «« + 2a; = "^ ^^^f ^-^ _ f^_^ = 3 or - 1. 

We now have x^ _j. 2 x = 3, 

and x2 + 2x=-l. 

Solving the first, we have x = — 3 or 1. 

Solving the second, we have x = — 1 or — 1 . 
Therefore the roots are — 3, 1, — 1, — 1. 

4. Solve the equation aj — 8 Va; -h 3 -f- 18 = 0. 

We may write this x + 3 — 8 Vx + 3 + 16 = 0. 

Here x + 3 is the square of Vx + 3. Therefore, solving for Vx + 3, 

we have , 

Vsc + 3 = 3 or 6. 

.-. X + 3 = 9 or 25. 

.-. X = 6 or 22. 

5. Solve the equation a;~* + 3a;~^ — 4 = 0. 

This is a quadratic in x-^. Solving, x-^ =— 4 or 1. Since - = —4 
or 1, therefore x = — J or 1. 
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Exercise 165. Special Forms of Quadratics 

Examples 1 to S, oral — Examples 4 to 25, written 

1. In the equation ar*" -f Z^x" -f c = what is the sum of 
the two values of af ? What is their product ? 

2. In the equation x — 2a;2-|-l = how is x related to a;^ ? 
For what unknown quantity shall you solve the quadratic ? 

mm m 

3. In the equation a;" — 2ar^"-f-l = how is a" related to 

m 

a^""? For what unknown quantity shall you solve the quadratic ? 

Solve the follotving equations : 

4. ar - 8 Va: -f 15 = 0. 9. x" - ISa;^ + 56 = 0. 

5. a; - 10 V^ + 21 = 0. lo. x^v -- 13a;P -h 30 = 0. 
6/a;-13a;i + 40 = 0. 11. aj"* - 12 a^-^ + 27 = 0. 

7. a;» - 6a;* + 8 = 0. 12. a;"^ - 9aj-i -f 8 = 0. 

8. x^ - 20a;* 4- 99 = 0. 13. 9a;-2 - 21a;-^ + 12 = 0. 

14. (aj2 _ 3a.)2 + 3(a;2 -.3a;) + 2 = 0. 

15. (a;^4-7a;)2 4-5(x* + 7a;)-84 = 0. 

16. {^-^hx^ Vf 4- 4(a;2 -f. 5x H- 1) + 5 =,0. 

17. a; - 9 - 9 Va; - 9 + 20 = 0. 



18. a;2 + 3a; -f 2 4- H vSM-3^ + 2 + 30 = 0. 

19. (30- - 5)^ - 8(3a; - 5) 4- 7 = 0. 

20. a;2 -f 5 = 8a; 4- 2 Va;^ - 8 a; 4- 40. 

21. 3 V3a:2-2a;4-4 = Sa-^ - 2a; - 6. 

22. 39 - 8 a; 4- V7 a;*^ 4- 8 a; - 19 - 7 a;2 = 0. 

23. 2x^ + 3 Va;2 -a;4-l = 2a;-f3. 

24. 2ar» - 6a; + Var^ - 3a; + 6 - 9 = 0. 

a; X I 1 o a;' 

25. In the equation — — r H r- = - let y = — --r and 

•^ a;-|-l x^ 2 ^a; + l 

a;^ 
solve for ?/. Then let — — r equal these values and solve for x, 
*' a; 4- 1 
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276. Extraneous Roots. Sometimes in working with equations 
a root appears that cannot be cheeked. 

For example, if we have the equation x — 2 = 5, and we square both 
members, we have x^— ix 4- 4^ = 26 

or x2-4x-21 = 0. 

Solving, X = 7 or — 3. 

Of these roots, 7 can be checked because we started with it, and 
7—2 = 5; but — 8 cannot be checked, for — 3 — 2 does-not equal 6. 

Therefore — 3 is called an extraneous root. This is only another way 
of saying that — 3 is not a- root of the original equation, although it is a 
root of some of the derived equations. 

If both members of an equation are raised to the same power, 
an extraneous root is liable to appear. 

It is therefore necessary to check with great care the roots of any 
equation involving radicals. 

Solve Va; 4- 3 + Vx + 8 = 5 ViT 



Squaring, x + 3 + 2 V(x + 3) (x + 8) + x + 8 = 25x. 
Hence, 2 Vx2 + llx + 24 = 23 x - 11 . 

Squaring, 4 x^ + 44 x + 96 = 629 x? - 506 x + 121 . 

Hence, 525 x^ - 550 x + 25 = 0. 

Dividing by 25, 21 x^ - 22 x + 1 = 0. 

Solving, X = 1 or ^j. 

Of these roots 1 will check and ^^ will not. Hence ^j is an extra- 
neous root. 

It must be remembered that the radical sign indicates only the prin- 
cipal root (§215), and hence we cannot say that 

V64 + Vl69 = - 8 + 13 = 5. 

i/^ both members of an elation are multiplied by some 
function of the unknown quantity, an extraneous root is liable 
to appear. 

For example, if we mul tiply x — 5 = by x — 2, we have (x — 5) (x — 2) = 0. 
The roots of the latter are 5 and 2. Hence an extraneous root, 2, has 
been introduced. 

In general, in clearing of fractions extraneous roots are not introduced, 
but it is necessary to check to make sure of this fact. 
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Exercise 166. Radical Equations 

Examples 1 to 4, oral — Examples 5 to 24, written 

1. Solve the equation 2 "Vx = 5. Check the result. 

2. Solve the equation Va + 7 = 4. Check the result. 

3. Solve the equation -^^x + 3 = 5. Check the result. 

.4. In the equation x — 3 Va; + 2 = what is the sum of 
the two values of Va ? What is the product of these values ? 
What is the product of the two. values oi x? 

Solve the follomng equations : 

5. aj -h 5 = 5 Vaj — 1. 8. y/^/x — 2 +^ = 2. . 

6. Vx + V^T^ = 2 V2. 9. \/a; + Vaj -h 3 + 1 = 0. 

7. Va; -h Va; + 2 = 2 Vi. 10. Vx -f V^T^ = V^. 



11. Vaj + 7-|-V5(aj-2) = 3. 

12. Va; -1-34- Va; 4-8 = 5 V^. 

13. 2 V5 4- 2aj - Vl3 -6x = V37 - 6a;. 

14. V2aj4-14-Vx-3 = 2VJ. 

15. V5a; - 1 - VS - 2a; = Va; - 1. 

16. Va — a; -f- -y/b — x = Va 4- ft — 2 a. 



17. V(a 4- a;) (a; 4- ft) 4- V(a - a;)(aj - ft) = 2 Va^. 

18. 2a;^4-aVft(ftTTac)=a(ft -h 2a;). 



19. V2a-ft4-2a;- Vl0a-9ft-6x = 4Va-ft. 



Va^ + a;2 Vl 4- a; - Vaj - 7 

X 4- V.r^ — 1 a; — Va;^ — 1 



24. " '^ ; — - "" 7-1 ^ = 8 vs^^::i. 

a: - Va;2 - 1 a; 4- Vx'-* - 1 
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Exercise 167. Problems inyolving Quadratics 

Examples 1 to 5, oral — Examples 6 to 52, written 

1. State an equation showing that the product of two 
consecutive numbers is 182. 

2. State an equation showing that if 3 is taken from a 
certain number the result equals 28 divided by the number. 

3. State an equation showing that the difference between 
the cubes of two consecutive numbers is 37. 

4. State an equation showing that the sum of a number 
and its reciprocal is X^. 

5. State an equation showing that the sum of the squares 
of two consecutive numbers is 145 ;. that the sum of the squares 
of two consecutive even numbers is 100 ; that the sum of the 
squares of two consecutive odd numbers is 130. 

6. Solve Exs. 1-4. 

7. Solve the three problems in Ex. 5. 

8. Find a number such that its square is. four times the 
product of the number and 12. 

9. Find a number such that its square is four times the 
sum of the number and 8. 

10. Find two consecutive numbers the sum of whose squares 
is 313. 

11. Find two consecutive even numbers the sum of whose 
squares is 884. 

12. The sum of two adjacent sides of a rectangle is 23 in. 
and the area of the rectangle is 120 sq. in. Find the dimensions. 

13. The perimeter of a rectangle is 42 in. and the area is 
108 sq. in. Find the dimensions. 

14. One side of a rectangle is 5 in. shorter than the other, 
and the area is 176 sq. in. Find the dimensions. 

15. One side of a rectangle' is 3^ in. longer than the other, 
and the area is 200 sq. in. Find the dimensions. 
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A Btraight line AB, 1 inch long, is divided hy the point P bo 
as to satisfy one of the following conditions. Find the length 
of A P in each case : 



16. AP =AB' PB, 19. AP ==2PB 



:2 



17. AP z=2AB' PB. 20. AP = AB - 2 PB\ 




18. 2AP^=^AB^ PB, 21. ^P - P5 = i sq. in. 

22. In the right triangle shown below, the hypotenuse is 
35 in. and the side a is 7 in. shorter than the side h. Find 
the length of each side. 

23. In the same figure, if a is 10 in. longer 
than hj and c is 50 in., what is the length of 
each side? 

24. In the same figure, if a is 33 ft. longer than h, and c 
is 165 ft., what is the length of each side ? 

25. A lady planted a square bed of flowers next to her 
house. Each year the plants spread 3 in. on each of the three 
open sides. At the end of three years the bed had an area of 
4012 sq. in. What was the length of the original bed ? 

26. A rectangular plot of grass has a perimeter of 232 ft. 
The length is 4 ft. greater than the width. A walk surrounds 
the plot, and the area of the walk equals the area of the plot 
What is the width of the walk ? 

27. A cylindric tomato can has its height 1 in. greater than 
the diameter of the base. To make such a can requires 46 sq. in. 
of tin, 2 sq. in. of which are lost in overlapping. Taking tt as 
3|, find the diameter of the base. 

28. It is shown in physics that if a body is thrown down- 
ward with an initial velocity of Ffeet per second, the distance 
d feet that it will pass through in t seconds is given by the 
formula d=Vt -\-l^ f. If a body is thrown downward from a 
height of 1900 ft. with an initial velocity of 60 ft. per second, 
how long will it take it to reach the ground ? 
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29. In Ex. 28, if there is no initial velocity, that is, if the 
body is simply dropped, the formula becomes d = lQf. A stone 
is dropped into a vertical shaft of a mine, and the sound of its 
striking is heard 10 seconds later. If the velocity of sound is 
1120 ft. per second, how deep is the shaft ? 

30. In Ex. 28, if the body is thrown vertically upward 
instead of downward, the formula is d = Vt — 16 t^. A boy 
shoots an arrow vertically upward with an initial velocity of 
96 ft. per second. How long before it is 80 ft. above the 
ground ? Show that both results are admissible. 

31. The perimeter of a right triangle is 108 in. and the 
hypotenuse is 45 in. Find the length of each side. 

32. The area of a right triangle is 384 sq. in. and the 
hypotenuse is 40 in. Find the length of each side. 

33. The hypotenuse of a right triangle is 7 in. longer than 
one side and 14 in. longer than the other side. Find the length 
of the hypotenuse and of the two sides. 

34. A certain number of students pay $20 a week for table 
board at a boarding house. They find that by preparing their 
own meals they can buy the food for themselves and one other 
student for $10 a week, each of the group saving $3 a week on 
what would be paid at the boarding house. How much does 
each pay if they prepare their own meals ? 

If a; = the original number of students, 1- 3 = — 

35. A boy was sent to market with |1.60 to buy some oranges. 
The price had been raised 10^ a dozen, so that he bought half 
a dozen less than he expected to buy. Find the former price, 
the present price, and the number of oranges purchased. 

36. A boy rode into the cduntry on his bicycle. After he 
had gone 10 mi. the chain broke and he was obliged to walk 
home. He walked 4 mi. less per hour than he rode, and it took 
him an hour and a quarter longer to return than to go out. 
How fast did he walk per hour ? 
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37. A square piece of tin is made into a box by cutting 
from the corners small squares 2 in. on a side. The box then 
contains 50 cu. in. Required the dimensions of the 
piece of tin. 

38. A square piece of tin is made into a box by 
cutting from the corners small squares n inches on 
a side. The box then contains v cubic inches. Required the 
dimensions of the piece of tin. 

39. It is proved in geometry thaLtPf^=PAPB, PT being 
a tangent and PB any line from P meeting the circle twice. 
If it is known that PA = 2, and PB = 1^PT, ^^ 
what is the length oi PT? 

40. In a steel plate to be used in a steam- J^ 
ship is a porthole 14 in. in diameter. The plate is 5 ft. 
longer than it is wide. The area of the plate, exclusive of 
the porthole, is 34f J sq. ft. What are the 
dimensions of the plate ? (Take 3| for tt.) 

41. The circle shown below is so drawn as 
just to touch the four sides of the square. The area of that 
part of the square not covered by the circle is 10^ sq. 
in. What is the radius of the circle ? 








42. In a certain trapezoid the upper base is 2 in. 
and the lower base equals the altitude. The area of the 
trapezoid is 31 J sq. in. Find the length of the lower base. 

43. A broker bought a number of bank shares of the par 
value of $100 each, when they were at a certain per cent 
below par, for $.7500. Afterwards, when they were at the 
same per celit above par, he sold all but 60 shares for |5000. 
How many shares did he buy, and at what price ? 

44. The thickness of a rectangular solid is § of its width, 
and its length equals the sum of the width and thickness. The 
number of cubic yards in its volume, added to the number of 
linear yards in its edges, is J of the number of square yards 
in its surface. Required the dimensions. 
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45. If the edges of a rectangular box are increased by 2 in.. 
3 in., and 4 in. respectively, the box becomes a cube and its 
capacity is increased by 1008 cu. in. Find the dimensions of 
the box. 

46. A railway train makes a run of 799 mi. in a certain time. 
If the rate of speed should be reduced 4^ mi. an hour, the run 
would take 108 min. longer. How long does it take the train 
to make the run? 

47. A reservoir can be filled by two pipes, A and B, in 9 min., 
when both are open. The pipe A can fill it in 24 min. less time 
than B. How long will it take A to fill it ? 

48. A and B start on two roads that cross at right angles, 
at distances of 20 and 24 miles respectively from the crossing, 
and walk toward it at the same rate. How far must they go 
so that the distance between them is reduced 4 mi. ? 

49. A certain rectangle is 1.3 ft. longer than wide. If the 
length is increased by 0.6 ft. and the width decreased by 0.1 
ft., the area is increased by 0.86 sq. ft. Required the original 
dimensions. 

50. A box containing 384 cu. in. is made by cutting out 
the corners of a square piece of pasteboard and then turning 
up each side 6 in. What was the area of the original square ? 

51. A box containing 324 cu. in. is made by cut- ^ 
ting out the corners of a rectangular piece of paste- 
board that was half as wide as long, and then 
turning up each side 6 in. What were the dimensions of -the 
rectangle ? 

52. A string lies on the circumference of a circle-and exactly 
equals it in length. It is then stretched out 
into a rectangle of which the length is 2 in. 
more than the width, and of which the area 
is 120 sq. in. Find the dimensions of tlie 
rectangle, the circumference of the circle, the radius of the 
cu'cle, and the area of the circle. (Take 3t^ for tt.) 




CHAPTER XVIII 

SUnXLTANEOUS QUADRATIC EQUATIONS 

277. Simultaneous General Quadratics. The most general type 
of quadratic equation with two unknown quantities contains 
both of these quantities in the first and second degrees, con- 
tains their product, has an absohite term, and has coefficients 
for all the terms containing an unknown quantity. 

That is, just as ax^ + to + c = is the most general quadratic equation 
with one Unknown quantity, so ax^ + toy + cjf^ + cte -|- ey + / = is the 
most general quadratic equation with two unknown quantities. 

Two such equations may be represented by 

aa? + hxy ■\- cj^ + dx -{- ey +/= 0, 
and a^a^ -f Vxy 4- cY + d^x -\- ehj + /' = 0. 

If we eliminated y, we should have an equation of the 
fourth degree in x that could not be solved by quadratics. 

Therefore, 171 general, two simultaneous quadratic equations 
cannot he solved by the method of quadratics. 

There are, however, certain special types that can be solved, 
and these are considered in this chapter. 

That the student may see the difficulties, even in the case of two quad- 
ratic equations that seem easy of treatment, consider the system 

«' + y = 7, (1) 

X + 2/2 3= 11. (2) 

From (1), 2/ = 7 - x2. (3) 

Substituting (3) in (2), a; -1- (7 - x^f = 11, 
whence x* — 14 x^ + x + 88 = 0. 

This is an equation of the fourth degree, and although one root (x = 2) 
may easily be found by factoring, it cannot be obtained from this equation 
by the methods of quadratics. 

337 
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278. Simple and Quadratic Equations. Before considering two 
simultaneous quadratic equations we shall consider two simul- 
taneous equations of which one is simple and the other quadratic. 

Solve the equations 

2ar»4-2/' = 33 (1) 

2x-hy = 9 (2) 

Subtracting 2x from (2), y = d — 2x, (3) 

Substituting (3) in (1), 2 x2 + (9 _ 2 x)2 = 33, 
whence x^ — 6 a; + 8 = 0. 

Solving, X = 2 or 4. 

Substituting in (3), y = 6 or 1. 

We therefore have two pairs of roots, in which 

X = 2 when y = 5, 
and X = 4 when y = 1. 

For the first pair 

equation (1) becomes 2 • 2^ + 52 = 8 + 26 = 33, 
equation (2) becomes 2-2+5= 4+ 6= 9, 
and similarly for the second pair. 

In svistituting, Join with x the corresponding value of y. 
That is, X = 2 will not check with 2/ = 1, nor x = 4 with 2/ = 6. 

Exercise 168. Simple and Quadratic Equations 

Examples 1 and 2, oral — Examples 3 to 8, written 

1. Solve the equations a? = y, a^ -f- y^ = 2. 

2. Solve the equations x =— y, x^ -\- 1/ =^ 2, 

Solve the following equations: 

3. 3a:2-hy2^43 6. 3aj-y = 5 
5aj — y = ll xy — X z= 

4. 2aj2 + y^ = 61 7. x^— a;y -f 2/' = 7 
ix=-y 2x--Sy = 

5. xy =- 15 8. a;^ - ajy - 21/2 = 7 
4x+7?/ = 23 x-y-S = 






i=.=ilfl»f^^^f'2' 




ISEngJuHitAiEf fir^Bary at this 

UMl«fcn^.t||)tWlBMv~e therefore 




•«t^ iTBgl^ait^JgSlltwovsJueaol 
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2. Plot the equation a;* 4- y* = 25. 

We may write this y^ = 26 — x^. 

If x^ > 26, or if X > 5, 1/ is imaginary, and similarly if x<— 5. We 
will first take for x values from — 4 to + 4. 



If x = 


-4 


-3 


-2 


-1 





1 


2 


3 


4 


Then y = 


±3 


±4 


i4.6 


±4.9 


±6 


±4.9 


±4.6 


±4 


±8 



Furthermore, if x = ± 6, y = 0, which gives two other points. 

Plotting the points and drawing the smooth curve as before, the 
graph is seen to be a circle (circumference). 
The graph of a quadratic equation in the form 
x^+y^ = r^ is always a circle. 

There is a more general form for the equation 
of a circle, x^ -{■ y^ -^ ax + by -\- c = 0, where a, 
6, and c are any given numbers. 



3. Plot the equation 4:X^-{-9f = 288. 
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We may write this y^=^— J x^. 

If Jxa>32, or if |x>V32, or §x< — V32, y is imaginary ; that is, x 

cannot be greater than | V32, or about 8.5, and x cannot be less than —8.5. 



If x = 


±8.3 


±8 


±7 


±6 


±6 


±4 


±3 


±2 


±1 


Then y = 


±1.2 


±1.9 


±3.2 


±4.0 


±4.6 


±5.0 


±5.3 


±5.5 


±5.6 



Furthermore, if x = ± 8.6, y = ; 
and if X = 0, y = ± 6.7. 

It will be seen that + 8.3 corre- 
sponds both to +1.2 and to — 1.2, 
and that — 8.3 also corresponds both 
to + 1.2 and to — 1.2. 

Plotting the points and drawing 
the curve, the graph is an ellipse. 
The graph of a quadratic equation 
in the form ax* +by^ = c is always 

an ellipse, a, &, and c having any values, and a and b having like signs. 
For example, 2x* + 8^ — 18 = is the equation of an ellipse. 
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Exercise 169. Graphs 

Examples 1 to 5, orcd — Examples 6 to 29, written 

1. What kind of graph has the equation a; + 2 y = 7 ? 

2. What kind of curve is represented by aj" + y^ = 16 ? 

3. What kind of conic is represented by y* = 10 a; ? 

4. What kind of conic is represented by a:* + 6 y* = 16 ? 

5. What kind of conic is represented by xy =^2b? 

Plot the following equations : 

6. a;* + y2 ^ 9. 10. a:^ -h 5 aj + 4 = y. 

7. a:2 4-42^ = 9. ' 11. a;y = 4. 

8. ar* = 9y. 12. :x?-6x + ^ = y. 

9. a;2 + 4a; + 3 = y. 13. a^^ -f 22^ = 16. 

Find by graphs the roots of the follotuing hy letting the first 
member equal y, and then considering the graph when y = : 

14. a;^- 7x4-12 = 0. 17. a^ + 3a; - 10 = 0. 

15. ar» - 9a; + 20 = 0. 18. a;^ + 4a; - 21 = 0. 

16. x^ - 13a; + 42 = 0. 19. a;^ - 4a; - 21 = 0. 

Solve exactly or approximately by the use of graphs: 

20. a;* -h y* = 169 25. a;y = 6 
3a;-2y = -9 a;~y=0 

21. a;^ 4- 2/* = 100 26. ar* = 4y 
5a; + y = 46 x -\- 2y = 6 

22. ar* 4- 2^ = 100 27. xy = 24 
3a;4-4y=50 a;4-2y = 14 

23. a;^4-9y' = 81 28. a;^ = 9y 

a; — 3y = 6 2x4-y==16 

24. 2x + y = 5 29. a;^ 4- a; 4- 3 = y 
3it'-7y' = 5 a;-2y4-4 = 




i^aob sqiutre 
.. j^<J<iSPrB of roots 
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Exercise 170. Simultaneous Quadratics 
Examples 1 to 10, oral — Examples 11 to 18, toriUen 

1. In how many points can a straight line intersect a circle? 
intersect an ellipse ? a parabola ? an hyperbola ? 




2. How many roots in the system a;-f-2y=7, a;^ + ^ = 16? 

3. How many roots in the system aj — 4y = 5, a:^ + 3y^=9? 

4. How many roots in the system x = 2y, i/^= 4:X? 

5. How many roots in the system Sx-{-y = 9, xy = 6? 

6. In how many points can an ellipse intersect a circle? 
intersect a parabola ? an hyperbola ? another ellipse ? 






7. How many roots in the system a^ + 5y^ =16, x^-\-t^=9? 

8. How many roots in the system a^ + 5 1/^ = 16, y^ = x-^S? 

9. How many roots in the system a^ 4- 5 y^ = 16, ay = 1 ? 

10. How many roots in the system 5x^+^^=16, x^-{-5t/^—W? 

a 

Solve and plot the equations in the following examples : 

11. Ex. 2. 13. Ex. 4. 15. Ex. 7. 17. Ex. 9. 

12. Ex. 3. 14. Ex. 6. 16. Ex. 8. 18. Ex.10. 



HOMOGENEOUS QUADRATICS 
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282. Two Equations Homogeneous except for Absolute Terms. 

If two quadratic equations are homogeneous except for the 
absolute terms, they can also be solved. For if we eliminate 
the absolute term from either equation, we have a case exactly 
like the one discussed on page 343. 

Solve the equations 

a? + xy-^2f = ^4. (1) 

2x'-xy-{-^=l^ (2) 

Multiplying (1) by 4, 4 a:« + 4 xy + 8 y^ = 1 76. (3) 

Multiplying (2) by 11, 22 x^ - 11 xy + 11 y« = 176. (4) 

Dividing (4) - (3) by 3, 6x8 - 6ary + y« = 0. 
Factoring, (3x — y) (2x — y) = 0. 

From 3x — y = we have 
• From 2x — y = we have 

Substituting 3x for y in (2), 
2x2-3x« + 9xa = 16. 



8x9 = 16. 
x3 = 2. 

x = ±V2. 
y = 3x=±8V2. 

Therefore, when x = + V2, — V2, +2,-2, 

the corresponding value of y = + 3 V2, — 3 V^, +4,-4. 



y = 8x. 
y = 2x. 

Substituting 2 x for y in (2), 
2x9-2x2 + 4x9 = 16. 
4 x9 = 16. 
x9 = 4. 

x=±2. 
y = 2x=±4. 



/ 



Exercise 171. Simultaneous Quadratics 
All work written 

Solve the follxming equations : 



1. aj^ - xy + / = 21 

aj9 + 3a:y-22^=:38 

2. aj8 -- xy + y» = 21 
y* — 2 ay = — 15 

3. a:* + 2icy-3^ = 50 
3a^ — a;y + 3/* = 75 



4. ic* + 7 icy + y* = 45 

5. 2a;2-a;y + 2y«=:12 
3a*-2xy + 4y» = 20 

6. 3aj* + ajy + 53^ = 81 
2«*-3icy + 4y» = 27 
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283. Special Forms of Quadratics. The two cases mentioned 
on pages 343-3^5 are the only ones likely to be met that can 
always be solved by quadratic methods. Special forms will 
arise that can be so solved, sometimes involving equations 
of degree higher than the second, and sometimes involving 
linear equations. Such cases usually require only a little 
ingenuity in treatment. 

1. Solve the equations 

a:» + y»=9 (1) 

x-fy = 3 (2) 

Dividing (1) by (2), x^^xy + y^ = S. (3) 

From (2), y = 8 — 08 

Substituting 8 — a; for y in (8), Sx^ --dx -^ 6 = 0, 

or a;2 — 8aj+ 2 = 0, 

or (X - 2) (X - 1) = 0. 

.*. X = 2 or 1, 

« 

y = 1 or 2. 
Check. 28 + 18 = 9, and 2 + 1=3; 

18 + 28 = 9, and 1 + 2 = 8. 

2. Solve the equations 

a^ + f-hx + y = lS (1) 

xy = e (2) 

From (2), 2 xy = 12. 

Adding this to (1), x^ + 2xy + y^ + x + y = SO, 
or (x + 2/)2 + (x + y) - 80 = 0. 

Factoring [(x + y) + 6] [(x + y) - 5] = 0. 

Therefore x + y = — 6, and y = — 6 — x, 

or X + y = 5, and y = 6 — x. 

Substituting these values of y in (2), 



-6x-x« = 6. 
x2 + 6x + 6 = 0. 
.-. x = -8±V8. 
.-. y = - 8 T Vs. 



5x-x2=6. 

x^— 5x + 6 = 0. 

.*. X = 2 or 8. 

.'. y = 8 or 2. 



We may check by substituting in equation (1). 
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3. Solve the equations 

-+-=! (1) 

X y 2 > ^ ^ 

(2) 



• 




1 

7? 


+ ^ = ^ 




From (1), 






13 
y~2 


1 

X 


Substituting for - in 

y 


(2), 


1 
X2 


+ ?-? + 
4 X 


1 _5 
x2~4' 


whence 






\ 5 + 1 = 0. 

X* X . 


Solving, 








X = 2 or 1. 


Substituting 2 for X, 






1 3 
y~2 


.1 = 5-1 = 1. 

se 2 2 ' 


whence 








!/ = l. 


Substituting 1 for x, 








1 = «-1 = 1. 
y 2 2 



whence y = 2. 

Therefore x = 2 when y = 1, and x = 1 when y = 2. 

284. Symmetric Equations. When two unknown quantities 
can be interchanged without altering an equation, the equation 
is said to be symmetric with respect to the two quantities. 

For example, in the equation x + |/ = 5 we may interchange x and y 
without altering the equation, since ^ + x = 6 is evidently the same as 
X + y = 6. But the equation x + 2 y = 6 is not symmetric, for it is not 
the same as y + 2 x = 6. The equations in Exs. 1-3 above are all sym- 
metric. Two symmetric quadratic equations can always be solved by 
quadratic methods. ■^ 

I 

285. Roots of Symmetric Equations. In an equation symmet- 
ric with respect to x and y the values of x and y are always the 
same, although differently arranged: 

Since y may be put in place of x, in such cases we must get the same 
values f or y as for x. It will be seen that this is so in Exs. 1-3 above. 
Therefore, having obtained the values of x, we may write down the 
values of y without solving, simply arranging them in proper pairs so 
they correspond and may be checked. 



1 
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Exercise 172. Simultaneous Quadratics 
Examples 1 to 4, oral — Examples 5 to 44, written 

1. In the equations aj -f y = 9, and a;* 4- ^ = 41, if we find 
that X = 5 or 4, what do we know about the values of y ? 
Why ? How are they arranged by pairs ? 

2. In the equations a;y = 15, aj + y = 8, if we find that 
a; -= 3 or 6, what is the rest of the solution ? 

3. In the equations -H — =t7:> — =7rr> if we find that a; = 4 

^ X y 12 xy 24: 

when y = 6, what are the other two values of x and y ? Why ? 

4. How would you proceed to solve the equations d;* — y* = 98, 
X — y = 2? Why is this better than substituting the value of 
y (in the form y = x — 2) in the first equation ? 

Solve and plot the follotving equations: 

5. a;^ - y = 3 13. a; -f y = 12 
aj — y = — 3 xy = S5 

e. Sy = 2x-1 14. a; - y = 22 

9 y = x* 4- 2 a;y = 663 

7. 3a; - y = 6 15. a; + y = 38 
Sx-{-y^=^17 xy = S57 

8. 5a; - 3y -h 6 = 16. ar* + y^ = 661 
5a; _ 22/2 + 5 = a;^ - y^ = 589 

9. 3a; + y - 12 = 17. Sa?-y^^ 59 
4a;2-_5a;-2/2^12 2a;« + 33/» = 98 

10. 4a;-13y + ll = 18. 5x^ + 2y^ = 220 
x^-2xy-2f = 22 2a; + 5 y = 54 

11. 2a;-y-7 = 19. 16a;2 - Oy^ = 
jB«-7aj-.2y"=-17 2a;3/ — 5a; + 6y = 33 

12. 3a; + y - 16 = 20. 5a;2 + y* = 126 
ar» + 43/» = 29 5y2 + a;2 = 30 
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Solve the foUovdng equations : 

21. a; + y ^ ^o 
x — y 

a^ _ 3/» = 48 

22. 16a;y-a;y = 60 

23. Qi?-f = 228 
icy — ^ = 42 

24. X = J Va; + y 
y = ^->/x+^ 

25. 1.1^^ 

a; y ~ 20 

i ^ i - ^^ 



a;2 ' f 400 

26. ar» + 2/* - 91 = a;y 
aJ^ + 2/" + a^y = 223 

27. 42(x2 + 3/2^ = 85a;y 
16 ajy = 2520 

28. 0^ + 2/^ + i=cy = 67 
aj2 4. 2/i = 53 

29. x^ + 1/^=65 

30. aj» + 2/* = 1304 
, x+y=S 

31. «» 4- 2^' = 280 

a^ — xy + y^ = 2S 

32. ic^ + i»2^ = 77 
xy + y^ = 4.4: 



1 1 



33. 1__1^ 



^ ^ 36 
a2/' - A = 324 

34. Q^-hxy= 260 
xy + 1^ = 140 

35. 3^2^ 4- a = 20 
^y — y = 12 

36. a; = 6 V«+~y 
y = 2 Va; + y 

37. 1,1^1 

a; y""2 

2/^"36 

38. x^ — xy = 45 
-2/' = -36 

= 55 
= 66 

= 5 






aJ2/ 



39. x^ + xy 

f + xy 

40. aj + ajy + 2/ 

a^ + aJ2^ + 2/^ = 7 

41. a;« + 2^ = 37 

a;2 - ajy -f 2^ = 37 

42. a;^ + 2/ = 5 (a; — y) 
aj + 2/' = 2(a;-2^) 

43. x2-a;2^ + 2/* = 1^3 
X — xy -{- y ^— 79 



44. a; 



= 14 



x^ 



+ aj2/ + 2/* = 84 
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Exercise 173. Problems inyolving Simultaneous Quadratics 

All problems for written work. Reject meaningless results 

1. The sum of two numbers is 32 and their product is 255. 
Find the numbers. . 

2. The difference of two numbers is 4 and their product is 
437. Find the numbers. 

3. The sum of two numbers is 24 and the sum of their 
reciprocals is ^. Find the numbers. 

4. The sum of two numbers is 74 and the sum of their 
square roots is 12. Find the numbers. 

5. The sum of two numbers is 23 and the sum of- their 
cubes is 3059. Find the numbers. 

6. The difference of the cubes of two numbers is 218 and 
the difference of the numbers is 2. Find the numbers. 

7. The sum of *the squares of two numbers is 89 and the 
product of the numbers is 40. Find the numbers. 

8. The sum of two numbers added to the sum of their 
squares is 686, and the difference of the numbers added to the 
difference of their squares is 74. Find the numbers. 

9. The product of two numbers is 91 greater than ten times 
the first number, and 51 greater than ten times the second 
number. Find the numbers. 

10. There are two numbers formed by the same two digits in 
reverse order. The sum of the numbers is 55 times the differ- 
ence between the two digits, and the difference between the 
squares of the two numbers is 1980. Find the numbers. 

Let 10 X 4- y and 10 y + x represent the numbers. 

11. A strip of cloth when wet shrinks 12^% in length and 
6J% in width. If the number of square yards is diminished 
llj^ when it is wet, and if the sum of the length and width is 
8^ yds less than before, what were the dimensions of the strip 
before it was wet ? 
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12. A workman wishes to enlarge a drawing of a rectangle 
so that the area will be twice the original area, keeping the 
ratio of the length to the width unchanged. The original draw- 
ing is 8 in. by 10 in. Find the sides of the enlarged rectangle. 

13. A rectangular field is 30 yd. wide, and the length exceeds 
the width by 66§%. How much must the width be decreased 
and the length increased so that the area will remain the same 
while the perimeter is increased 30 yd. ? 

14. Two points mo^e, each at a uniform rate, on the sides 
of the right angle of a right triangle ABC, away from the 
vertex A, starting from the two points P and Q, 3 in. and 4 in. 
respectively from the vertex A, After 2 sec. they are 10 in. 
apart, and after 6 sec. they are 20 in. apart. Find the rate 
of each. 

15. There are two lines such that if they are made the sides 
of the right angle of a right triangle the hypotenuse will be 
35 in. ; but if one is made the hypotenuse and the other is 
made a side, the square on the other side will be 343. Find 
their lengths. 

16. A boat's crew, rowing at half their usual rate, row 2 mi. 
down a river and back in 1 hr. 40 min. At their usual rate in 
still water they would have gone over the same course in 
40 min. Find their rate of rowing in still water and the rate 
of the current. 

17. In the figure below, c = AB = 10, ^ = 8, a = 7. Required 
to find the length of the perpendicular CD, q 

We have x^ + A^ = 52^ and BB^ \h^- a^. But 6 

SB = 10 - X. Therefore x^ + ^2 == 54^ and (10 - x)^ 

+ /i« = 49. Hence we have two quadratics. J^ '"^ x> jj 

18. In Ex. 17 suppose c = 15, 5 = 10, and a = 9. Find the 
length of CD, and then find the area of the triangle. 

19. Two cubes have together the volume 407 cu. in., and the 
sum of one edge of the one and one edge of the other is 11 in. 
Find the volume of each. 





352 SIMULTANEOUS QUADRATIC EQUATIONS 

20. In the figure below, c = J^5 = 5, ft = 7, a=6. Find the 
length of the perpendicular CD, 

21. In Ex. 20 suppose c = 7, & = 9, a = 8. 
Find the length of CD and the area of the 
triangle. 

22. As in Exs. 18 and 20, find the area of 
the triangle whose sides are 11, 12, and 13. 

23. Draw a rectangle whose perimeter is 20 in. and whose 
area is 22| sq. in. 

24. Draw a rectangle whose area is 23f sq. in. and whose 
base is 3J in. greater than the altitude. 

25. Two squares are placed together as here shown, forming 
^ figure of six sides. The area of the figure is 62 sq. in. and 
its perimeter is 32 in. Find the length of side in 
each square. 

26. The altitude of a trapezoid is 18 ft. Its area 
is equal to that of a rectangle with sides equal to the parallel 
bases of the trapezoid. Three times the smaller base added to 
the larger base is ^our times the altitude of the trapezoid. 
Find the two bases. 

27. The sum of two numbers is 11, and the cube of their 
sum exceeds the sum of their cubes by 792. Find the numbers. 

28. A number is formed by two digits. The second digit is 
less by 8 than the square of the first digit. If 9 times the first 
digit is added to the number, the order -of digits is reversed. 
Find the number. 

29. A number is formed by three digits, the third digit being 
the sum of the other two. The product of the first and third 
digits exceeds the square of the second by 5. If 396 is added to 
the number, the order of the digits is reversed. Find the number. 

30. If the product of two numbers is increased by their sum, 
the result is 79. If their product is diminished by their sum, 
the result is 47. Find the numbers. 




CHAPTER XIX 

POWERS AND ROOTS COMPLETED 

286. Review of the Meaning^ of o^ and a~n. As already 

explained (§ 252), a° = 1, and (§ 251) «-» = —. The reason- 

ableness of this is further seen from the following relations : 

Since a* means aaa, or a* -5- a, 

and a* means aa, or a* -i- a, 

it should follow that a} means a, or a^ -j- a, 
and that a° means 1, or a ^ a, 

and that a~ ^ means - > or 1 -5- a, 



and so on, so that a~" means 



a 



a" 



1 
287. Review of the Meaning of a". As already explained 



1 

n 



(§ 239), a" = V a. The reasonableness of this is further seen 
from the following relations : 

Starting with a*, 

if this exponent is half as large, we have a^, or Va* ; 

if this exponent is half as large, we have a, or Va^ ; 

1 

if this exponent is half as large, a^ should equal Va ; 

1 

and in the same way a" should equal Va, and 



m 



a" should equal va"*. 



m 



We thus see th^t not only do aP, a-", a", have the meanings assigned 
to them because they obey the fundamental laws of exponents (§§ 204, 
239, 240), but because these meanings fit into the general definitions. 

353 
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288. Laws of Exponents. The following laws have already 
been proved for positive integral expouents (§ 204) and as- 
sumed for other kinds of exponents (§§ 239 and 261) : 

Law I. «"•«* = a"»+". 

Law IL «"*-!-«" = »"•-". 
Law IIL (ahy = a"ft». 
Law IV. (a*")" = aJ^, 

In any of these cases m or n, or both m and n, may be either 
fractional or negative, or both fractional and negative, as well 
as positive and integral. To prove all possible cases would 
take too much time, but a few typical ones will now be con- 
sidered. All of the others admit of similar treatment. 

It is unnecessary to master all of the proofs here given, and the teacher 
may safely omit one or more. The important thing is that the student 
should know that the fundamental laws hold for all kinds of exponents. 

m pm 

1. To prove that a" = a^. 

To prove this we must first recall that — is here a symbol meaning that 

n 

the nth root of the mth power is to be taken, and that it is not a fraction 
in the ordinary sense. We are now to show that it may be reduced like 
an ordinary fraction, and we ^re t© show this by the laws of positive 
integral exponents already proved. , 

m 

Let X = a". 

Then x» = a"». Axiom 5 

and xP^ =^ ap*». Axiom 6 

pm 

Therefore, extracting roots, x = a p». 

m pm 

.'. o** = aP*», since each equals x. 

2. To prove that (ab)"^ = oT'lf when m is negative (m = — n), 
that is, that (aby = a'^b"". 

We have, by the definition of negative exponent and by a law 
already proved, ^ ^ 

(oft)-" = = — — = a-»»6-*. 
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3. To prove that (aby = a^b'^. 

Let x = (a6)«. 

Then x? = (ab)^ = a^h^. Why ? 

.-. aj = -v/o^ . -v/ft^ = a W. Why? 

£ £ £ 
.-. {a6)« = a«6«. Why? 

4. To prove that a-^a-^^ = a-^-«. 

a-Pa-^ = JL . J- = _L_ = a*"^-*. Explain 

a^ a« a'' + « 

5. To prove that a^'a^ — a "« . 
We have 



m p tnq up 




a^'a^ - a"«a"«, as in 1 


• 


1 
= (a'^A'a"")*', as in 3 


• 


1 


Why? 


% 

m9 + *9 




= a "« . 


Why? 



6. To prove that (a"'")-'* = a"*\ 

We have («-»»)-» = (—) = (a"*)" = a"»». Explain. 



and 











m p mp 


7. To 


prove 


that 


(a»)« = a"«. 










m p 


Let 








m 


Then 
d 








m in 

= a»a*» . . • p factors, 

m + m*f- • • • p tomiB 

= a *^ , as in 5. 

mp 



Why? 



Why? 



m p mp • 

/. (a")« = a"?, since each equals x. 
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289. Advantage of Negative and Fractional Exponents. The 

advantage of using a~\ instead of — > and a* instead of Va', 

already mentioned in § § 242 and 261, should be fully appreciated. 

Thus it is easier to see that (a" i)~ i = a, than that 

1 



— == = a, 



although the two mean the same thing. 

Exercise 174. Negative and Fractional Exponents 

Examples 1 to 5, oral — Examples 6 to 44, loritten 

1. Simplify (a- ^-^ (ai)^ («*)»; (^*)*- 

2. Expand (a-^+ft-T; (^-'-^-T; (a-^ + ay. 

3. Multiply a-^ + b-^ by a"* - b-^ ; by 2 a-\ 

4. Divide a"^ -^ *"' by a"^ Tf b'^ ; by a"^ - b-\ 

5. Expand (a* + b^^ ; (J - b^^ ; (J + b'^. 

Perform the operations indicated : 

6. (x-^ + x-^ + l)(x-^ - a-^ + 1). 

7. (e,* + 5*)(a*-5*). • n. (J + J)V 

10. (j>y + q-^(pV-q-^' 13. (a « + a')(a~^-a«). 

14. Divide a;-^^ _ o;-^ + 1 by aj-* - x'^ + 1. 

15. Divide «"» + 2 a-%-^ - 3 ft"' by a"^ - ft-^ 

16. Express V^ + 2 Vic^/ + V^ with fractional exponents 
and then extract the square root. 

'fT 8/— 

17. Express \-i + ^ "+" ^^* ^^^^ fractional exponents and 
then extract the square root. 



p p p 



NEGATIVE AND FRACTIONAL EXPONENTS 357 

Perform the following multiplications : 

18. aj* + 05%^ + y* by x^ + y • 

19. x^ -\-x^ + x^ + lhyx^ + x^ +1. 

20. Sec* — 4icy* + 2a;^y — y^ by 2a;* — 3yi 

21. a; — 6 aw + 12 a^x^ — 8 a by a;^ — 4 a^a^ + 4 a^. 

22. «-» + a;-« 4. a;-i 4. 1 by «"» + a?"^ + 1. 

23. a;""* + 3a;-i-h3a;~* + lby aj-i + 2aj"i+l. . 

24. a;"* - ^a^x-^ + 12aa;"i - 8a* by x'^ - 4a*a;"* - 4 a. 

Perform the following divisions: 

25. acx^y~^ — hcyx~^ by cx~^y~^. 

26. a^ - 3a* -f 6a* - 7a + 6a* - 3a* -f 1 by a* - a* + 1 

27. Aa'-Sa*** + M«^ + J«***by Ja* + i**. 

28. a;"* - 3a;-2 + a;"* ~ 4 + 12a;"* - 4a;"* by a;"* - 4. 

J'md ^Ae square roots of the following expressions : 

29. ah-^ -f 4 a*"* - 2 a* - 12 a*** + 96. 

30. 60 mw* — 4 m*n* — 48 m*7ii + 16 rrv^n^ 4- 25 m*7i. 

31. 9a;"* + 24a;-V"* + 46a;"*y"* 4- 40a;"*2/-^ 4- 252/"*. 

32. a-* + 6-» 4. c-« + 2 a-^b'^ 4- 2 a-^c"* 4- 2 ^-^c"*. 

Rationalize the denominator of the following fractions : 

»»• "1 1" 37 ■ • *!• 7= 7=' 

5*-2* Vil-V5 2-V34-V5 

34 —^ 38 l±i^. 42 ^ 

10* _. 6* * 6 4- 2 V3 3 + 2* - 3* 

35. — ^ 7* 39. — ;= ;=• 43. 



12* + 5* * V^ + V3^ b-\'(a + b)^ 

36. 4^. 40. ^ + -^ > 44. " + ^. 

a* — 6* V 2 X — V 7 a; — wx — y 
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290. The Square Root of a Binomial Surd. Since (Va-fV^)^= 
a -h 2 '\fah + ft, if we can write the binomial surd x + Vy in the 
form a + 2 Voft + 6 we can find the square root by inspection. 

For example, find the square root of 7 -I- 4V3. 

We may write 7 + 4 VS = 7 + 2 Vi2 

= 4 f 2 VSTs + 8 =r (2 + Va)*- 

Therefore V7 + 4V8 = 2 + Vs. 

To jirCd the square root of a binomial aurd^ write it in the 
form a -h 2 VaJ + b. Then the square root mil be in the form 

y/a -h Vj. 

That is, \/a + 2Vaft+6= Va + Vft. 

Exercise 175. Square Root of a Binomial Surd 

Examples 1 to S, oral — Examples 4 to 27, written 

1. Square 2 + Vs ; V2-hV3i V2 + 3; V2 - Vs. 

2. Square 2 V3; 2 + 2V3; 3 + 2V3; 3 - 2 Vs. 

3. Square a + Vft; a-f 2Vft; Va+Vft; Va — 2Vft. 

Find the square roots of the following expressions : 

4. 5 + 2V6. 8. 9 - 4V5. 12. 30 -f- 12 Ve. 

5. 11 -h 6 V2. 9. 6 - 2 Vs. 13. 23 - 4 Vi5. 

6. 21 - 12 V3. 10. 8 + 2 Vi5. 14. 9 + 2 Vli. 

7. 17-hl2V2. 11. 36 + 18V3. 15. 12 + 2 V36. 

Solve the follomng equations : 

16. x^ = 12 -h 2 Vil. 22. a^ - 16 = 2 V55. ' 

17. x« = 18 + 8V2. 23. a^-ll = 4V7. 

18. ar» = 27 -f 10 V2. 24. x" - 23 = 8 Vf. 

19. aj^ = 51 - 14 V2. 25. a:^ - 32 = 10 Vt. 

20. x^ = 66 - 16 V2. 26. a:^- 16 = 4VT1. 

21. 2(x* - 2) = Vi5. 27. ar» -h 14 VH = 60. 
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291. Cube Root of a PolynomiAl. If we cube a + b, the result 
is, as shown in § 96, a" -f 3 a^6 -f 3 db^ + h\ In extracting the 
cube root we reverse this process of cubing, thus : 

a» 4. 3 flS^ + 3 a5^ 4. j» \a-\-h = Root 



3a«. 

3a^4-3a^4-** 



3 a^ft + 3 a^* -I- ft* = First remainder 
3a'6 + 3aft' + ^' = ft(3a' + 3aft + h^ 



Thd first term of the root is evidently a, because the cube of a is a'. 

Since in ctibing a binomial we have the cube of the first term plus 
three times the product of the square of the first by the second, etc., we 
have in 3a'6 three times the product of the square of a by the second 
term. We therefore divide by 8 a^ to find the second term, 6. 

In cubing a + 6 we have a' + 6(3 a* + 3 06 + 6^). We therefore add 
8 06 + &^ to 3 a^ and multiply 8 a^ + 3 06 + ft^ by 6, thus completing the 
cube of a 4- 6. 

1. Find the cube root of 27 «» - 189 xhf + 441 xf - 343 y». 

27 x« - 189 x'y + 441 xt/ - 343 f |3a;-7y 
. 27x* 
27 a:^ 



27 a:' - 63 a:y -I- 49 ?/ 



- 189 xV -f 441 xtf^ - 343 y" 

- 189 x^y -f 441 xy^ - 343 / 



Here 3(3ic)2 = 27x2, corresponding to 3 a^ in (a + bf. 
To 27x3 ig added 3(3xj (~ ly) + (- ly)\ or - 63xy + 49 y^. 
This work should be compared, step by step, with the example above 
explained, the following questions being answered : 
How is the first term of the root found ? 
Why is 27 x* taken as the divisor ? 
How is the second term found ? 
Why is - 63xy + 49 y^ added to 27x3 ? 
Why is 27x2 - 63x2/ + 49^2 multiplied by - 7 y ? 

2. Find the cube root of 300ar*y - 5 a; (25 x^ -+- 48 y^ -f 64 / 
Rearranging, the work appears as follows : 

- 125 3? 4- 300ar»2/ - 240^ "i" ^4/ [-5x4-4?/ 
- 125 x* 
75 x^ 



75ar'-60a;?/4-16y^ 



300x2^-240x2/* + 64/ 
300 xV - 240 xy 4- 64 y» 
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In case there are more thg,n two terms in the root the 
method is essentially the same. After two terms have been 
found, their sum is considered to be a in the typical form 
a«4-3a%4-3a62 + 5«. 

Thus if the part of the root already found is x^ — x, we subtract 
(x^ — x)', and the remainder is in the form 3 a% + 8 06^ + 6?, in which 
x^ — X is a. We therefore divide by 3 (x^ — x)^ to find 6, the next term. 
We proceed in a similar manner if there are more than three terms in 
the root, always letting a represent the part of the root already found. 

3. Find the cube root of «« - 3a:^ + 6a;» - 3a; - 1. 

a;g - 3a;g -i- 5a;^ - 3a; - 1 1 g;^ - a; - 1 



1 



a^ 


s 




3a;* 
3a;*-3a;»-f aj2 


-3a;'' 4-5a;» 
-3a;* + 3a;*- a? . 


3a;*-6a;» + 3a;2 
3a;*-6a;« + 3a;4-l 


-3x* + 6a;»-3a;-l 
-3a;* + 6a;»-3a;-l 



The first term of the root is x^. 

The first divisor is 3(x2)2, or 3x*; and - 3x6 -^ 3x* = -x, the 
second term. 

Then 3 (x2)2 + 3 (x2) (_ x) + (- x)2 = 3 x* - 3 x^ + x^. This, multiplied 
by — X, equals — 3 x^ + 3 x* — x^, thus completing the cube of x^ — x. 

Subtracting, and considering x^ — x as the first part of the root, 'a, we 
have subtracted the cube of the first part of the root, a^. The remainder 
therefore contains 3 a^ft + 3 06^ + ifi^ where b is the next term. We there- 
fore divide this remainder by 3 a^, or 3 (x^ — x)2. Practically we need 
divide only — 3x* by 3x*. We therefore find that the next term is — 1. 

As before, we multiply 3 a^ + 3 06 + 6^ by 6, or 8x* - 6x» + 8x + 1. 
by — 1, thus completing the cube of x^ — x — 1. 

4. Find the cube root of a;« + ^x^ + 15a;*+ 20a;' + 15a;^-f*6a; +!• 
Leaving the divisors to be found by the student, we have 

x^ + 6a;^ -\-16x' + 20x^ -f ISa;^ + 6a; + 1 [a;^ + 2a;4'l 
of 



6a;^ + 15a;* + 20a;« 
6a;« + 12a;*+ 8a;' 



3a;* + 12a;« 4- 15a;'» + 6a; + 1 
3a;*-f 12a;»-f^l5a;^ + 6a; + 1 
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Exercise 176. Cube Root of Polynomials 

Examples 1 to 4, oral — Examples 5 to 21 y written 

1. What is the cube root of aj» -h 3 ic* + 3 a; 4- 1 ? 

2. What is the cube root of a^ + 6a^ 4- 12aj -f- 8 ? 

3. What is the cube root of 27 - 27a: + 9a;^ - aj»? 

4. What are the first and the last terms of the cube root 
of the perfect cube 125 aj* + 300 x^ 4- 465 x^ + 424 a^ + 279 a;* 
+ 108a;* + 27a:»? 

Find the cube roots of the following polyrwmiah: 

5. 27a;» - 54a^i/ + 36a;y" - 8y«. 

6. m® — 3 m^n + 3 nM — w*. 

7. 125 a» -f" 225 a% -f 135 ab^ + 27 h\ 

8. 343 n« 4- 735 nhn 4- 125 m» 4- 525 m^. 

9. aj* - 3a;*y 4- 6 x^ - IxY 4- 6 a; V - 3 aj^ -h j/^. 

10. 8a* - 60a* + 114a* -f 55a» - 171a2 _. 135a - 27. 

11. 64aj* - 144a^y 4- 60a;y- /- 9a:/- 15a:y 4- 45a;V. 

12. 21 n^ 4- 189 n^ -f 198 w* - 791 n» - 594 n^ 4- 1701 n - 729. 

13. «-• 4- 9x-V + 27a;-y 4- 27 y». 

14. 64 m- » - 144 rrr ^^-^ 4- 108 m" V " - 27 n" ». 

15. 27a:-*-135a;-«+198aj-^-35a;-«-66a:-*-15aj-*-a:-». 

16. 27 a;* 4- 108 x -f 198 a;* 4- 208 a;* 4- 132 a;* 4- 48 a:* 4- 8. 

17. 8aj-* - 12a;"* 4- 30a;-* - 25a;-* + 30a;-* - 12a;-* + 8. 

8a» 4a^ 3a 27a; 27a;' 27a;» 

■ 27 a;" "^3 a;' ^ x "^ "^ 8a "^ 16a» ■•" 64a»* 

19. 8a« 4- m<i% - 12 ah -f 27 6« 4- 54 ah^ 4- 6 ac' - 27 hh 
^ ^h<? — c» — 36 abc. 

20. 64a;-"- 144 a;- ^•'4- 96a;-* 4- 108a;-« - 144a;-^ 4- 21 a;-* 
+ 54a;-*-J36a;-*-f 8a;-». 

21. Write out a rule for cube root similar to that for square 
root on page 270. . 
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292. Cube Root of Numbers. The first step in extracting the 
cube root of a number is to separate the figures of the number 
into groups of three figures each, called periods. 

Since 1 = 1«, 1000 = 10«, 1,000,000 = 100^, and so on, the cube root of 
any integral number that has one, two^ or three figures, is a number of ow 
figure ; the cube root of any integral number that has four, five, or m 
figures, is a number of two figures ; and so on. 

If, therefore, an integral number is separated into periods of three 
figures each, from right to left, the number of figures in the root will 
be equal to the number of periods. The last period to the left may con- 
sist of one figure, two figures, or three figures. 

For example, the cube root of 84,646,976 will have three integral 
places. 

Cube roots are required in practical work in engineering, but such 
roots are usually found by tables, logarithms, or some such mechanical 
devices as the slide rule or the computing machine. In order to use the 
computing machine as much knowledge of the theory is needed as is 
here set forth. 

Find the cube root of 42,875. 

We first recall that if ^ = tens and %v = units, we have 

We see that there will be two integral places in the root. The first 
period, 42, contains t^. The greatest cube in 42 is 27, and the cube root 

of 27 is 3. Hence < = 3. 
42 875(35 The remainder, 15,876, resulting 
27 from subtracting the cube of the 



3 X 30«= 2700 

3 X (30x5)= 450 

5'= 25 

3175 



15 875 ^'^' ^^^^ contain 3i^ + 3(u3 + ti' . 

Each of these three parts con- 
tains u as a factor. 
Hence the 15,875 consists of 
15 875 two factors, one of which is u, 

and the other is 3t« + Stu + u*. 
The largest part of ^his second factor is 3 1^. 

If the 158 hundreds of the remainder is divided by 3 i* = 3 x 80*, or 
27 himdreds, the quotient will be approximately m. The second factor 
can now be completed by adding to the 2700 the sum of 3 x (30 x 5), or 
460, and 6^, or 25. 

If this factor, 3176, is now multiplied by 5, the result is 16, 875, which 
completes the cube of 36. There being no remainder, \^42876 = 35; 
To check the work, 36* = 42,875, 
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293. Cube Roots of Larger Numbers. The method of § 292 
iv^ill apply to numbers of more than two periods, by consider- 
ing the part of the root already found OrS so many tens with 
respect to the next figure of the root. 

For example, find the cube root of 67,612,456. 







57 612 466(386 






27 


3x 302 = 


2700 


30 512 


3 X (30 X 8) = 


720 




82 = 


64 






3484 


27 872 


3 X 3802 = 


433200 


2 640 466 


3 X (380 X 6) = 


6840 




62 = 


36 






440076 


2 640 456 



Therefore the cube root is 386. 

294. Cube Roots of Decimals. If a cube root has decimal 
places, the cube will have three times as many. 

Thus, if 0.11 is the cube root of a number, the number is 0.11 x 0.11 
X 0.11 = 0.001331. Hence, if a given number contains a decimal, we 
separate it into periods of three figures each, beginning at the decimal 
X)oint and proceeding toward the left for the integral part, and toward 
the right for the decimal. The last period of the decimal must contain 
three figures, zeros being annexed when necessary. 

Find the cube root of 187.149248. 







187.149 248(5.72 
125 


8x502 = 


7500 


62 149 


8 X (50 X 7) = 
72 = 


1050 
49 






8599 


60 193 


3 X 5702 = 


974700 


1966 248 


8 X (670 X 2) = 
22 = 


3420 
4 






978124 


1 956 248 



Since there can be only one integral place, the decimal point is placed 
after the 5, the cube root being 5.72. 
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295. Approximate Cube Roots. If the given number is not a 
perfect cube, zeros may be annexed and, a value of the root 
may be found as near to the true value as we please. 

Extract the cube root of 1250.6894. 

1260.689 400(10.77 
1 



8 X 102 = 800 1 250 
Since 800 is not contained in 260, the next figure of the root is 0. 



8 X 1002 = 30000 

8 X (100 X 7) = 2100 

72= 40 


260 689 


82149 


226 048 


8 X 10702 = 3434700 

. 8 X (1070 X 7) - 22470 

72= 49 


26 646 400 


3467219 


24 200 688 



1 446 867 

Exercise 177. Cube Root of Numbers 

Extract the cube roots of the following numbers: 

1. 1,771,561. 4. 47,832,147. 7. 4826.809. 

2. 1,295,029. 5. 11,390,626. 8. 0.000912673. 

3. 2,048,383. 6. 87,528,384. 9. 0.114791266. 

Find the edges of the cubes having the following volumes : 
10. 75 cu. in. 11. 830 cu. ft. 12. 92.5 cu. in. 13. 7^ cu. in. 

14. Find the diameter of an iron ball that weighs 27 times 
as much as au iron ball 2 in. in diameter. 

15. The weights of two iron cylinders of the same shape are 
as 2197 to 4913. Find the ratio of their heights. 

16. Find the edge of a cube whose volume is equal to the 
volume of a rectangular solid 81" x 3" x 3". 

17. Find the edge of a cubical cistern that holds as many 
gallons as a rectangular cistern 12' x 8' x 5^'. 



CHAPTER XX 

PROGRESSIONS 

Si96. Series. A succession of terms that proceed according 
to some fixed law is called a series, 

For example, the natural numbers, 1, 2, 8, • • •, form a series, the law 
being that each term is one more than the preceding term. 

The study of series is an important part of higher mathematics. For 
example, by means of series we find the approximate value of ir by an 
easier method than the one given in geometry. 

297. Finite Series. A series in which the number of terms 
is limited is called definite series. . 

If the number of terms of a series is unlimited it is called an irfinUe 
series. 

For example, 2, 6, 18 is a finite series, having only threa. terms. The 
fixed law is that each term after the first is three times the preceding 
term of the series. 

The series 1, 2, 3, • • • and so on forever, is an infinite series, as is also 
the series 1, J, J, i, • • • . 

The number of different kinds of series is evidently unlimited. For 
example, 1^, 2^, 8*, 4*, ... is a series, and so are 1,-2, +8, — 4, +6, 
- 6, . . ., and 3-i, 4+2, 6-«, 6+*, . • .. 

Only two kinds of series are commonly considered in elementary 
algebra, the arithmetical and the geometric. 

298. Arithmetical Progression. A finite series in which each 
succeeding term after the first may be found by adding a con- 
stant quantity to the preceding term, is called an arithmetical 
progression. 

The words series and progression are generally used interchangeably 
in elementary algebra. 

For example, 2, 4, 6, 8, 10 is an arithmetical series or an arithmetical 
progression. 

865 
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299. Elements of an Arithmetical Progression. An arithmet- 
ical progression may be represented by 

€iy a -{- d, a -\- 2 d, a- -j- 3 <^, • • •, 

in which a is the first term and d is the constant quantity 
added. 

It is customary to speak of c^ as the common difference, and 
to represent the various elements as follows : 

a — first term, d = common difference, 
I = last term, n = number of terms, 

and to let s stand for the sum of all the terms. 

If d is positive the series is an increasing series, as in the case of 2, 6, 
8, 11, where a = 2, d = 3, n = 4, Z = 11. 

If d is negative the series is a decreasing series, as in the case of 16, 12, 
8, 4, 0, — 4, in which a = 16, d = — 4, n = 6, Z = — 4. 

The terms between the first and last terms are called arithmetical means. 

300. Tljf nth Term, or /. Since each succeeding term pf an 
arithmetical progression is obtained by adding d to the preced- 
ing term, the coeflScient of d is always one less than the num- 
ber of the term. Hence the coefficient of d in the nth term is 
(n — 1) Calling the nth. term I, we have 

l=a+(n-l)d. 

Thus in the series 2, 5, 8, 11, we see that the last term is 11, and that 
ll = 2-K4-l).3=2-|-3.8. 

301. The Sum of the Terms. Indicating the sum Of the terms, 
we have 

s = a +(a'^d)-\-(a-i-2d) -| \-(l — d^^l 

or 8 = 1 -^(l —d)-\-(l —2(1) + f-(a-f-cg)-f-fl^ 

'.\2s=(a-{' ^-^(a + l)-\-(a -f /) H ^-(a + ^4-(a -|- 

= 71 (a + Z), 

n 
.-. s=-r(a-\-l). 

That is, the formula for the sum is 

5 = |(a + 0. 
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302. Problems in Arithmetical Progressions. In the two for- 
mulas in §§ 300 and 301, when the values of any three of the 
letters are known, the values of the others may be found. 

1. Find the tenth term in the series 1, 7, 13, • • •. 

We have a = 1, d = 6, n = 10. 

Hence Z = a + (n — l)d = 1 + 9 . 6 = 66. 

2. Find the sum of the terms of the series 1, 7, 13, « • • to 
ten terms. 

As in Ex. 1, I = 66. 

Hence « = - (a + = — (1 + 56) = 6 . 66 = 280. 

3. Write the series of which the first term is 5, the last 
term 33, and the smn of the terms 152. 

Since Z = a + (n — l)d, 33 = 6 + (n - l)d. 

Since s = - (a + 0, 162 = - (6 + 33) = 19n. 

.-. 8 = n. 
.-. 33 = 6+{8-l)d, 
or 4 = d. 

Therefore the series is 6, 9, 13, 17, 21, 26, 29, 33. 

4. Find a when d, I, and s are given. 



From Z = a + (n — 1) d we have n = 
From « = - (a + Q we have n = 



d 



Therefore 



2 * a + l 

l--a-\- d 28 



d a + 2 

Simplifying, a2-ad = P+W-2d8. 



Solving for a, a=^ld± V(2i + d)2- 8d«]. 

303. Formulas of Arithmetical Progressions. Only the two 
fundamental formulas of § § 300 and 301 need to be memorized. 
From them the formulas on page 368 may be deduced. 

Teachers will use their discretion as to the amount of this work to he 
required. 
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NO. 

1 
2 

8 
4 

5 
C 

7 
8 

9 
10 

11 
12 

« 

13 
14 
16 
16 

17 

18 
19 

20 


GiVBN 


Requirrd 


Result 


adn 
ad 8 

an8 
dn s 


I 


l = a-{-(n-l)d 


1 = a 

l__B {n-l)d 
n 2 


adn 
adl 

anl 
dnl 


8 

• 


«=in[2a + (»-l)d] 
'-•2 ' 2d 

« = in[2Z-(n-l)<q 


d n I 
dns 

dl8 
nla 


a 


a=Z-{n-l)d 

8 (n-l)d 
a = i — 

n 2 
a = i[d± V(2i + d)2 - 8d«] 

2s , 

a = 1 

n 


anl 
ans 
a I s 
n I s 


d 


n-1 

, _ 2 (s — an) 

n(n - 1) 

P - a2 
a = 

28-l-a 
^^2(nZ-s) 
n(n-l) 


ad I 

ads 
als 

dls 


n 


n= ^ +1 


d_2a±V(2a-d)=' + 8(te 

n ^ : 

2d 

2s 

n = ; 

l-^a 


2Z + d±V(2/+d)a-8ds 

2d 

• 
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Exercise 178. Arithmetical Progression 

All examples written 

1. Find the ninth and twelfth terms of 3, 7, 11, • • • . 

2. Find the tenth and twentieth terms of 5, 11, 17, • • • . . 

3. Find the sixth and eighth terms of 40, 3?, 24, .... 

4. Find the fifteenth term of 12, 3, - 6, .... 

5. Find the sum of the first nine terms of 7, 11, 15, . . . ; 
also of the first twelve terms. 

6. Find the sum of the first eight terms of — 28, — 20, 
— 12, • . . ; also of the first three terms ; also of the first five 
terms. 

7. Find the sum of the first seven terms of — 6, — 3, 0, . • •; 
also of the first five terms. 

8. Find the sum of the first sixteen terms of 3^, 7, lOJ^, • • •; 
also of the first twenty terms. 

9. Given a = 7, ^ = 42, n = 6, find d and s, 

10. Given a = 65, w = 9, s == 333, find d and L 

11. Given a = — 27, e^ = 12, Z = 45, find n and s. 

12. Given a = 7, ^ = 49, « = 812, find d and n. 

13. Given c? = §, n = 24, 5 = 56, find a and Z. 

14. Given a = 4, e^ = 3, 5 = 246, find I and n, 

15. Insert four terms in an arithmetical series between — 15 
and 45, that is, four arithmetical means, thus making six terms 
in the series. 

16. Insert seven arithmetical means between 3 and 51. 

17. Insert twelve arithmetical means between 3 and 42. 

18. Insert six arithmetical means between 1 and 5. 

19. The first term of an arithmetical series is 21 and the 
third term is 33. Find the sum of five terms. 

20. The first term of an arithmetical series is -— 3, and the 
sum of the first five terms is 105. What term is 33 ? 
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21. The sum of three numbers in an axithmetical series is 
120. The difference between the first and last terms is 26. 
Find the series. 

22. What is the sum of the first hundred positive integers ? 

23. What is the sum of the first ten odd numbers ? of the 
first twenty ? of the first n ? 

24. What is the sum of the first ten numbers that are divis- 
ible by 5 ? 

25. What is the sum of the first ten numbers beginning with 
15 that are divisible by 3 ? 

26. In a potato race 100 potatoes are placed 3 ft. aparf in 
a straight line. A runner picks up one potato at a time and 
carries it to a basket in the line of the potatoes, and 3 ft. back 
of the first one. How far does he run ? 

27. In a potato race, if there are 60 potatoes 6 ft. apart, and 
the basket is 6 ft. back of the first one, how far does the 
contestant run? 

28. A body falling freely falls 16.08 ft. in the first second, 
and in each succeeding second 32.16 ft. more than in the second 
immediately preceding. If a stone dropped from a stationary 
balloon reaches the ground in 12 sec, how far does it fall in 
the last second ? How high is the balloon ? 

29. A baseball was dropped from the top of Washington 
Monument, 550 ft. high, and was caught by an American League 
catcher. How fast was the ball falling when caught ? 

30. Some railroads use 24-hour time, the hours being num- 
bered from 1 to 24. If a clock should strike the hours on this 
plan, how many strokes would it strike in one day ? 

31. How many terms of the series 18, 15, 12 must be taken 
to have their sum 60? Write the series and explain the double 
answer. 

32. How many terms of the series 40, 30, 20 must be taken 
to have their sum 90 ? Explain the two answers. 
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304. Geometric Progression. A finite series in which each 
succeeding term may be found by multiplying the preceding 
term by a constant multiplier is called a geometric progression. 

The constant multiplier is called the ratio. 

The first term is designated by a, the last term by /, the ratio by r, 
the number of terms by n, and the sum by s. 
Special examples of a geometric progression are 

2, 4, 8, 16, 32, 64, 128, • • • , 
and 729, 243, 81, 27, 9, 3, 1, J,..., 

and the general form is 

a, ar, ar^, ar^, ar*, • • • . 
The terms between the first and last terms are called geometric means, 

305. The nth Term, or /. Since each succeeding t^rm of a 
geometric progression, after the first, is obtained by multiply- 
ing the preceding term by r, the exponent is always one less 
than the number of the term, so that the second term is ar, 
the third is ar^, the tenth is ar^, and the nth is ar"~^. Hence 

/ = arn-i. 

Thus in the series 5, 16, 46, 136 we see that 136 = 6 • 3^ - 6 . 27. 

306. The Sum of the Terms. To find the sum, we have 

s = a -\- ar -{- ar^ 4- • • • + a^** ~ ^- . 

Multiplying by r, rs = ar + ar^ -|- • • • -f ar* "^ -|- ar^. 

Subtracting, rs — s = ar*^ ^ a, or (r — 1) s = ar^ — a. 

ar^ — a 

Hence s = — 

r — 1 

Since I = ar^~^, therefore Ir = ar"^. 

Ir — a 

.*. s = T— 

r — 1 

We therefore have two convenient formulas for s : 

or" — a 

5= —I 

r — 1 

and s = r* 
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307. Problems in Geometric Progressions. From the formulas 

in §§ 305 and 306, when the values of any three letters are 

known the values of the other two may be found. 

In the case of finding n, however, logarithms are needed except when 
n is easily determined by inspection. This case is therefore considered 
in only one simple example at this time. 

1. The sum of the terms of a geometric progression is 381, 
the first term is 3, and the last term 192. Eind the ratio and 
the number of terms. 

Since I = ar^-^, 

therefore 192 = 3 r»-i. 

Ir — a 



Since 8 = 

■ 

therefore 381 = 



r-1 
192r-3 



r-1 
from which r = 2. 

Substituting, 192 = 3 • 2«-i, 

and 64 = 2»-i. 

Since 64 = 2«, n — 1 = 6, and n = 7. 

2. Given r, w, s, find l. 
From I = ar^-^ a = 



fn—l 



If — d fn^l 

Substituting in 8 = , s = — — - 

^ r-1 r-1 

_ /(r««-l) 

~'r«-i(r— 1)* 

,_«r"-i(r-l) 



Solving for Z, 



r« — 1 



3. Insert a geometric mean between 7 and 63. 

We have - = — , 

7 X 

whence x^ = 7 . 63 = 441. 

.-. x = ± Viil = ± 21. 

Therefore the series is either 7, 21, 63, or 7,— 21, 63, r being 3 in the 
first case and — 3 in the second case. 



j.ji. •ii''S'i'i'lilii)i-.s. "^ 

?^^W^^^P?S'.S'B?HB^8fw^P^^*j^^*^* tliree fun- 

o. '& ■ -L^ ™> «-_( m' •• J 



i 
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Exercise 179. Problems in Geometric Progressions 

All examples written 

1. "Find the fifth term of 3, 6, 12, • • • ; the tenth term. 

2. Find the sixth term of 4, 12, 36, • • • ; the twelfth term. 

3. Find the eighth term of 32, 16, 8, • • • ; the tenth term. 

4. Find the ninth term of 4, — 16, 64, • • . ; the tenth term. 

5. Find the tenth term of 1, J, :J, • • • ; of 1, 2, 4, . • •. 

6. Find the twelfth term of - 3, 9, - 27 ... ; the thirteenth 
term ; the twentieth term. 

Find the sum of the follomng aeries : 

7. 3, 6, 12, . • • to five terms ; to ten terms. 

8. 4, 12, 36, • • . to six terms ; to twelve terms. 

9. 2, — 4, 8, • • . to five terms ; to six terms. 

10. 3, — 9, 27 ... to eight terms ; to nine terms. 

11. 1, ^, J, • • . to eight terms ; to fifteen terms. 

12. Insert a geometric mean between 4 and 25 and find the 
sum of the three terms. 

13. A geometric series is 3, 3 r, 3 r^, 1029. Find r, and thus 
insert two geometric means between 3 and 1029. (Extract the 
root by factoring.) 

14. Insert two geometric means between 2 and 1458. 

15. Insert three geometric means between 2 and 32. 

16. Given a = 8, r = 2, s = 248, find I and write the series. 

17. Given a = 32, r = J^, ti = 6, find I and 5. 

18. Given Z = 3, r = if^, n = 5, find a and s, 

19. Given s = — 42, a = — 64, r = — J, find I and write the 
series. How many terms are there ? 

20. Given r = 6, n = 5, Z = 1296, find a and s, 

21. The first term of a geometric series is 5 and the ratio 
is 2 ; what term is 1280 ? 
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309. Infinite Geometric Series. When r is a proper fraction 
the successive terms become numerically smaller and smaller. 
By taking n large enough we can therefore make the nth term 
as small as we please, bringing it nearer and nearer to zero. 

Thus in the series 4, 2, 1, ^, j^, ^, ^, • • • , the terms are getting smaller 
and smaller. If we take n = 14, we shall have I = ^j^^-g, a small fraction ; 
and if we take n = 21, we shall have I = ^^^^^, a very small fraction. 

Since r < 1, we may avoid negative terms by writing 

s = T- in the form — ; and by taking n large enough 

we can make ar" as n^r zero as we please, and can make s 

approach as near as we please to ;> or ;; That is, :; 

^^ 1 — r, 1 — r 1 — r 

is the limit to which s approaches when r is a proper fraction. 

For convenience it is usually said that s = > when r is a 

proper fraction and n is infinite. 

The full statement is that the limit of s is » when r is a proper 

1— r 

fraction and the number of terms increases without limit. 

However far we extend the series, s lacks a little of being , but 

1 — r 

the further we extend it the nearer a approaches this limit, the difference 

between s and being less then any assigned positive quantity. 

l — r 

1. Find the sum of the infinite series 10, 5, 2^, IJ, • • •. 

ft 1 A 

Since 8 = , we have s = = 20. That is, the further we go 

1-r 1- i 

in summing the series, the nearer the sum approaches 20. 

2. Find the sum of the .infinite series 9, — 3, 1, — J, • • •. 
Here a = 9, and r = — ^. 

Therefore « = = — = - = — = 6i. 

1-r l-{-i) J 4 * 

3. Fin^ the sum of the infinite series ^\^, j^j^, TxAyiyj • * *• 
Here a = j'^, and r = y'^. 

^^ , a 0.1 0.1 1 

Therefore s = = = -— = -. 

l_r 1-0.1 0.9 9 

That is, the limit of the decimal fraction 0.111 ••• is J. 
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4. Find the value of the fraction 0.72232323 .... 

Such a fraction is called a recurring decimal (or repeating or circulaUng 
decimal). It may be written 

in which 0.72 is not part of the infinite geometric series that follo^vtrs. 
In the series, a = xiftArTF ^^^ ^ = jhjs • Hence 



Add 0.72, the part of the decimal that does not recur, and 

o-72+.,Mff = 5Hi- 

If we reduce H^i to a decimal fraction, we shall find that it equals 
0.722323 . . ., thus checking the work. ^ 

Exercise 180. Infinite Geometric Series 
iU examples written 

1. Find the sum Oa the infinite series 15, 5, If, .... 

2. Find the sum of the infinite series 12, 3, f, • . .. 

3. Find the sum of the infinite series 32, — 16, 8, — 4, • • •. 

Find the value of /^ foUovying recurring decimals : 

4. 0.2727 .... -'6: 0.481481. ... 8. 0.76565 ... 

5. 0.3030 .... 7. 0.520520 .... 9. 0.83421421 . . .. 

Find the sum of th/e following infinite series : 

10. 100, 50, 25, . . .. 14. Ill, 74, 49 J, .... 

11. 99, 33, 11, . . .. 15. 625, 250, 100, .... 

12. 160, 40, 10, .... 16. 1250, 750, 450, . . .. 

13. 625, 125, 25, . . .. 17. 4096, 3584, 3136, .... 

18. If you take half of a line 4 in. long, and half of what is 
left, and so on, what is the limit of the sum of thesotparts ? 

19. If it were possible for a rubber ball to fall 10 ft. and 
bound back 5 ft., then to fall 5 ft. and b6und back 2^ ft., and 
to continue this forever, what is the limit of the distance 
through which the ball would pass? 
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CHAPTER XXI 

THE BINOMIAL THEOREM 

310. Factorial. The product of the positive integers from 
one to any given number w, inclusive, is called factorial n. 

That is, 1 • 2 • 3 • 4 = factorial 4, and 1 • 2 • 3 • • • n = factorial n. 

There are two common symbols for factorial n, as follows: [n and n !, 
the former being more convenient to write and the latter more conven- 
ient to print. Thus 1.2.3.4.6 = 16 = 61 =120. 

311. Binomial Theorem. In order to develop the Binomial 
Theorem (§ 206) we may write the exjpansion of the first three 
powers of a -}- ft in the following form ;^ 

(a + 5)1 = a 4- ft ; 

(a + ft)»=a« + 2aft+^ft^ 

(a + ft)»=a« + 3a2ft + ^aft»-h^j~ft» 

We therefore infer that, in the case of fa + by, 

1. The number of terms is greater by ofie^ than the exponent 
of the power to which the binomial is raised. 

2. The exponent of a in the first term is n, and it decreases 
by one to the right. 

3. The exponent of ft in the first term i^ 6, and it increases 
by one to the right. 

4. The coefficient of the first term is 1; and of the second 
term n. **; 

5. The coefficient of each term after the first is found from 
the next preceding term by multiplying the coefficient of that 

, term by the exponent of a and dividing the product by a number 
greater by one than the exponent of ft. 

877 
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312. Proof of the Binomial Theorem. We know that the laws 
just stated hold for the third power, because we can obtain 
this power (§ 311) by actual multiplication. 

Let us, for the moment, assume that they hold for the kth. 
power, k being any positive integer. Then 

. k(k-l)(k-2) . „,« 
+ -^ ^ U^-V -{-''». (1) 

If we multiply both members of (1) by a -f- ^ in the usual 
manner, we have 

(a + ^>)*+i = a*+^ + (A: 4- 1) a*^ + ^^ "t '^^ ^ a'^-'b^ 

_^ (^-M)M^-l) ^;„,.^,,,^^ (2) 

But (2) is exactly what we obtain if we expand (a -|- 5)*''"* by 
the Binomial Theorem. 

Therefore, if the law holds for the A:th power (that is, if (1) 
is true), it holds for the (k + l)th power, for we have shown 
this by actually multiplying (1) by a + ^. 

But the law does hold true for the third power (§ 311), and 
therefore' it must hold true for the (3 + l)th or fourth power. 
Since it holds true for the fourth power, it must hold true for 
the (4 + l)th, or fifth power, and so on for any positive inte- 
gral power. Therefore, for the nth power, 

(a +by = a" + na^'-^b + ^ ^^ ^ ^'*" **^ 

O I 

This is a method of proof known as matJiematicoU induetion. 
Evidently we may interchange a and b. This will give us the last few 
terms of the series, just as we have now the first few, thus : 

2! 
This is illustrated in such a familiar case as a* + 8 a^ + 3 oft^ + d*. 
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1. Expand (a'— by. 

Eyidently the even powers of — 6 are positive (§ 206) and the odd 
powers negative. We therefore have 

ir n(n— 1) «,o n(n— l)(n--2) 
^ ' 2 ! 3 ! 

We cannot tell the sign of the last term unless we know whether n is 
odd or even. It is, however, (— 6)». 

2. Expand (1 + «)». 

Substituting 1 for a, and x for 6, in (a + 6)», we have 

/I . \« 1 . . n(n — l) „ , n(n — 1) (71 — 2) - , 
(1 +.x)» = 1 + nx + -^Yi "*" ^ si "*"*** 

3. Expand (1 — a;)". 

In Ex. 2 put — X for x, and we have 

. n (n — 1) « n (n — 1) (n — 2) - . 

(1 — x)» = 1 — nx + — ^^ -x^ i '-^ ^x« + . . .. 

^ ' 2 ! 3 ! 

We cannot tell the sign of the last term unless we know whether n is 
odd or even. It is, however, (— x)". 

4. Expand (1 + 2 af. 

Substituting 1 for a, and 2 a for 6, in (a + ft)", we have 

(1 + 2a)« = 1 + e(2a) + ^(2a)« + ^(2a)« + «:^(2a)« 

= 1 + 12a + 60 a* + 160 a» + 240 a* + 192a« + 64 a«. 

/2 3ajV 

5. Expand to four terms ( —j • 

2 3x^ 
Substituting -- for a, and for h, in (a + ft)", we have 

e-^'=©'-'©'(¥)^-©'(¥)* -»©T-?)'^ - 

_128_836 378 946 x^ 
~ x7 • X* "*" X 4 

We could also have written this (2 x- 1 — | x^)^ and expanded, obtaining 
128X-7 - 336X-* + 378X-1 - ^^x^ + • • .. 
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313. Formula for the rth term. We see by* § 311 that the 
third term is ^ ^ — ^a"~%^, 

the fourth term is — ^^ -^ ^ a"~*^*, . • . 

and hence that the rth term is 

n{n - 1) (n - 2) ... to (r - l).factors _ 

(r-1)! • . 

Find the eighth term of ( 4 — ~ ) • 

Here a = 4, 6 = — ^x^, n = 10, r = 8. 

The eighth tenn is 

10 . 9 . 8 . 7 . 6 . 5 . 4 



7! 



(4)10 -7(_ Jx2)7, or - 60 x". 



Exercise 181. Binomial Theorem 

Examples 1 to S, oral — Examples 4 to 20, written 

1. Expand (1 -f- «)* ; (1 - xf ; (a + 2)» ; (2 - a)» 

2. Expand {a + b)* ; (a -r by ; (a -|- 1)* ; (1 - a)*. 

3. Expand (a + bf ; (a + 1)^ ; (a - ^>)* ; (1 - a)*. 

^a^and the foUomng expressions : 

4. (a + 2 ft)*. 8. (a + 2 *)«. 12. («-* f ft-»)«. 

5. (a - 2 ft)^ 9. (2 a ~ 3 ft)«. 13. (2 a' » - a" *)•. 

6. (i a + I ft)*. 10. (4 « + § ^)'.' 14. (i y^ - § V^)'. 

16. In (3 a; — 4 yy find the fifth term ; the sixth. 

17. In (2 a; + 3)^ find the ninth term ; the tenth. 

18. In (3 a; - 4 2/*)" find the tenth term ; the twelfth. 

19. In (4 a - 3 ft^" find the middle term. 

20. In (a* + bi)^ find the middle term. 
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314. Conyergent Series. A series in which the sum of the 
terms, as the number of terms ij indefinitely increased, ap- 
proaches some fixed finite value as a limit, is called a conver- 
gent aeries. 

For example, as shown in § 309, when the number of terms is indefi- 
nitely increased the limit approached byl+J+J+J+fis -., 

or 2. This is therefore a convergent series. " » 

But the series 2, 4, 6, • • • is not a convergent series, because, when the 
number of terms is indefinitely increased, 2 + 4 + 6 + • • • becomes infi- 
nite. Such a series is called a divergent series. 

315. Binomial Theorem, Any Exponent. The Binomial Theo- 
rem is true for any exponent, integral or fractional, positive 
or negative, provided the series that results is convergent. 

The proof of this fact is not suited to elementary algebra, and it has 
to be assumed at this time. 

1. Expand to four terms (x + yy. 
Substituting in the expansion of (a + &)», we have 

(X + y)* = «* + ixi -^ i/ + iiizilaji- V 

^ I 

2x* 8xi 16a;* 

2. Expand to three terms Vo. 

= 8* + i . 8* - ^ + ilizil) 8* - 2 + . 1 . 

' 21 

= 2+TV~irk+--- =2.079+. 

3. Expand to three terms (2x — iy)~ . 
Substituting in the expansion of (a + by, we have 

(2 x-iy)-*=(2x)-* + (- i) (2 X)- »"' (- i y) 



=.(2a;)-*+ J(2a;)-^y~|- /r(2a;)- V+ • • - 



I 

i 
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A 4; Expand to four terms (1 — x)'^. 

^ I 

As a special case, suppose x = 2. We then have 
-' * (l-2)-i:^l + 2 + 22 + 28+ .... 

'But (l-2)-i = ^=-^=-l. . ,. 

. Therefore it would seem that -1 = 1+2 + 22+ 28 + ..-, which is ab- 
surd. The trouble is easily seen, however, for the series 1 + 2 + 2^ + 2« + . • • 
is manifestly not convergent, and the Binomial Theorem does not hold 
for such cases (§ 315). 

Exercise 182. Binomiar^?a^rem, any Exponent 

All examples writtery 

1. Expand to four terms : (1 + ti)*; (1 +V^)" 

2. Expand (1 +- x)~^ to four terms, and wri\ ^^^e result with 
fractions and radical signs instead of negative \^^ fractional 
exponents. 

Expand the following expressions to four terms: 

3. (x-l)-». 6. (l + x)* 9. (a%-^\^)^' 

4. (a -a;)-*. 7. (1 - x^K 10. (8a-8-|l)*- 

5. (2 a +■!)-«. 8. (a-2x)-^. 11. (Saj-^ -\27)"* 

12. In (a — b)~^ find the fourth term. 

13. In (a — 3)-® find the fifth term ; the sixth. 

14. In (a +- xy find the third term ; the fourth. 

15. In (2 a - 1)* find the third term ; the fifth. 

16. Expg^nd to three terms : V5, ^^28, ^/SS. 

(■1\12 
x — -) , what is the term that does not contain '*' ^ 

18. Find the square root of 10 to three decimal places by tt^® 
Binomial Theorem. Verify the result by finding the squ£§^® 
root by the ordinary method. 



CHAPTER XXn 

LOGARITHMS 

316. Logarithm. The power to which a given number, called: 
the base, must be i:aised to .equal another number is called the 
logarithm of this other number. . 

For example, since 10* = 1000, 
therefore, to the base 10, 8 = the logarithm of 1000, written log 1000. 

317. Base. We may take various bases for systems -of log- 
arithms, but for practical calculation 10 is taken. . . _; u. . 

Since 10^ = 100, and 10» = 1000, we know that the logarithm of any 
number between 100 and 1000 must lie between 2 and 3. For example, 

we know that log 476 is 2 + S9me fraction. 

Since log 10 = 1, because 10^ = 10, 

and log 1 = 0, .because 10^=1, ...'....; 

and log ^ =— 1, because 10- ^ = ^'5, 

we see that t?ie logarithm of the base is i, the logarithm of lis ze/o, and the 
logarithm of a proper fraction is negative. 

Exercise 183. Logarithms 

1. What is log T^^, or log 0.01 ? log 0.001 ? log O.OOOl ? ' 

Write the integers betwe&n which lie the logarithms of: 

2. S3. - 4. 127. 6.4237. 8. 42,756. 

3. 83.5. 5. 127.96. 7. 4237.8. .9. 42,756.95. 

Show that the follotving statements are true: ... ^j '^ '..i 

10. log 1 + log 10 -f log 100 + log iOOO + log 0.001 = 3. - 

11. 7 log 1 + 9 log 10,000 -h log 0.1 + log 0.000001 = 29. 

383 
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318. Logarithm of a Product. The logarithm of the product 
of two factors equals the sum of the logarithms of the factors. 

Let A and B be the factors, and x and y their logarithms 
Then, remembering that a; = log -4 and y = log By we have 

^ = 10*, 
and ^ = 10^. 

Hence AB^IO'^^ 

and therefore log AB=^x + y 

= log-4 + logJB. 
Such laws are easily proved for any base. 

319. Logarithm of a Quotient. The logarithm of the quotient 
of two numbers equals the logarithm of the dividend minus th^ 
logarithm of the divisor. 

For if a; = log Ay then A =: 10^, 
and if y ;= log B, then B = lO". 

Hence 4 = 10-'^ ' 

x> 

and therefore log ^ = x — y 

B 

= log A — log B, 

It is seen that if we know the logarithms of all numbers, we can find 
the logarithm of a product by addition and the logarithm of a quotient 
by subtraction. If we can then find the numbers of which these results 
are the logarithms, we shall have solved our problems in multiplicatioD 
and division by merely adding and subtracting. 

320. Logarithm of a Power. The logarithm of a power of a 
number equals the logarithm of the number multiplied by the 
exponent. 

If a; =3 log Ay then A = 10*. 

Raising to the pth power, Af* =.10^. 
Hence log A'^ = px 

= p\ogA. 
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• « 

321. Logarithm of a Root. The logarithm of a root of a num- 
ier equals the logarithm of the number divided by the index 
of the root. 

If a; = log i4, then ^ = 10*. 

1 » 

Taking the rth root, ^'^ = 10^ 

i X 

Hence log ^'" = - 

/' 

logi4 

r ' " > ■■■II ■— ■ • 

r 

Therefore the operations of multiplication, division, raising to pow- 
ers, and extracting roots will be greatly simplified, as already stated in 
§ 319, if we can find the logarithms of numbers. 

322. Chamcteristic and Mantissa. Usually a logarithm con- 
sists of an integer plus a decimal fraction. The integral part 
of a logarithm is called the characteristic. 

The decimal part of a logarithm is called the mantissa. 

Thus if log 2868 = 3.8716, the characteristic is 8 and the mantissa is 
0.3716. This means that lO*"" = 2363, approximately. 

323. Finding the Characteristic. Since we know that 

10» = 1000 and 10* = 10,000, 

therefore 3 = log 1000 and 4 = log 10,000. 

Hence the logarithm of a number between 1000 and 10,000 
lies between 3 and 4 and is therefore 3 plus some fraction. 

Since 10" « = 0.01 and 10- » = 0.001, 

therefore —2 = log 0.01 and - 3 = log O.QOl. 

Hence the logarithm of a number between 0.001 and 0.01 
lies between — 3 and — 2 and is — 3 plus some fraction. 

For convenience the mantissa is always taken as positive^ 
but the characteristic may be either positive or negative. 

Since we see that the characteristic is easily found without the aid 
of tables, the fact that it may be either positive or negative does not 
present any serious difficulties. 
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384. Rule for the Characteristic. From the reasoning nset forth 
in § 323 we deduce the following rule : 

1. The characteristic of a number greater than 1 is positive, 
and is one less than the number of integral places in the number. 

For example, log^76 = 1 + some mantissa, 

log 472.8 ^ 2 4- some mantissa, 
and log 14,800.75-^ 4t-;^ some mantissa. 

2. The characteristic of a number between and 1 is nega- 
tive, and is one more tKafi the number of zeros between the deci- 
mal point and the first significant figure in the decimal. 

For example,' log 0.03 =— 2 + some mantissa, 

and log 0.00076 = .— 4 + some mantissa. 

The logarithm of a negative numher is an imaginary numher, and 
hence such logarithms are not used in computation. 

325. The Negative Characteristic. If log 0.02 = - 2 + 0.3010, 

we cannot write it — 2.3010, because this would • mean that 

both mantissa and characteristic are negative. It is therefore 

written 2.3010, which means that only the characteristic 2 is 

negative. 

That is, 2.3010 =— 2 + 0.3010. -We may also write it 0.3010 — 2, or 
8.3010 — 10, or ,in any similar manner that will show that the charac- 
teristic is negative. 

Exercise 184. Characteristics 

Write the characteristics of the logarithms of: 

1. 24. 9. 7235. 17. 0.8. 25. 0.0003. 

2.24.8. 10.723.5. 18.0.08. 26.0.0033. 

3. 248. 11. 72.35. • 19. 0.88. 27. 0.0333. 

4. 2.48. 12. 7.235. 20. 0.885. 28. 0.3333. 

5. 2480. 13. 72,350. 21. 0.005. 29. 0.0303. 

6. 2485. 14. 0.7235. 22. 0.0051. 30. 1.0303. 

7. 2485.7. 15. 0.07235. 23. 0.0005. 31. 2.0303. 

8. 2485.72. 16. 0.007235. 24. 0.00051. 32. 10.030a 
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326. Mantissa independent of Decimal Point. It can be shown 
that 1Q8.8711 ^ 2350, and therefore log 2350 = 3.3711. 
Dividing by 10 we have 

108.8711-1 ^ 235, and therefore log 235 = 2.3711. 
Dividing each member of the first equation by 10*, or 10,000, 
we have 

1Q8.8711-4 ^ 235, and therefore log 0.235 = 1.3711. 

That is, the mantissas are the same for log 2350, log 235, 
log 0.235, and so on, wherever the decimal point is placed. 

The mantusa of the logarithm of a number is unchanged hy 
any change in the position of the decimal point of the number. 

This is a fact of great importance, for if the table of logarithms, which 
we shall soon describe, gives us the mantissa of log 286, we know that 
we may use the same mantissa for log 0.00235, log 2.86, and so on. 

Exercise 185. Mantissas and Characteristics . 

Given log 625 = 2. 7959, find : 

1. log 62.5. 4. log 6250. 7. log 625,000. 

2. log 6.25. 5. log 62,500. 8. log 0.00625. 

3. log 0.625. 6. log 0.0625. 9. log 6,250,000. 

Oiven log 16,630 = 4.2209, find : 

10. log 1.663. 13. log 0.1663. 16. log 166,300. 

11. log 16.63. 14. log 0.01663. 17. log 1,663,000. 

12. log 166.3: 15. log 0.001663. 18. log 16,630,000. 

Given log 9.154 = 0.9616, find : 

19. log 91.54. * 21. log 0.9154. 23. log 9154. 

20. log 915.4. 22. log 0.09154. 24. log 915,400. 

GUven log tt = 0.4971, find : 

25. 'logTT^. 27. logTr*. 29. logTT*. 31. log"^. 

26. logTT^. 28. log7r^°. 30. logTT*. 32. log-Vw. 
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327. Table of Logarithms. A table of logarithms to four 
decimal places is given on pages 390 and 391. It gives the 
mantissas for all integral numbers less than 1000, the decimal 
points in the mantissas being omitted. 

Such a table is called a *^ four-place table.*' 

Tables in which the mantissas are given to more than four decimal 
places are used when greater accuracy is required, but for ordinary 
computations a four-place table is usually sufficient to give results that 
are accurate to four significant figures. 

In the table the numbers are given under N and the tenths 
under the columns headed 0, 1, 2, • • • 9. 

. Since only the mantissas are given, always write the chara/y 
teristic before looking up the mantissa, so that it shaZl not be 
forgotten. 

328. Finding the Logarithm of a Number. The following 
examples explain the use of the table ^ 

1. Find the logarithm of 73.4. 

First write the characteristic, 1. 
' In column N look for the first two figures, 73. 

Then look to the right of 73 and in column 4. Here the mantissa' is 
found to be 0.8657. 

Hence log 73.4 = 1.8667. 

2. Find the logarithm of 4236. 

First write the characteristic, 3. 

Then notice that 4236 iis between 4230 and 4240 and is 0.6 of the way 
from 4230 to 4240. 

Hence we may assume that log 4236 is approximately 0.6 of the way 
from log 4230 to log 4240. 

In column N look for the first two figures, 42. 

Then look to the right of 42 and in columns 3 and 4. Here we find that 

log4240 = 3.6274 
log 4230 = 8^6268 

0.6 of 0.0011 = 0.0007, nearly. 

Adding 0.0007 to 3.6263, we have log 4236 = 3.6270. 
This plan of finding the logarithm of a number of more significant 
figures than those given in the tables is called irUerpolation. 
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3. Find the logarithm of 0.0002705. 

First write the characteristic,— 4. 
Proceeding as in Ex. 2, we have 

log 0.000271 = 0.4880 - 4 
log 0.000270 = 0.4314 - 4 

0.6 of 0.0016 = 0.0008 
Adding 0.0008 to 0.4814 - 4, we have 0.4822 - 4. 
We may write' log 0.0002705 with the — 4 at the left, thus: 4.4822. 
When we have subtractions to perform, however, it is less confusing to 
place the negative characteristic at the right as shown above. It is also 
convenient to write the negative characteristic at the right in performing 
other operations on logarithms, 

4. Find the logarithm of 7. 

Since the mantissa of log 7 is the same as that of log 700, we look for 
70 in column N and under column 0. Hence log 7 = 0.8461. 



U9inff the table 


on pages 390 and 391^ find the 


logarithms of: 


1. 


24. 


16. 


4. 


31. 


22. 


46. 


182. 


2. 


32. 


17. 


7. 


32. 


222. 


47. 


182.3. 


3. 

1 


76. 


18. 


0.4. 


33. 


222.2. 


48. 


182.9. 


i 

4. 


48. 


19. 


0.7. 


34. 


2222. 


49. 


18.29. 


8. 


60. 


20. 


0.44. 


35. 


0.22. 


50. 


1.829. 


6. 


100. 


21. 


0.77. 


36. 


0.022. 


51. 


427. 


7. 


200. 


22. 


1.44. 


37. 


0.222. 


52. 


4275. 


8. 


270. 


23. 


1.77. • 


38. 


0.277. 


53. 


42.75. 


9. 


276. 


24. 


17.7. 


39. 


3.270. 


54. 


4.275. 


10. 


2766. 


25. 


177. 


40. 


0.5000. 


55. 


427.5. 


11. 


27.66. 


26. 


1770. 


41. 


0.5500. 


56. 


42,750. 


12. 


276.60. 


27. 


1775. 


42. 


0.5550. 


57. 


53,750. 


13. 


27,560. 


28. 


17,750. 


43. 


0.5555. 


58. 


50,000. 


14. 


32,450. 


29. 


25,300. 


44. 


55,500. 


59. 


50,050. 


15. 


41,270. 


30. 


25,350. 


45. 


55,550. 


60. 


75,080. 
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N 

lO 

11 
12 
13 
14 

15 

16 
17 
18 
19 

20 

21 
22 
23 
24 

25 

26 
27 
28 
29 

30 

31 
32 
33 
34 

35 

36 
37 
38 
39 

40 

41 
42 

43 

44 

45 

46 
47 
48 
49 

50 

51 
62 
53 
54 


O 


1 


2 


3 


4 


5 


6 


7 


8 


9 


0000 
0414 
0792 
1139 
1461 


0043 
0453 
0828 
1173 
1492 


0086 
0492 
0864 
1206 
1523 


0128 
0581 
0899 
1289 
1558 


0170 
0569 
0934 
1271 
1584 


0212 
0607 
0969 
1803 
1614 


0253 
0645 
1004 
1885 
1644 


0294 
0682 
1038 
1867 
1673 


0384 
0719 
1072 
1899 
1708 


0374 
0756 
1106 
1430 
1782 


1761 
2041 
2304 
2553 
2788 


1790 
2068 
2330 
2577 
2810 


1818 
2095 
2855 
2601 
2883 


1847 
2122 
2380 
2625 
2856 


1875 
2148 
2405 
2648 
2878 


1903 
2175 
2480 
2672 
2900 


1931 
2201 
2455 
2695 
2923 


1959 
2227 
2480 
2718 
2945 


1987 
2268 
2504 
2742 
2967 


2014 
2279 
2529 
2765 
2989 


3010 
8222 
3424 
3617 
3802 


3032 
3243 
3444 
3636 
3820 


3054 
8268 
8464 
8655 
3888 


3075 
8284 
8483 
3674 
8856 


8096 
8304 
3502 
3692 
3874 


3118 
3824 
8622 
8711 
8892 


3139 
8345 
3541 
8729 
8909 


3160 
8365 
8560 
8747 
892> 


3181 
8885 
8579 
8766 
8946 


8201 
3404 
3598 
8784 
3962 


8979 
4150 
4814 
4472 
4624 


3997 
4166 
4380 
4487 
4639 


4014 
4183 
4346 
4502 
4654 


4081 
4200 
4862 
4518 
4669 


4048 
4216 
4878 
4638 
4688 


4065 
4232 
4398 
4648 
4698 


4082 
4249 
4409 
4564 
4713 


4099 
4265 
4425 
4679 
4728 


4116 
4281 
4440 
4594 
4742 


4138 
4298 
4456 
4609 
4757 


4771 
4914 
5051 
5185 
5315 


4786 
4928 
6065 
5198 
5328 


4800 
4942 
5079 
5211 
5340 


4814 
4965 
5092 
5224 
5853 


4829 
4969 
610^ 
6237 
5866 


4843 
4983 
6119 
6250 
5378 


4867 
4997 
5132 
5268 
5891 


4871 
5011 
5145 
5276 
5403 


4886 
5024 
5159 
5289 
5416 


4900 
5038 
5172 
5302 
5428 


5441 
5563 
5682 
5798 
5911 


5453 
5675 
5694 
5809 
5922 


5465 
5687 
5705 
5821 
5983 


5478 
5699 
5717 
5882 
6944 


5490 
5611 
5729 
5848 
5965 


5502 

5623. 

5740 

5855 

5966 


5514 
5635 
5752 
6866 
5977 


5527 
5647 
5763 
5877 
6988 


5639 
5658 
5775 
5888 
5999 


5661 
6670 
5786 
5899 
6010 


6021 
6128 
6232 
6335 
6435 


6081 
6138 
6243 
6345 
6444 


6042 
6149 
6253 
6355 
6454 


6063 
6160 
6263 
6365 
6464 


6064 
6170 
6274 
6376 
6474 


6075 
6180 
6284 
6385 
6484 


6085 
6191 
6294 
6395 
6493 


6096 
6201 
6804 
6406 
6503 


6107 
6212 
6814 
6415 
6518 


6117 
6222 
6826 
6425 
6522 


6532 
6628 
6721 
6812 
6902 


6542 
6637 
6780 
6821 
6911 


6651 
6646 
6789 
6830 
6920 


6661 
6656 
6749 
6839 
6928 


6671 
6665 
6768 
6848 
6937 


6580 
6675 
6767 
6867 
6946 


6690 
6684 
6776 
6866 
6965 


6599 
6693 
6785 
6875 
6964 


6609 
6702 
6794 
6884 
6972 


6618 
6712 
6808 
6893 
6981 


6990 
7076 
7160 
7243 
7324 


6998 
7084 
7168 
7251 
7382 


7007 
7093 
7177 
7259 
7840 


7016 
7101 
7186 
7267 
7348 


7024 
7110 
7193 
7275 
7866 


7038 
7118 
7202 
7284 
7864 


7042 
7126 
7210 
7292 
7372 


7050 
7135 
7218 
7800 
7880 


7059 
7143 
7226 
7808 
7388 


7067 
7152 
7235 
7816 
7396 
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55 

56 

57 

-58 

59 

60 

61 
62 
63 
64 

65 

66 

67 
68 
69 

70 

71 
72 
73 

74 

75 

76 
77 
78 
79 

80 

81 
82 
83 

84 

85 

86 
87 

.88 
89 

90 

91 
92 
93 
94 

95 

96 

.97 

98 

99 


6 


1 


2 


3 


4 


5 


6 


7 


8 


9 


7404 
7482 
7559 
7634 
7709 


7412 
7490 
7566 
7642 
7716 


7419 
7497 
7674 
7649 
7723 


7427 
7505 
7582 
7657 
7731 


7435 
7513 
7689 
7664 
7738 


7443 
7520 
7597 
7672 
7745 


7451 
7528 
7604 
7679 
7752 


7459 
7636 
7612 
7686 
7760 


7466 
7543 
7619 
7694 
7767 


7474 
7551 
7627 
7701 

7774 


7782 
7863 
7924 
7993 
8062 


7789 
7860 
7931 
8000 
8069 


7796 
7868 
7938 
8007 
8075 


7803 
7875 
7945 
8014 
8082 


7810 
7882 
7952 
8021 
8089 


7818 
7889 
7959 
8028 
8096 


7825 
7896 
7966 
8035 
8102 


7832 
7903 
7973 
8041 
8109 


7839 
7910 
7980 
8048 
8116 


7846 
7917 
7987 
8055 
8122 


8129 
8195 
8261 
8325 

8388 


8136 
8202 
8267 
8331 
8395 


8142 
8209 
8274 
8338 
8401 


8149 
8215 
8280 
8344 
8407 


8156 
8222 
8287 
8351 
8414 


8162 
8228 
8293 
8357 
8420 


8169 
8235 
8299 
8363 
8426 


8176 
8241 
8306 
8370 
8432 


8182 
8248 
8312 
8376 
8489 


8189 
8254 
8319 
8382 
8445 


8451 
8513 
8573 
8633 
8692 


8457 
8519 
8679 
8639 
8698 


8463 
8525 
8585 
8645 
8704 


8470 
8531 
8591 
8651 
8710 


8476 
8537 
8597 
8657 
8716 


8482 
8543 
8603 
8663 

8722 


8488 
8549 
8609 
8669 
8727 


8494 
8565 
8615 
8675 
8733 


8500 
8561 
8621 
8681 
8789 


8506 
8567 
8627 
8686 
8745 


8751 
8808 
8865 
8921 
8976 


8756 
8814 
8871 
8927 
8982 


8762 
8820 
8876 
8932 
8987 


8768 
8825 
8882 
8938 
8993 


8774 
8831 
8887 
8943 
8998 


8779 
8837 
8893 
8949 
9004 


8785 
8842 
8899 
8954 
9009 


8791 
8848 
8904 
8960 
9015 


8797 
8854 
8910 
8965 
9020 

9074 
9128 
9180 
9282 
9284 


8802 
8859 
8915 
8971 
9025 


9031 
9085 
9138 
9191 
9243 


9036 
9090 
9143 

9196 
9248 


9042 
9096 
9149 
9201 
9253 


9047 
9101 
9154 
9206 
9258 


9053 
9106 
9159 
9212 
0263 


9058 
9112 
9165 
9217 
9269 


9063 
9117 
9l70 
9222 
9274 


9069 
9122 
9175 
9227 
9279 


9079 
9133 
9186 
9238 
9289 


9294 
9345 
9395 
9445 
9494 


9299 
9350 
9400 
9450 
9499 


9304 
9356 
9405 
9465 
9504 


9309 
9360 
9410 
9460 
9509 


9315 
9865 
9415 
9465 
9513 


9320 
9370 
9420 
9469 
9518 


9325 
9375 
9425 
9474 
9523 


933(5 
9380 
9430 
9479 
9628 


9335 
9385 
9435 
9484 
9633 


9840 
9890 
9440 
9489 
9538 


9542 
9590 
9638 
9685 
9731 


9547 
9595 
9643 
9689 
9736 


9552 
9600 
9647 
9694 
9741 


9557 
9605 
9652 
9699 
9745 


9562 
9609 
9657 
9703 
9750 


9566 
9614 
9661 
9708 
9754 


9671 
9619 
9666 
9713 
9759 


9676 
9624 
9671 
9717 
9763 


9681 
9628 
9675 
9722 
9768 


9686 
9688 
9680 
9727 
9773 


9777 
9823 
9868 
9912 
9956 


9782 
9827 
9872 
9917 
9961 


9786 
9832 
9877 
9921 
9965 


9791 
9836 
9881 
9926 
9969 


9795 
9841 

9886 
9930 
9974 


9800 
9845 
9890 
9934 
9978 


9805 
9850 
9894 
9989 
9983 


9809 
9854 
9899 
9943 
9987 


9814 
9859 
9903 
9948 
9991 


9818 
9863 
9908 
9962 
9996 



I 
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329. Antilogarithm. The number corresponding to a given 
logarithm is called an antilogarithm. 

Thus if log 676 is 2.8209, the antilogarithm of 2.8299 is 676. 

330. Finding Antilogarithms. Antilogarithms are found from 
the table by looking for the number corresponding to the 
given mantissa, and locating the decimal point according to 
the characteristic. 

1. Find the antilogarithm of 3.4265. 

Looking for the mantissa 0.4265, we find that it is opposite 26 in 
column N and under column 7. It is therefore the mantissa of 267. 
Since the characteristic is 3, there must be four integral places in the 
# antilogarithm. Hence the antilogarithm must be 2670. 
Therefore the antilogarithm of 3.4266 is 2670. 

2. Find the antilogarithm of 2.8404. 

Looking for the mantissa 0.8404, we do not find it in the table. We 
find that it lies between 0.8401 and 0.8407, their difference being 0.0006. 
The diff-erence between 0.8401 and 0.8404 is 0.0003. Hence 0.8404 is J 
of the way from 0.8401 to 0.8407. 

Hence the antilogarithm of 0.8404 must be approximately f of the 

way from the antilogarithm of 0.8401 to that of 0.8407. 

We therefore write _ 

antilog 2.8407 = 0.06930 

antilog 2.8401 = 0.06920 

f (or \) of 0.00010 = 0.00006. 

Adding 0.00006 to 0.06920 we have 

antilog 2.8404 = 0.06926. 

3. Find the antilogarithm of 0.3664. t 

Looking for the mantissa 0.3664, we find that it lies between 0.3656 
and 0.3674, whose difference is 0.0019. Since 0.3664 — 0.3666 = 0.0009, 
the given mantissa is -^^ of the way from 0.8666 to 0.3664. But antilog 
0.3666 = 2.32, and antilog 0.3674 is 2.33. Adding /^ of the difference 
to 2.32, wp have 2.326, the antilogarithm required. 

• 4. Find the antilogarithm of 7.9050. 

The mantissa is evidently | of the way from the mantissa for 803 and 
that for 804. Hence it is the mantissa for 8035. The characteristic being 7, 
the antilogarithm is 80,360,000. 
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Exercise 187. Antilogarithms 

Using the table, find the antihgarithmB of : 

1. 0.4771. 11. 0.1945. 21. 0.0000. 31. 0.7782 - 1. 

2. 1.5682. 12. 1.2266. 22. 5.0000. 32. 0.7864 - 2. 

3. 3.8451. 13. 2.8212. 23. 2.7408. 33. 0.7668 - 3. 

4. 1.8865. 14. 2.8296. 24. 3.7406. 34. 0.8028 - 4. 

5. 0.5065. 15. 48398. 25. 2.7410. 35. 9.8096 - 10. 

6. 2.5211. 16. 4.8397. 26. 3.7735. 36. 9.8235 - 10. 

7. 4.5977. 17. 1.8845. 27. 2.2620. 37. 8.8306 - 10. 
8.3.8785. 18.2.8844. 28.3.4210. 38.8.8500-10. 
9. 2.9380. 19. 2.8846. 29. 1.7280. 39. 8.8503 - 10. 

10. 3.9741. 20. 3.8851. 30. 2.6666. 40. 7.9996 - 10. 

41. If the logarithm of the pi'oduct of two numbers is 3.5211,* 
what is the product of the numbers ? 

42. If the logarithm of the quotient of two numbers is 2.8370, 
what is the quotient of the numbers ? 

43. If the logarithm of the square of a certain number is 
2.1584, what is the square of the number? What is the 
number ? 

44. If the logarithm of the square root of a certain number 
is 1.3979, what is the square root of the number? What is 
the number? 

45. If we wish to multiply 277 by 49.8, what logarithms do 
we need ? Find these logarithms from the table. 

46. If we know that the logarithm of a certain result that 
we are seeking is 3.8293, what is the result ? 

47. There is a certain number such that the logarithm of its 
square is 3.8062. What is the number ? 

48. If the logarithm of the cube root of a certain number 
is 0.6551, what is the logarithm of the number? What is the 
cube root of the number ? 
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331. Computation by Logarithms. Since we have learned 
(§§ 318-321) how to find the logarithms of products, quotients, 
powers, and roots, and (§ 330) how to find antilogarithms, we 
may now consider a few typical problems in computation. 

1. Find the product of 247 and 3.95. 

log 247 = 2.8927 
log 8.95 = 0.5966 

2.9893 = log 976.8. 

If we multiply 247 by 3.96 the product is found to be 976.66, or 975.7, 
ii we carry the result to only four significant figures. Our last figure is 
therefore 1 too great. This shows us that computations by logarithms 
give, in general, results that are only approximately correct. The approx- 
imation is closer when we use larger tables. In all work in this book 
results should be carried to four signif cant figures only, and it should be 
understood that the last figure may be incorrect. 

' 2. Find the product of 37.2, 0.416, and - 3.275. 

Since we cannot find the logarithm of a negative number, we proceed 
to find the product of 87.2, 0.416, and 3.275, prefixing the negative sign 
to the result. This we have the right to do because the product of two 
positive quantities is positive, and when this product is multiplied by a 
negative number, the result is negative. 

log37.2 = 1.6705 
log 0.416 = 0.6191 - 1 
log 8.276 = 0.6162 

2.7048-1 
= 1.7048 = log 60.68. 
Hence the product is — 60.68. 

If we multiply in the ordinary way, the result is found to be —60.68128. 
The result obtained by logarithms is therefore correct to four significant 
figures. 

3. Find the quotient of 17.28 ^ 1.44. 

log 17.28 = 1.2375 

log 1.44 = 0.1584 

1.0791 = log 12. 
Hence 17.28 h- 1.44 = 12. 

In this case we see that log 12 = 1.0792, while the antilogarithm of 

1.0791 is 11.997 ; that is, to four significant figures 12.00, or 12. 
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4. Find the quotient of 62.5 -«- 0.025. 

log 62.6 = 1.7969 

log 0.026 = 0.3979 -- 2 

1.3980 + 2 

= 3.3980 = log 2600, approximately. 
Hence 62.6 -i- 0.026 = 2600. 

5. Find the quotient of 1.457 -^ 544.5. 

log 1.467 = 0.1636 
log 644.6 = 2.7360 

Since we cannot subtract the larger logarithm from the smaller, we 
add an integral number to the characteristic of the logarithm of the 
dividend and also subtract the same number. In this case we may add 
and subtract 3. Then we have 

log 1.467 = 8.1636 -3 
log644.6 = 2.7360 

0.4276 - 3 = log 0.002676. 

Hence 1.467 - 644.6 = 0.002676. 

6. Find the value Qjf 0.0048». 

log 0.0048 = 0.6812 - 3 

3 
2.0436 - 9 
= 0.0436 - 7 = log 0.0000001106. 

The result by actual multiplication is 0.000000110692. 

7. Find the value of V2. 

log 2 = 0.3010. 
j log 2 = 0.0430 = log 1.104. 
Hence V2 — 1.104, to four significant places. 

8. Find the value of ^^2.4 x 3.8 x 0.0347. 

log 2.4 = 0.3802 

log 8.8 = 0.6798 

log 0.0347 = 0.6403 - 2 

1.6003-2 

= 2.6003-8 

J of (2.6003 - 3) = 0.8334 - 1 

= log 0.6814. 

Hence \^2.4 x 3.8 x 0.0347 = 0.6814. 

It is easier to place the negative characteristic at the right. When we 
divide by 8 we avoid fractions by writing 2.6008-3 instead of 1.6008-2. 
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Exercise 188. Computations by Logarithms 

Perform the following computations hy logarithms: 

1. 3.67 X 28.4. 11. 7.9 -j- 6.7. 21. V2. 

2. 2.57 X 426. 12. 15.7 -3- 8.3. 22. -^2, 

3. 40.7 X 90.2. 13. 42.8 -^ 0.71. 23. ^. 

4. 309 X 208. 14. 0.007 -s- 0.83. 24. ^. 

5. 27 X 4762. 15. 0.062 -!- 0.09. 25. "V^m. 

6. 39 X 289.7. 16. 82.83 h- 0.7. 26. ^147.6. 

7. 56 X 48.92. 17. 7.009 -8- 9.9. 27. -v/O.0007. 

8. 73 X 5.176. 18. 7 -f- 3.142. 28. 42.37^ 

9. 8 X 0.1728. 19. 9 h- 31.47. 29. 5.107". 
10. 9 X 0.0146. 20. 0.6 ^ 3.14. 30. 0.76* 



31. Find the value of V2.74 x 42.95 x 617.8. 

32. Find the value of ^/0.7 x 0.0763 >l! 128.4. 

33. Find the value of 4.76 x 49.35 x 72.86 x 0.07. 

Perform the following multiplications : 

34. 4.389 X 0.000728. 37. - 29.8 x 47.63. 

35. 29.76.x 0.000047. " 38. - 47.82 x (- 2.79). 

36. 0.472 X 0.006234. 39. - 2.678 x (- 0.0073) 

Perform the follomng divisions : 

27.73 276.9 0.6398 

42.81' 0.007342* 0.4926* 

,, 0.6987 ,« 0.08193 ,, 0.0006872 
41 1 — . 43 . 45 , 

3.427 47.99 0.5283 

Perform the following operations : 

46. 42*. 49. 287.9*. 52. (- 21)* 

47. 368*. 50. 3.142*. 53. (-7.21)* 

48. 14.92*. 51. 0.0072?. 54. (- 2.96)^ 
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332. Cologarithm. The logarithm of the reciprocal of a num- 
ber is called the cohgarithm of the number. 

The cologarithm of x is expressed thus : cologx. 

Since cologa; — log- = log 1 — logo; = — log a;, it is evident that 
cologjc =— logx. 

We may write this 10 — logx — 10, thus avoiding negative mantissas. 
Hence 

colog 2 = 10 - log 2 - 10 = 10 - 0.3010 - 10 = 9.6990 - 10. 

We may write this 0.6990 - 1, 1.6990, or 9.6990 - 10. 

333. Use of the Cologarithm. Since to divide by a number is 
the same as to multiply by its reciprocal, instead of svhtracting 
the logarithm of a number we Ttiay add its cologarithm. 

The cologarithm may be easily written by looking at the logarithm in 
the table. Thus, since log 21 = 1.3222, we find colog 21 by subtracting 
this from 10.0000 — 10, or from 9.999(10) — 10. That is, beginning at the 
left we subtract the number represented by each figure from 9, except 
the right-hand one, which we subtract from 10. In full form we have 

10.0000 - 10 = 9.999(10) - 10 
log 21= 1.3222 = 1.322 2 

colog 21= 8.677 8 -10 = 2.6778 

Similarly, we may find colog 0.03952 thus : 

9.999(10) - 10 
log 0.03952 = 8.596 8-10 
colog0.03952 = 1.403 2 =1.4032 

Practically, of course, we would look at log 0.03952 and subtract 
mentally, writing down 1.4032 at once. 

For example, we see that the cologarithms given below are nearly as 
easily written as the logarithms : 

Logarithms, 3.6042, 5.9605, 7.4316-10. 

Cologarithms, 6.3958 - 10, 4.0395 - 10, 2.5684. 

If we have to subtract a single logarithm, this is simpler 
than to find the cologarithm and add ; but in complicated opera- 
tions it is easier to use the cologarithm, as is seen on page 398. 

Logarithms in which the characteristic is greater than 10 
are not common, but in case they occur we may subtract from 
11.0000 — 11, 12.0000 — 12, and so on, instead of subtracting 
from 10.0000 - 10. 
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334. Advantages of the Cologarithm. The advantages of the 
cologarithm may be seen in simplifying the following expression.* 

17.28 X 6.25 X 16.9 
1.44 X 0.25 X 1.3 

This case has been selected because it is one in which we can easily 
verify the answer by cancellation. By logarithms we have 

log 17.28= 1.2876 

log 6.25= 0.7959 

log 16.9= 1.2279 

cologl.44= 9.8416-10 

colog0.26= 0.6021 

colog 1.3 = 9.8861 - 10 
23.6911-20 

= 3.6911 = log 3900. 



Exercise 189. Computations by Logarithms 

Perform the following computations by logarithms : 
, 17.28x1.44 „ /0.548xl.98 



0.288 X 8.64 V 39.6 x 2 



L.98\* 

57.5 X 0.64 / 11.76 x 1.022 \^ 

1.25 X 3.2 ' V 1.46 X 39.2 / ' 

12.8 X 1.341 / 87.68 x 29.43 x 51.80 \^ 

14.9 X 0.64 * \ 72.8 x 0.4 x 26.43 / ' 

-4. 



3 X 4.1 X 7.2 



2 x 5.7 X 9.8* ^^* A 



7.2 X 3.8 X 1.46 



1.82 X 7.46 X 83.04 



2 3 X 4.8 X 5.7 7 2 X 4.1 X 0.7234 x 96 

9 X 3.7 X 0.3 ' \ 1.4 X 3.82 x 0.41 



3/ 31 X 4.8 X 294.3 8l 3 x - 

\ 64.8 X 7.123 X 4.9 * ^^' \ 2. 



42 X 276 X 0.2315 



7 X 21.8 X 375 



si 24 X 37 X 428.1 10 1 1438 x 2763 x 1297 

• \53.2 x 41.05 X 3.7* \3415 x 3906 x 929.8' 






APPENDIX 

335. Subjects treated. The work set forth in the preceding 
chapters covers all the topics prescribed in algebra as a prep- 
aration for graduation from high school or entrance to college. 
Occasionally, however, some course of study specifies one or 
more topics as desirable, although they are not required for 
the above purposes. To meet demands of this nature these 
topics are treated in this Appendix. They may be taken, if 
at all, at the time that the subjects to which they relate are 
under discussion, or they may be reserved for review, in the 
second year of algebra. The principal topics treated are the 
following : 

1. Detached coefficients, with their application to synthetic 
multiplication and division. If taken early in the course, the 
synthetic operations may be omitted unless there is an abun- 
dance of time for their treatment. 

2. The application of factoring to the solution of equations. 

3. The highest common factor and lowest common multiple 
applied to more difficult cases. 

4. A more extended discussion of the theory of fractions 
than is commonly required. 

5. Certain special devices for the solution of simultaneous 
equations by quadratic methods, formerly more often used than 
at present. 

6. The leading principles of inequalities. 

7. Several specimen examination papers and a brief history 
of algebra are also included. The former will be of service 
to those who expect to enter college, and it is hoped that the 
history will be of interest to all. 

399 



400 APPENDIX 

« 

336. Detached Coefficients in Addition and Subtraction. When 
we work with compound numbers we frequently write the 
denomination at the top of a column, and add or subtract the 
numbers without again writing the denominations until we reach 
the result. In the same way we may detach the coefficients in 
algebra, as in the following cases in addition : 

ft. in. X y 31? xy 1^ Check 

2 3 2 -h3 5+3 -7 = 1 

4 2 4+2 2-8+4 =-2 

5 4 6+4 3+9-8 = 4 



ar" 


xy 


f 


5 


- 9 


+ 8 


3 


+ 7 


- 6 



lift. 9 in. llx-^^y lOic^ + 4a:y- 11/ = 3 

In the same way we may detach the coefficients in subtrac- 
tion, as in the following cases : 

a' a^h aJt? h^ Check 

9 +8 -7 + 6= 16 
4-3 -9 + 6 =- 2 
2Q?-l&xy + 14.'i/' 6a^ + lla% + 2ab^ = 18 

• 

The detaching of coefficients saves time and labor in the 
writing of algebraic expressions. 

Exercise 190. Addition and Subtraction 

To he soloed hy detached coefficients^ and checked 

1. Add a^-Zah + lh\2>a^-2ah + 9^»^ Sa^ + 16 J«. 

2. Add x« - ^x^y + f,bx^-\'4cxf - 7^^, x^ + 9 a^^ - 16 y». 

3. Add m« + 6rn?n + 10m< 7 mH — n\ 4m» -hSmn^ + n». 

4. Add 16y + 6p*q - 7 JO V+ 9pq^+ 10 q\ Sp\ - Spq^+7q\ 

5. Add 21a?-17 x'y + 15xy^ -SOy^ylSx^y -Uxy^,17 a?y, 
31 2/» - 20arl 

6. From 42aj« - 33a:y + 17 y* take 28x2 - 4:3xy + 16 y*. 

7. From 12 ar^ + 3 icy — ^/^ take 11 x^ - 35 xy -^ 36 y^, 

8. From 353i?^27 x^y+lSxy^-7 y^take 4t2x^y+xy^'^Sy', 
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337. Detached Coefficients in Multiplication. In multiplying 
a? — 3 xy + ^j^ by 2 X — y we may detach the coefficients, for 
we know in advance that the result will begin with 2 x^ and 
end with — 4 y*, and we can easily insert the other letters in 
descending powers of x and ascending powers of y. Compare 
the following : 

1-3+ 4 =2 

2-1 _1 

2-6-f 8 "~2 

= 2 



x^ — Socy + 4 y^ 
2x —y 

2a^-6ajV+ ^^V^ 
— ^x^-k- Sxy^ 



2a?-l7?y + llxif -4^/^ 2-7 + 11-4 

Inserting the letters after the several coefficients, the product 
is 2a?"-l7?y -\-llxi/-4.f. 

The operation by detached coefficients is evidently simpler. 



Exercise 191. Multiplication 

To he solved by detached coefficients, and checked 



1. 
2. 
3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 



x + S2y)(17x-5y). 13. 
19x-\'lSy)(Sx-7y), 14. 
32 a --17 b) (a- h). 15. 
26a-112>)(a + 7^^). 
7i> + 4^)(8i?-9^). 
6m + 3ri)(7m + 9w). 
9m + 7 7i)(7m + 9n). 
31^-7yX(15^-8^) 
43 k + 17) (57 k - 19). 
62i2+19)(3972-17). 22. 
16 F + 9) (17 F - 37). 23. 



16. 
17. 
18. 
19. 
20. 
21. 



(x^ -xy^ y'^){x + y), 
{x^ -\-xy-\'if)(x — y), 
(Sa^^xy + 2y^)(x-^y), 
(5 x^ — xy — y^) (px — 7 y). 
(14x'^ + 13ic-l)(7jr*-l) 
(15 m^ - 12 m + 7) (m - 6). 
(27j92-13^> + 3)(6jy + 4). 

(12a^-13ab-{-h^)(a-\-2b) 
(5K^ + SK--7)(K-^S), 
(9F2 + 3F-l)(F+2). 
(R^-7R-i'S)(R + 7). 



67 i2 - 15) (39 R - 19). 24. 

25. (^« + 3;rV + 3^/ + 2/')(^' + 2ary + y2). 

26. (a:» - 3xV + 3 V - 2/^ («" - 2 ^i/ + y^). 
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338. Synthetic Multiplication. When the coefficient of the 
first term of the multiplier is 1, it is more convenient to write 
the multiplier at one side, particularly when the coefficients 
are detached. This arrangement of the polynomials involves no 
new principle, but the operation, when carried on in this way, 
is often called synthetic multiplication. Compare the following : 



X. — 


Ixy + Zf 
4«/ 




a*- 


4arV + 28a;y'- 


-122/» 



1 

-4 



1-7 
- 4 



+ 3 

+ 28 



-12 



1-11 4-31 -12 

7? - \\7?y + 31 ajj/* - 12 2/» 

aj» - 11 :^y + 31 V - 12 'ij' Check, (- 3) (-3) = 9. 

It appears that we need not rewrite the multiplicand when we multiply 
by 1, and that the whole work by synthetic multiplication is much simpler 
than by the common method. 



Exercise 192. Synthetic Multiplication 

To he solved hy synthetic multiplication, and checked 



1. (a:-3)(9ic-fl7). 

2. (aj-2)(7a;-19). 

3. (xH-13)(8aj + 15). 

4. (aj-19)(9a;-13). 

5. (a + 12)(19a-7). 

11. 



12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 



6. (a-13)(12a-3). 

7. (i^ + y)(27i.-39^). 

8. (m-3w)(12m + 17n). 

9. (ajH-3)(a;»-7x + 5). 
10. (« + 4)(aj2_5aj-hl6). 

X -Ty)(x^ -\-4:xhj-Sxf + 7y'), 

a^ _ 3a -f 2)(4 a^-7a-\- 16). 

a^ -Sab -{-5b^(5a^ -\-6ab- Ub"). 

J? -h ^M - q^ip" -h 3p^q - ^pq^ + q^)^ 

m^-7mn + 2n^(m^-S rri^n + 9 mn^ - 7 w») . 

x" + llxy - 32/^(x»+ 2ccV - 3 V + ^f)- 
lSxy + 7f)(x''-Sx^y + 4:xf-Sf). 
a8 + 2a^-3a-f l)(a«-3a^ + 4a + 2). 
a» ^a^b-2 ab^ - b*) (a» ^ a^b - aff^ + 2 b^. 



20. (p» + 4p^ - 11;? + 25) O* - 5p^ -h 12p - 10). 
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339. Detached Coefficients in Division. There is the same gain 
in detaching coefficients in division as in the other operations, 
as will be seen from the following, in which a:* — 10 ar*+ 24 a— 9 
is divided by a; — 3 : 



«« 10a^-\-24:X 9 


X -3 


1-10 + 24-9 
1- 3 


1 -3 


x^- 3x^ 


x'-Tx + S 


1 -7 +3 


- 7ar^ + 24« 

- 7a;2 + 21x 




- 7 + 24 

- 7 + 21 


ic2-7x + 3 


3a;-9 
3a;-9 


3-9 
3-9 



If any power of a letter is missing, write for the coefficient. 

340. Synthetic Division. When the divisor is, as in the above 
case, a binomial with 1 as the coefficient 6f the first term, the 
work may be much condensed by the following arrangement : 

1 _ 10 + 24 - 9 
_ 3 + 21-9 



Quotient = 1— 7+ 3; = Remainder. 

The operation is as follows : 1 is written in the third line, below 1 in 
the dividend. Then — 8 • 1 =— 8, and this is taken from — 10, leaving 
— 7. Then — 8 • (— 7) = 21, and this is taken from 24, leaving 8. Then 
1—7 + 3 is the quotient. Furthermore, — 3 • 8 = — 9, and this taken 
from — 9 leaves 0, the remainder. 

The reasoning is as follows : Since the first term of the divisor is 1, the 
terms of the quotient will be the same as the first terms of the dividend 
and the several remainders. By comparing this arrangement with the one 
in § 339, it is evident that the synthetic operation gives us these first terms, 
namely, 1, — 10 — (— 3) = — 7, and 24 — 21 = 3, and that in each case 
the remainder is — 9 — (— 9) = 0. 

There is an advantage in changing the sign of 3 in the 
above example, for it permits us to add instead of subtract 
each time. The usual arrangement is as follows : 

1 _ 10 + 24 - 9 
_p 3_21 + 9 



Quotient = 1— 7+ 3; = Remainder. 
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Exercise 193. Division and Review 

Divide by detached coefficients : 

1. a^-\-2xy + i/^hyx'\-y, 3. a;^ — y* by a; -f y. 

2, a^ — 2xi/ + i/^hy x — y. 4t, x^ — i^hy x — y, 

5. a;' + 4ir^ -h cc — 6 by a: + 2 ; by a; + 3. 

6. a:' + 4aj* + a; - 6 by a;^ H- 5a; + 6. 

7. a;*-2a;»-7a:"-|- 8a; + 12 by a;^ - 2a; - 3. 

8. 6a;*-h7a;«-64x* + 23a;-|-28by a;2 + 3a;-4. 

9. x^ + 2x*y-\- 3xY + 4:a^y^ - xy^ -\- y^ by x"^ - 3 xy -^ /. 

Divide by synthetic division : 

10. X* — 5a;* + 5x^ + 5a; — 6 by a; -fl; by a; - 1 ; by a; — 2. 

11. a;*-2a;»-7a;^ + 8a; + 12bya;-l; bya;-2; bya;-3. 

12. x' - 14a;* -h 49 ar^ - 36 by a; H- 1 ; by a; - 1 ; by a; - 2. 

13. a* — ft* by a 4- ^ ; by a — 5 ; by a — 2 ft, and in this case 
state the quotient and the remainder. 

14. Multiply a;' — 7 a;^ -h 4 a; — 1 by a; — 7, using detached 
coefficients. Check the work by dividing the product by a; — 7, 
also using detached coefficients. 

16. Divide 2a;» - x^ - 12a; - 6 by 2 a;^ - 5a; - 3, using de- 
tached coefficients. Check the work by multiplying the quotient 
by 2 a;^ — 5 a; — 3, also using detached coefficients. 

16. Divide the product of x -|- 1 and ar* — 12 x + 35 by x — 7, 
and also by x — 5, using detached coefficients in all operations. 

17. Divide the product of x -|- 7 and x^ — 20 x + 99 by x — 11, 
and also by x — 9, using detached coefficients in all operations. 

18. Divide the sum of x« - 2 x* + 40x - 50 and - 15 x» + 46 a: 
— 62 by X — 8, using detached coefficients in all operations. 

19. Divide the product of a^ -\- a — 6 and a^ + a — 20 by 
a — 2. Divide this quotient by a -\- S. Divide the result by 
a — 4. Use detached coefficients in all operations. 
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341. Factoring the General Quadratic Trinomial. As stated on 
page 140, there are several methods of factoring a trinomial 
of the type ax^ -i-bx -^ c. The teacher may substitute one of 
the following for the trial method already ^iven : 

1. By splitting the middle tenii. Since 

(mx + n) (px -f- j) = mpx^ + (np + 7nq) x -j- qn, 

we see that the coefficient of x is the sum of two numbers 
(np and mq) whose product is the product of the coefficient of 
x^ (that is, mp) and the absolute term (that is, qn). 
Consider the trinomial 10 a* — a: — 21. 

What are the two numbers whose sum is — 1 and whose product is 
10 (- 21), or - 210 ? Evidently - 16 and 14. 

Then 10x« - a; - 21 = 10x» + 14x - 15x - 21 

= 2x(6x + 7)-8(6x + 7) 
= (2x-8)(5x + 7). 

That is, to factor the type oar* -h ftx -f c, 

Find two numbers whose algebraic sum is b and product ac. 
Separate b into these parts and factor by grouping. 

2. By making the first term a square. We proceed as follows : 

10x^^x^21 = ^^^'-^^^-^^^ 

10 

_ (10x)g-(10x)-210 

~ 10 

__ (10x- >16)(10x + 14) 

~ 10 

_ 5(2x-3).2(5x + 7) 

~ 10 

= (2x-3)(6x + 7). 

3. By svhstitution. Taking the above example : 
Let y = lOx, or y^ y = x. 

Then 10x« -^ x - 2\ = ^y^ ^ ^y -^ 2\ 

= iV(y-i6)(y + i4) 

= yV(l^«-lS)(10aJ + 14) 
= (2x-3)(6x + 7). 
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4. By formula. It is possible to factor an expression of the 
type doc^ -|- &c -f- c by formula, without any trial. 



oaj^ + te + c = 



(ax)2 + 6(ax)+- + ac-- 

4 4 



a 



("*+^)'-(i-'^) 



a 



a 

For example, consider 10 x^ — a: — 21. 

Here a = 10, 6 = — 1, c = — 21. Hence the factors are 

(lOa - 1 + V^ 4- 210) (lOa; - ^ - Vj + 210) 

10 



^ (l0a;--^ + Vl4l)(lOx-^- V8-|l) 
" 10 

10 

6. By quadratics. After studying quadratic equations the 
class may proceed as follows in the factoring of lOcc^ — a; — 21 : 

Consider what values of x will make lOx^ — x — 21 = 0. • 

If 10x2 -X- 21 = 0, 

thpn a-a— l/rJ. 1 — 21i 1 —841 

men X — Y^x i- ;j^^ _ Yjj -f- ^j^^ _ ^5^. 

• a* — 1 _ I 29 

and a;=2V± M= i or -«• 

Hence x — | = 0, or x + J = 0, 

and («-J)(x+ J) = 0, 

or (^x - 3) (5x + 7) = = 10x2 _ ^ - 21. 

An advanced class may study all five of these methods, 
using the examples on page 142. 
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342. Equations solved by Factoring. If we have the equation 
(a? — 2) (2 aj -I" 3) = 0, either one of the factors may equal zero 
and the equation is thereby satisfied. 

For if a; — 2 = 0, then ■ (2 x + 3) nlust equal zero ;. 

and if 2 x + 3 = 0, then (x — 2) • must also equal zero. 

But if X - 2 = 0, then x = 2 ; 

and if 2 x + 3 = 0, then 2 x = — 3, or x = — ^. 

When the second member of an eqvMion is zero, and the 
first member can be expressed as a product of two or more 
binomial factors, the equation can be solved by equating each of 
these factors to zero and solving the resulting simple equations. 

1. Solve the equation a^ — 2 a; — 35 = 0. 

If x2-2x-35 = 0, 

then (x — 7) (x + 5) = 0. 

Therefore x — 7 = 0, and x = 7, 

or X + 5 = 0, and x = — 6. 

These results can be checked, for 

72 _ 2 . 7 - 36 = 0, 
and (- 6)2 - 2 . (- 5) - 36 = 0. 

2. Solve the equation x'* — 6 aj^ — 19 x -|- 84 = 0. 

Factoring by the Remainder Theorem (§117), 

x8 - 6x2 - 19x + 84 = (x - 3) (x - 7) (x + 4) = 0. 

Therefore x — 8 = 0, and x = 3 ; 

or X — 7 = 0, and x = 7 ; 

or X + 4 = 0, and x = — 4. 

Therefore the roots are 3, 7, and — 4. 

3. Solve the equation a;* — a; = 0. 
Since x* — x = 0, 

therefore x (x — 1) (x2 + x + 1) = 0. 

Therefore x = ; 

or X — 1 = 0, and x = 1 ; 

or x2 + X + 1 = 0. 

Solving by quadratics, x=— \ ± J V— 3, 

Hence the four roots are 0, 1, — ^ i J V— 3. 
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Exercise 194. Equations solved by Factoring 

Examples 1 to 4, oral — Examples 5 to 3S, written 

1. Solve the equation (x — 3) (a — 9) = 0. 

2. Solve the equations (x — 3) (a? + 9) = 0, and a; (aj — 3) = 0. 

3. Solve the equation (x — 2) (aj — 5) (x — 29) = 0. 

4. Solve the equation x(x — 2)(x -{- 3) (a; — 4) = 0. 

Solve the following equations : 

5. x^ - 7 a; -f 10 = 0. 13. a;^ + 8aj - 9 = 0. 

6. a:^ - lOar + 21 = 0. 14. x^ - 25 = 0. 

7. x^ - 14aj 4- 48 = 0. 15. ar* -|- 7 a; + 12 = 0. 

8. a:*- 7a: 4- 12 = 0. 16. a;* -f 17 a; + 72 = 0. 

9. a:2-10aj + 9 = 0. 17. 2a;2- 13aj - 7 = 0. 

10. a^-10a;-h26 = 0. 18. 12a^ - 25x + 12 = 

11. ar^ + 4a;-21 = 0. 19. 12 x^ ■+- 7 a; - 12 = 0. 

12. a;2-h2a;-48 = 0. 20. 12a^- 7aj - 12 = 0. 

21. a;«-3a;2-a;-f 3 = 0; a;»- 7x-'4- 12a: = 0. 

22. aj»-a:2--9a:4-9 = 0; x* - 10 a:^ -|- 21 a: = 0. 

23. a:«-5a:2- 4a; -1-20 = 0; x^-\-Sx^ = 9x. 

24. 4a:«-4a:2-a: + l = 0; 2 a:« - 13 a;^ = 7 a;. 

25. 9a:»-9a:2-f-4x-4 = 0; 12 a;« + 12 a; = 25 ar^. 

26. 16a:* -25x2 + 9 = 0; 12 a:* = 7 a:» + 12 a:^. 

27. 36a:* -13a:2 -1-1 = 0; 16 a:* - 17 a:^ + 1 = 0. 

28. a:*-10a:«4-35a:2-50a;4-24 = 0. 

29. a:*-!- 2a:8 - 13a:2- 14a: -f 24 = 0. 
'30. (x - J) (x,-\- J) (6 x^ H- 27 a; - 15) = 0. 

31. (5a: - 4) (4a: H- 5) (x^ - 6.5a: - 3.5)= 0. 

32. (^-12a:2 4-27a-)(2a:2-21a--f27)=0. 

33. (2a:2 +'3:r) (.r^ - 22a: -h 57)(a:« "\'5x^- 84a:) = 0. 
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343. Hig^hest Coininon Factor. If two polynomials are not 
readily factored, their highest common factor may be found by 
another method. This method depends on the principle that 

A factor of each of two quantities is a factor of their 
sum and their difference. 

This is apparent because ax ± ay = a{x ± y). 

Find the H.C.F. of 2«« +- x^ - 12 a; + 9 and 2x^-7x' 
+ 12a;-9. 

The H.C.F. is a factor of the difference of the two expressions, and 
therefore of 8x2 — 24 x + jg. 

Since 2 is not a factor of either polynomial it cannot be a factor of 
the H.C.F., and hence we divide by 2 and have 4x2 — 12 x + 9. 

Any factor introduced into but one of the polynomials, if it is not 
already in the other, will not change the H.C.F., since this is composed 
of common factors only. Therefore we multiply the first polynomial by 
2 to avoid a fraction in the quotient. 

Since the H.C.F. is a factor of 4x2 — 12 x + 9, it is a factor of x times 
4 x2 - 12x + 9, or of 4 x8 - 12 x2 + 9 X. The H.C.F. is therefore a factor of 

* ^A't^w • !*• 1- ^ u ^x8 — 12x2+ 9x 

f ected if this is multiplied by 

2, because 2 is not a factor of 

either polynomial. Since the 

H.C.F. is a factor of 4 x2— 12x 

+ 9, it is a factor of 7 times 

4x2_ 12X+9, or of 28x2- 84x 

+ 63. The H.C.F. is therefore 

a factor of the difference, 18 x — 27. Since 9 is not a common factor of 

the polynomials it may be rejected as a factor of 18 x — 27, and the H.C.F. 

is therefore a factor of 2 x — 3. 

But 2x — 3 is prime ; therefore if there is any H.C.F., it is 2x — 3, 
and by actual division we show that this is a factor of 4 x2 — 12 x — 9. 

It is also a factor of 18 x — 27, and therefore of the sum of 18 x — 27 
and 7 (4x2 - 12 X + 9), or 28x2 - 66 x + 35, n jg g, factor of half of this 
expression, because it does not contain the factor 2. It is therefore a 
factor of the sum of 14x2 — 33x + 18 and of x (4x2 — 12x + 9), and of 
half of this sum, that is, of 2x* + x2 — 12x + 9. 

We therefore see that 2 x — 3 is a factor of the two given expressions, 
and that it is also the highest common factor. 



14x2 
2 


-33x 


+ 18 


28x2 
28x2 


-66x 
-84x 


+ 36(7 
+ 63 




9)18x 
2x 


-27 
- 3 
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Practically we rarely have to resort to such a long method 
of finding the H.C.F. Unless the quantities are much larger 
than usual we can apply the Remainder Theorem to most eases. 

1. Find the H.C.F. of 

6a;»H-aj^-5a;-2 and 6x^ -{- 5a^ - 3x - 2. 

Subtract, and the H.C.F. cannot exceed 4x^-\-2x, Suppress the factor 
2 X, since this is evidently not a common fac- 
tor of the polynomials. Then the H.C.F. is ^x +5a:^ — Sx'-2 
2a; + 1 if there is any H.C.F. 6x^-^ x^ — 5a; — 2 

If the expressions are divisible ty 2 x + 1, 2 a; )4 x^ -f- 2 a; 

they are divisible by ^ (2 x + 1) or by x + i^, 2x4-1 

or by x-(- J). 

Hence, by the Remainder Theorem, 2 x + 1 is the H.C.F. 

2. Find the H.C.F. of x* + a;* + 2x - 4 and x» - 2a^ _ 5x + 6. 

By the Remainder Theorem, x — 1 is a common factor. 
Dividing each by x — 1, w<e have as quotients 

x« + 2x2 + 2x + 4 = (X + 2) (x2 + 2), 

and x2 — X — 6 = (x + 2) (x — 3). 

Therefore the H.C.F. is (x - 1) (x + 2). 

Exercise f95. Highest Common Factor 

Find the highest common factor of: 

1. a» + 6 a= - 8 a - 7, and a» + 8 a^ -h 10 a -h 21. 

2. 4 m* — 5 m^ + 1, and 4 m* + 4 m' -|- m^ — 1. 

3. y 4- Sy + 8j9 -I- 4, and j9» + 6p^ + 11^ + 6. 

4. 6a« + Ta^ft - 22 ab''- U\ and 15a»- 14a% - 13a^ - 2W 
6. a» -ba% + 9ai2 - 9*^ and 3a» - Sa^ft - 1(0? - 15 ft*. 

6. 6x»-7x^-16x + 12, and4x»-8x2-9x +-18. 

7. 4a* + la? + 16, and 4a* + 12a? + Qa^ - 16. 

8. 2 m* + rn?n — 4 mv? — 3 w', and 2m^-\- rr?n — 9 n\ 

9. »« + 471^ -h 6 n + 2, and /i» + 2n2 - w - 2. 

10. 6x» - 13x^ + 19x - 7, and 9x» - 27x2 + 41x - 28. 

11. 2 j9» - 9p^ 4- lli> - 3, and 4^« - 4j9* -6^ + 3. 
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341. Lowest Common Multiple. If the expressions are not 
readily factored, the L.C.M. may be found by using the H.C.F. 
as an aid in factoring. 

Find the L.C.M. of 2x^ -\- Sx^j - 9xY, and 6x^y-Sxy^ 

- 17 coY + 14 X y. 

By § 348, or by using the Remainder Theorem, the H.C.F. is found to 
be X (2 X — 3^). Using this as one factor, we have 

2iK* + Sx^y - 9xV = x^(2x- Sy){x + Sy). 
Qx^y - 17a«y2 + UxV - 3xy* = xy(2x - 3y)(3x2 - 4xy + y^) 

= xy (2x — 3y) (3x — y) (x — y). 
.'. the L.C.M. = x«y (2 X - 3 y) (X + 3 y) (3 X - y) (x - y). 

The L.C.M. of three or more expressions may be obtained 
by finding the L.C.M. of any two of them ; then the L.C.M. of 
this result and the third expression, and so on. 

It is usually as convenient, however, to factor each of the expressions 
separately and find the L.C.M. in the ordinary manner. 

Exerviie 196. Lowest Common Multiple 

Find the lowest common multiple of: 

i. 2x^ + x^- 4:x - 3, and 2x^ -f ^^ - 9. 

2. a« -h 4 a^ -|_ 5 a + 2, apd a'^ -f- 2 a* - a - 2. 

3. 2x» - 9a;2 + llaJ - 3, and 4aj*-4x«- 5a; + 3. 

4. 9a*-4a2-f4a-l and9a*-12a« + 4a*-l. 

5. m* — mn^ -|- 2 m^n — 2 w", and m' — mn^ — 4 m^n + 4 n*. 

6. «• - x^y + xf + 14 y», and x^ - 5x^y + 13ar2^ - 14 y». 

7. 9ic« - 4, ex^ - 13aj + 6, and 6x^ + 5x-6. 

8. x^ + 2a: - 3, aj« 4- 3aj^ - aj - 3, and a;» + 4a;^ + a; - 6. 

9. a^ + 8^2 -f. 19a; 4- 12, and a:« + 9 «' + 26a; + 24. 

10. 6a* - 23^2 + 26a - 8, and 2a« - 13a^ + 27a - 18. 

11. 5a;* -f 10a;» + x + 2, and 10a;* - 15a;» 4- 2a; - 3. 

12. y - i>' 4- Sp^ -2p + 20, and 2j9* +p* + 6j9^ -'4^ 4- 16^ 

13. a;« + 3a;^ + 2a; + 6, and a;« + 2a;* + 2a; + 4. 



b 


«, 


a — 


bx, 


na = 


ribx. 


na 
nb 


X, 


a 
b~ 


«, 


a 


na 


_ ^— 




b 


nb 
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345. The Laws of Fractions. If desired, the usual laws of 
fractions may be presented with less regard to* arithmetic, as 
follows : 

1. Multiplying both numerator and denominator of a fraction 
hy the same expression does not change the value of the frojction. 

If 

tl^en a = bx, Axiom 3 

and noL — nbx. Axiom 3 

Therefore -^ = x. Axiom 4 

But 

and hence z—'^. Axiom 6 

b nb 

2. Dividing both numerator and denomin/itor of a fraction by 
the same expression does not change the value of the fra^ion. 

For it has just been proved that • 

na _^a 
nJb b 

3. Multiplying the numerator by any number m^ultipliei the 
fraction by' that number, and dividing the' numerator by any 
number divides the fraction by that number. 

Let X be the value of the fraction - • 

b 

Then 

and 

and na = nbx. Axiom 3 

Then — = nx. Axiom 4 

b 

That is, multiplying a by n multiplies x, the value of the fraction, by n. 

Likewise, since a = bx, 

therefore a -f- n = &x -4- n, 

, a-i- n bx-i-n 

and = — - — = X -^ n. 

6 

That is, dividing a by n divides x, the value of the fraction, by n. 



b~ 


«» 


= 


te, 


na=: 


nbx. 


na 
b 


nx. 
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4. Multiplying the denominator by any number divides the 
fraction by that num>ber, and dividing the denominator by any 
number multiplies the fraction by that number. 

Let r = *• 



Then a = te, 

and a = — • Law 1 

n 

Therefore — = - • Axiom 4 

nb n 

That is, multiplying 6 by n divides x, the value of the fraction, by n. 
The proof for division by n is substantially the same. 

5. To multiply one fraction by another, take the product of 
the numerators for a numerator, and the product of the denomi- 
nators for a denominator. 

Let the two fractions be - and — • 

6 n 

Let 7 = ^f whence a = to ; 



and let — = y^ whence m^ny. 

n 

Then, multiplying, am = bnxy. Axiom 3 

Hence, dividing, " — = xy. Axiom 4 

bn 

That is, xy, which is the product of the fractions, is found by taking 
am for the numerator and bn for the denominator. 

6. To divide one fraction by another, multiply the dividend 
by ths reciprocal of the divisor, 

_ . am 

Let - -^ — = X. 

n 

_, a m xm . . _ 

Then - = x • — = — • Axiom 3 

b n n 

Then ^^xm. Axiom 8 

b 

and — = X. Axiom 4 

bm 

But — is the same as r multiplied by the reciprocal of — . 
bm b n 
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a a 

346. The Fonns g' q» and ^* As stated on page 251, the 

symbol GO is used to mean an infinitely large . quantity. The 
expression — is read " a divided by infinity/' Since we can- 
not divide by 0, the symbols - and j. have no meaning, except 

as we agree upon some meaning for them. 

The symbol § means an indeterminate quantity. 

For zero multiplied by any finite number, like 2, j, or — 75, is zero. 
That is, if a stands for any such number, a • = 0. If, now, we should 
consider as a quantity by which we could divide, we should have a = J. 

For this reason it is the custom to look upon ^ as standing for any 
number, that is, as indeterminate. 

The symbol - means an infinite number. 

For the smaller we make the divisor, the larger the quotient becomes. 
Therefore the nearer the divisor gets to 0, the larger the quotient becomes. 

We therefore say that - = oo , even though we cannot divide by zero. 

In mathematics we must be careful to see that a zero divisor 
does not enter into our work, since it always leads to an inde- 
terminate or infinite quotient. 

For example, let x = a. 

Then x^ = (kc. Axiom 3 

and x^ — a^ = ax — a^. Axiom 2 

. FsMstoring, (x -^ a) {x — a) = a(x — a). 

Dividing by x — a, x + a = a. Axiom 4 

Substituting a f or x, 2 a = a. 

Dividing by a, 2 = 1. Axiom 4 

The fallacy lies in dividing by x — a, which is 0. 

The symbol — means a zero quotient. 

For the larger we make the divisor, the smaller the quotient becomes. 
Therefore when the divisor is infinitely large, the quotient is infinitely 

small. We therefore say that — = 0, this being a convenient way of 

saying that as the divisor .increases infinitely, the quotient decreases 
and approaches nearer and nearer zero. 
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347. Special Devices in Quadratics. In simultaneous quadratics 
two special devices are sometimes used, one in the case of 
equations that are homogeneous except for the absolute term 
(see p. 343^, and the other when the two equations are sym- 
metric with respect to x and y ; that is, when x and y may be 
interchanged without altering the equation. 

1. Solve the equations 

x^'-^xy + f^-l^ (1) 

0:^ + 2/2 = 41 (2) 

Let y = vx. 

Then from (1), x^'^^vx^ +" vW = — 19, 

whence x^ = 



From (2), x^-\-xW = 41, 

whence x^ = 



l + tj2 
41 -19 



1 + i?2 1-3^4. t,2 

Solving for «, r = | or J. 

.-. y = I X or I a;. • 

Substituting in (2), x^ -\- \^x^ = Al, or x^ Jf \%x^ = A\, 

.'. X = ± 4, or ± 6. 

.*. y = ± 6, or ± 4. 

2. Solve the symmetric equations 

aj + y = 36 (1) 

xy = 323 (2) 

Let X = u + », and y = u — v. 

From (1), 2u = 36, whence m = 18. 

From (2), u^ - r^ - 323, whence IS^ - r2 = 323. 
Solving, « =± 1. 

Hence a; = w + v = 18 ± 1 = 19 or 17, 

and y = u — t? = 18 T 1 = 17 or 19. 

These two methods may be applied to the appropriate problems on 
pa^es 844-362. 
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348. Inequalities. In elementary algebm but little use is 
made of inequalities beyond a recognition of the meaning of 
a>h and a<h. The following general principles may, how- 
ever, be introduced : 

1. Ifunequdls are operated on hy positive eqicals in the same 
way, the results are uneqiial in the same order. 

That is, if X = ^ (both being positive), and a > &, then 

a + x>6 + y ax>by a'>l/ 

a — x>b^y a-*-x>b-i- y \^a > Vb 

For example, 2 >1 and 2 + 6 > 1 + 6. 

2. If unequals are added to unequals in the' same order y the 
sums are unequal in the sams order. 

That is, \ix>y and a > &, then x + a > 2^ + 5. 

3. If unequals are suhtra^cted from equals, the remainders 
are unequxd in the reverse order. 

That is, if X = ^ and a > &, then x — a < 2^ — &, This is seen in the case> 
of 4 = 4 and 3 > 2, where 4 — 8 < 4 — 2, since 1< 2. 
The above three principles are used in geometry. 

Exercise 197. Inequalities 

Illustrate the following statements by using numbers : 

1. Positive unequals multiplied by positive unequals in the 
same order give results unequal in that order. 

2. If positive unequals are multiplied by negative equals, the 
sign of inequality is reversed. 

3. The signs of all terms of an inequality may be changed 
if the inequality sign is reversed. 

4. If unequals are subtracted from unequals, the result is 
indeterminate. It may be an inequality in the same or re- 
versed order, and it may be an equation. 

5. Prove that a^ + h^ is greater than 2 al) except when a = ft. 
Write the general law. 
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349. Camulatiye Review. The following collection of exer- 
cises is arranged on a cumulative plan that permits the student, 
on the completion of each chapter, to review not only the sub- 
ject just studied, but all of the work that has been covered up 
to that point. It may be used as circumstances seem to warrant, 
the appropriate exercise being taken at the close of the several 
chapters, or a number of exercises being taken at stated periods 
during the year. In many cases there will be no demand for 
such a review, but where it is needed it is believed that the 
problems here given will meet the need, and that the cumular 
tive arrangement will prove helpful. 

Exercise 198. Review of Chapter I 

1. Define formula, monomial, polynomial, binomial, trino- 
mial, terms of a polynomial, symbols of aggregation, equation, 
members of an equation, axiom. * 

2. Give four illustrations of a formula. 

3. State the order of operations in an algebraic expression. 

4. What is meant by evaluating an expression ? Illustrate. 

5. Given the formulas c = ird and c = 27rr, derive from 
them formulas for d and r. 

6. If r is the rate for 1 yr., what is the interest on p dollars 
for 3 mo. ? for 6 mo. ? for 15 da. ? for n years ? 

7. Given the formula A = irR^ — ttt^, find the value of A 
when JK = 14 and r = 7, taking 3| for the value of tt. 

Solve the follomnff equations : 

8. 2.45 + x=r 7.12. 14. § a; = 18. 20. a; -^ 1.9 = 2.4. 

9. a; — 3.26 = 2.98. 15. | a; = 3.5. 21. 3 aj ^ 7 = 8.1. 

10. 3 a; - 1.9 = 3.8. 16. ^ aj = 7.2. 22. 7 aj -*■ 3 = 4.9. 

11. 7.62 + a; = 12. 17. ^V a' = ^•7'^- 23. i a; -^ 7 = 9.3. 

12. 2.34 x 4- 2 = 9.02. 18. | a; = 0.49. 24. 2 a: ^ 9 = 8.4. 

13. 3.19 a; - 4 =11.95. 19. \ix = 1.21. 25. 2J a; -s- 2 = 12. 
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Exercise 199. Review of Chapters I and n 

1. An automobile traveling at the rate of d miles an hour 
goes h\ mi. in H min. Find the value oid, 

2. A horse is tethered by a rope 42 ft. long. Over how 
many square feet can he graze? (Take 3iJ^ for tt.) 

3. An iron pillar having a circular cross section is 8.4 in. 
in diameter. What is the area of the cross section ? 

4. Given the formula F= e*, find the value of V when e = 7. 
Find the value of e when F= 27. • 

5. Solve the equation 17 — a; = 14 a; — 68. 

6. Rule some paper and draw a line showing the growth of 
the sales of a manufacturer, the sales being as follows : 1910, 
$100,000; 1911, $140,000; 1912, $180,000; 1913, $230,000; 
1914, $290,000 ; 1915, $370,000 ; 1916, $480,000. 

7. Give four illustration's of a negative number, taken 
from your experience. 

8. Add the following : 7.2,8.9,-3.4,6:2,-8.1,5.3,-13.2. 

Subtract as indicated : 

9. 3^4 - 1.9. 12. 5.1 - (- 3.1). 15. - 5.3 - 9.8. 

10. 1.9 - 3.4. 13. 2.7 - (- 4.9). 16. - 5.3 - (- 9.8). 

11. 2.6 - 5.8. 14. 8.6 - (- 9.7). 17. - 9.8 - (- 5.3). 

Multiple/ as indicated : 

18. - 17 X 6.3. 20. 42 X (- 37). 22. - 7 x (- 9.3). 

19. - 9.2 X 46. 21. 5.6 x (- 4.8). 23. - 9 x (- 8.7). 

Divide as indicated : . 

24. - 12.5 -f- 2.5. 26. 12.6 ^(-2.5). ?8. -^ 44.4 ^ (- 3.7). 

25. - 8.68 -5-7. 27. 8.68 -5- (- 14). 29. - 58.8 -+- (- 4.9). 

30. How much difference in price is there in selling an 
article at $17.75 below cost and at $24.50 above cost? 
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Exercise 200. Review of Chapters I-III 

1. Define and illustrate factor, literal factor, and nuiner- 
ical factor. 

2. Distinguish between coefficient and exponent, and give 
two illustrations of each. 

3. Define and illustrate power and root. 

4. Define and illustrate absolute term, similar terms. 

5. The terms of a polynomial are 7 a', — 9, 4 a, and — 2 a^. 
Write the polynomial. 

6. The factors of a monomial are 7 a', — 9, 4 a, and — 2 a^. 
Write the monomial. 

7. lif(d) is ird, what is/ (7) ? /(14) ? (Take ^ for tt.) 

8. Find the fourth root of 256. 

9. Write three functions of r that you have studied. 

10. If a man is $375 in debt, how will you represent his 
capital algebraically ? How will you represent the capital of 
a man who is half as much in debt ? 

Add as indicated : 

11. 9.8 + (- 7.2). 13. - 9.7 + 16.9. 15. - 7.7 + (- 8.9). 

12. 0.9 -h (- 8.8). 14. - 8.6 + 21.4. 16. - 5.9 + (- 9.5). 

Subtract as indicated : 

17. 16.3 - 7.9. 19. - 16.3 - 7.9. 21. - 3.1 - (- 9.6). 

18. 16.3- (-7.9). 20. - 6.3 - (- 9). 22. - 4.2 - (- 8.7). 

Multiply as indicated : 

23. 48 X (- 7). 25. 7 x (- 5.9). 27. - 1.9 x (- 4.2). 

24. (- 7) X (- 48). 26. - 3.8 x 6. 28. - 3§ x (- 2 J). 

Divide as indicated : 

29. 333 -*- (- 37). 31. - 33 -s- (- 7). 33. - § -s- (- |). 

30. - 33.3 -^ 3.7. 32. - 3.3 ^ (- 9). 34. - J -^ (- §). 
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Ezerciae 201. Review of Chapters I-IV 

1. Evaluate 3a* + 4a5 - 7^ for a = 7, 6 = - 2. 

2. Evaluate 4a:»-3a^ + 7a; — 7foraj = 3; fora;= — 5. 
8. Add 2.8, - 3.2, 4.9, 7.6, - 42.7, and 29.4. 

4. From the sum of 19.7 and - 12.9 take — 9.8. 

6. Multiply 27.9 -h (- 13.8) by - 3 ; by - 3.1 + 4.1. 

6. Divide - 24.7 + (- 28.6) by - 2 ; by - 4. 

7. Given the formula a = J cr, find the formula for c in 
terms of a and r. 

8. Name the numerical coefficient in 41 a*^"'; the numerical 
exponent; the literal exponent. Evaluate the expression for 
a = 2, i = 5, m = 2. 

9. From the sum of 43, — 87, 29, and — 12, subtract the 
sum of — 19, 4.1, 6.9, — 2, and — 7. 

10. Multiply the sum of 21, - 32, 48, and - 56, by the 
sum of — 3, 4, and — 8. 

Add the follomnJg expressions : 

11. 14. 

-7a* 4- 3a -6 aj* - 3a:« -f- 4a:* - 7x -f 2 

2a* -6a + 9 5aj*— 7a;" - 3ar^ + 8a: - 6 

Sa^-^9a-\-7 9a;* -f 8a;» - 7a;* + 9a; + 7 



12. 


15. 


4ar»-3a; + 19 


a;* +7a;* - 9 


-2a;* -7a; -29 


52a;«H-3a;*-81a;4-17 


9x*4-^a;-32 


24a;* - 27a;* + 96a; - 13 


13. 


16. 


5y -h 6 j9* - 7jo -f 8 


a*- a%+ a%^- ab^ -\- b^ 


8;?»-7i?*-9j9-f-5 


a*-f 2a»^-3a*ft*-|- 1(0? -h" 


7y - 5^* + 8;? - 7 


fi*-Sa^b^7a%^+ 8a5»-ft* 


9jt?« -f 4 jt?* - 8j9 + 2 


a^ + 2a»ft -h 9a*Z>* - Uab^ + ^* 
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Exercise 202. Review of Chapters I-V 

1. Distinguish between arithmetical sum and algebraic sum. 

2. How do you add monomials ? Illustrate. 

3. Add x^-Sa^-\-2x-l and 17 a:» - 23 ar» - 48 x -f 36. 

4. Solve the equation 17 05 — 23 oj 4- 49 = 84 — 11 ar. 

5. How do you subtract a negative quantity from a positive 
quantity ? Illustrate by the thermometer. 

6. How do you subtract a positive quantity from a negative 
quantity ? Illustrate. 

7. How do you subtract a negative quantity from a negative 
quantity? Illustrate. 

8. Given the formula a = ^bh, find the formula for h. 

Add as indicated : 
9. n + (- 5i). 11. - 4i + 5i. 13. - 9f -h (- 2i). 

10. 8J + (- 2 J). 12. -^ + 9J. 14. - 6f + (- 3 j). 

Subtract as indicated : 

15. 12|^ - 6^. 17. - 7 J - 2|. 19. - 6} - (- 6J). 

16. 12i - (- 6i). 18. - 9J - (- 1 J). 20. - 2i - (- 4i). 

Multiply as indicated : 

21. 2i X (- 3i). 23. 5 X (- 3J). 25. - J x (- J). 

22. - 2J X 3i. 24. - 4§ X 7. 26. - f x (- §). 

Divide as indicated : 

27. 11.9 -!- (- 7). 29. - f H- (- i). 31. - 23.8 -j- (- 1.7). 

28. — 1.19 -J- 0.7. 30. - J H- (- ^), 32. - 4.76 ^ (- 1.7). 

Svhtract the following : 

33. 34. 

2iaj»- 23ar»-h 17aj - 13 19a« + 23a^ - 42a - 48 

18«»- 4ir^- 9x-h27 26a« - 14a« - 12a + 27 
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Exercise 203. Review of Chapters I-VI 

1. What is meant by the degree of a term ? by the degree 
of a polynomial ? Illustrate each. 

2. What is meant by a homogeneous polynomial ? Write 
a homogeneous polynomial of the fourth degree. 

3. Write a monomial of the seventh degree involving 
three letters; of the eighth degree involving the same three 
letters. Write the product of these two monomials. 

4. The area of a circle is ttt*. What is the area of three 
circles of radius r ? Evaluate the result for tt = 3|, r = ^y. 

5. What is the sum of - 17 a% 29 a\ and -Sw^b? Eval- 
uate the result for a = — 3, 5 = 4. 

6. On a line mark off -|- 7 and — 4. Eind the difference 
between these two numbers. Show that it may be either 
positive or negative. 

Add the follomng : 

7. 8. 

28a« - 42a2 + 27 a - 3 31a:« - ^^t? + 31 a; - 27 

14a« + 23^2 - 36a + 7 - 42 x« + 48a^ - 32a; + 63 

- 5a» - 31 a^ + 46a + 9 - 37a;» - 2la;^ - 49a; - 21 



Subtract the follomng : 

9. 10. 

a^--A2a^-{-27x-S 5 aj* - 4 ar^ + 3 a;^/^ - y» 

a;«-81ar» + 13a;-9 9 a;' - 9 a; V - 3 a;y« -f y* 

Multiply : 

11. a» + 7a"i-4a&2-41&«by a2-2a>3. 

12. 4m*-3m^ + 2m-7by m2 + 3w-7. 

13. 5y -f 6jpV - 7j3?' + 8 ^* by>* -- 2^ - ^. - 

14. Sa^'b^ + 7 a»Z> -Sab"" + a* - &♦' by 3a^ - 2a* + 46*. 
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Exercise 204. Review of Chapters I-VII 

1. A steel shaft has a diameter of 3J in. What is the cir- 
cumference of the shaft ?• the area of a cross section ? 

2. Given the formula PW=P'W'y find the value of P when 
W= 7, P'= 28, and W'= 60. ^ 

Solve the following eqvuxtions : 

3. 3a; + 4 = a; + 38. 7. fa; - 3 = a; -7. 

4. 4aj-7=2a; + 37. 8. ia;-9 = a;-36. 

5. a;-|-9=7jr-27. • 9. Ja; + 2 = f a; - 17. 

6. 2aj-3=llaj-76. 10. Jx + 5 = Ja;- 12. 

SvJbtract the following^ and eheck the remits : 

11. 12. 

32a;»-4ar^+17aj-3 4a;* - 3a;» + 2aj - 7 

-9a;»-9a;^-fl2a;~8 ' 5 a;* - 7a;« - 3a; - 9 

Multiply the following^ and check the residts: 

13. a' - 3 a^ -f 4 a 4- 9 by a^ + 3 a - 2. 

14. p^ - 4y + 2^ - 8 by 3 -\-p^ -2p. 

15. a;* ^ x^j^ + y* by a;* + oc^^ + y*. 

16. (a-\-by + S(a + b)-4.hj(a-{-by-l. 

17. a* + 3a^-2aH-3by a'-a+7. 

18. Multiply the product of a — 7 ^ and 8 a — ^ by the prod- 
uct of a -K 2 ft and a — 5b. 

Divide: 

19. a;^-7a;+12by a;-3; by a; -4; by a; + 1. 
20." x^-^x —72 by a; -f 9 ; by a; — 8 ; by a; — 2. 

21. 2a;* - ar» 4- 3a; - 9 by 2a; - 3; by 2ir -h 3. 

22. 6a;"» + 14ar* - 4a; + 24 by 3a;2 + 2a: +1 ; by a* + 1. 
23.'7a;» 4- 58a; -24ar»- 21 by ar'- 3a; + 7; by a; - 2. 
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' Exercise 205. Review of Chapters I-VIII 

1. Evaluate the formula a=: ^h(b + b')ioT h = 27, b = 2 J, 
ft' = 3} ; for h=zS2,b = 3.5, b' = 4.6. 

Evalvxite the follomng for a = 3y b =— £y c = 7 : 

2. a^- 3ft 4- 9c. 6. (a -75)((j - 45). 

3. «• - 4ft» + c*. 7. (a« + fta)(a8 - ft«). 

4. a* - 96» + 2c. 8. (a - c)(c - 3ft). 

5. (a + ft)(ft + c). 9. (a«-.15ft)^(c-hft). 

6?it;gn^ = a^-2a+3, ^=aV7a-2, and C=aV9a-3, 
jim? the follomng : 

10. ^+^. 14. ^+^ + C. 18. AB. 

11. ^-5. 16. A+B-C, 19. ^C. 

12. il + C. 16. ^-J5+C. 20. BC. 

13. -B-C. 17. A-B-C. 21. ^5C. 

(Tivew P = ar*- 10a: -1-21, e = a:'-12a;-|- 27, B^x-^S, 
find the follomng: 

22. P-{-Q+R, 

23. P-e-|-/2. 

24. Q-^P-R, 

25. Q-2P-h/?. 

ASbZve the following equations: 

34. 9a; -7 = 7x4-36. 

35. 8a;- 9 = 4a; -1-27. 

36. 7a; -1-8 = 6a; 4- 86. 

37. 2a;- 3 = 39 -6a;. 

42. What number is it that added to 9.07 equals 38.01 ? 

43. If from two thirds of a number we subtract 3 tte result 
is 17. What is the number ? Prove it. 



26. 


PR, 






30. P-i-R. 


27. 


QR. 






31. Q-i-R. 


28. 


PQ. 






32. PQ-hR, 


29. 


PQR. 






33. PQ-i-R^ 


ons 


9 


38. 


i 


X = 68. 






39. 


i 


a; 4- 9 = 72. 






40. 


i 


a; - 8 = 86. 






41. 


i 


a; 4- 12 = 66. 
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Exercise 206. Review of Chapters I-IX 

1. What do you mean by a simple equation ? Illustrate. 
What other names are there for a simple equation ? 

2. What is an identity? Illustrate. Write an equation 
that is not an identity. 

3. When is an equation said to be satisfied ? Illustrate. 

4. What is meant by solving an equation? How do you 
determine that a solution is correct ? 

5. What is meant by the root of an equation ? What other 
meaning has the word " root " ? 

6. Distinguish between the use of + and — as signs of 
operation and as signs of quality. 

7. What is the difference between the sum of the squares 
of two quantities and the square of the sum of the quantities? 

8. What is the difference between the sum of the squares 
of two quantities and the square of the difference of the 
quantities ? 

9. Show that the difference between the square of the sum 
of two quantities and the square of the difference of the 
quantities is four times the product of the quantities. 

10. What is the difference between the cube of the sum of 
two quantities and the cube of the difference of the quantities? 

11. What is the quotient of the sum of the fifth powers' of 
two quantities divided by the sum of the quantities ? 

12. Is the difference of the sixth powers of two quantities 
always divisible by the difference of the cubes of the quan- 
tities ? If so, what is the quotient ? 

13. Is the sum of the sixth powers of two quantities always 
divisible by the sum of the squares of the quantities ? by the 
sum of the cubes of the quantities ? Prove both statements. 

14. Is the difference of the eighth powers of two quantities 
divisible by the difference of the quantities ? Prove it. 
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Multiply : 

15. -,x^ + 2a?y - f by 4x^ + 8xy. 

16. a^ + ab + V'hY 2a^ - 3a^ - 7^>l . 

17. a;* -3a;» + 2x^-70; 4-1 byx2 + 4a;-3. 

18. 6a* - 7a»^ + 4a^ft2 - 3aJ« + J* by a^ - 3aZ» + 4^^. 

19. 7a;*-2a;y-19ay-7y*byiK«-ar»3/ + 2V-/- 

Divide : 

20. X* - Sly* by x« + 3«V + 9xy^ + 27 y». 

21. x^ — 'if by X* + ic^2/ + a:V + «2^ + X''*. 

22. a* + 32 ^>* by a* - 2a«^> + 4a*62 - 8a*« + 16^>*. 

23. 2a* + 21 ah^ - 81ft* by 2 a» - 6 a^ft -|- 18 aft^ - 27ft«. 

24. a;*-f llcc^- 12a;- 5x« + 6 by 3 + a:^-3aj. 

/SbZve ^A^ following equations : 

25. 5a; -(3a; -7)= 4a; -(6a; -35). 

26. 6a; - 2(9 - 4a;)+ 3(5a; - 7)= lOx -(4 + 16a; + 35). 

27. 9a; -3(5a;- 6)4-30 = 0. 

28. X - 7(4a; - 11)= 14(a; - 5)- 19(8 - a;)- 61. 

29. (a;H-7)(a;-3) = (a;-5)(a;-15). 

30. To the double of a certain number we add 14 and obtain 
as a result 154. What is the number ? 

31. To four times a certain number we add 16 and obtain as 
a result 188. What is the number ? 

32. By adding 46 to a certain number we obtain as a result 
a number three times as large as the original number. Find 
the original number. 

33. One number is three times as large as another. If we 
take the smaller from 16 and the greater from 30, the remain- 
ders are equal. What are the numbers ? 

34. Divide the number 92 into four parts such that the first 
exceeds the second by 10, the third by 18, and the fourth by 24 
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Exercise 207. Review of Chapters I-X 

1. What do you mean by a factor of an algebraic expres- 
sion ? by a monomial factor ? by a binomial factor ? Illustrate 
each of these terms. 

2. Are the factors of ah the quantities -h a and + 6, or — a 
and — ^ ? Explain your answer. 

.3. Are the factors of — ar* + 7 oj — 12 the quantities x — 3 
and 4 — 05, or 3 — oj and aj — 4 ? Verify your answer by mul- 
tiplying the binomials together. 

4. Evaluate the expression a* -f 3 a*J + 3 oi^* -f h* for a = 3, 
b = b\ for a = 4, ft = — 4. 

5. Give illustrations of the following : coefficient, exponent, 
trinomial, root of an equation, square root of a number, function. 

6. Add 7aj*-3aj*-M, 9 a:* - 4 a:^ -|- 7, 8aj*-4aj* + 9, 
-15a^-f7aj*-9a;» + 4x-16. . 

7. From aj« - 3a^ +7a;* - 4a;' -f 3ar» - 9aj -h 36 subtract 
jK« + 8a^-4a:» + 5x-96. 

8. Multiply a;* - 3ar» -f- 4a; - 9 by a;» + a? - 3. 

9. Divide a;* - 9 a;^ -|- a;» - 16 a; - 4 by a;^ -1-4 + 4a;, and 
check the result. 

10. What is the quotient of the sum of the sixth powers of 
two quantities divided by the sum of their squares ? 

Solve thefolhmrig eqaation% : 

11. (a;-8)(a5-hl2) = (a;-f-l)(a;-6). 

12. (a; - 2)(7- a;)4-(a; - 6)(a; + 3)- 2(a; -1) + 12 = 0. 

13. (2a;-7)(a;-F5) = (9-2a;)(4-a;) + 229. 

14. 14 - a; - 5(a; - 3) {x-\-2)-ir{^ - x) (4 - 5 a;) = 45 x -76. 

15. (a; -f 6)^ - (4 - a;)^ = 21 a;. 

16. 6{x - 2)* -^7(a; - 3)« = (3a; -7)(4a; -19)-h 42. 

17. (a;-3)(a;-.4) = a;(a;-l)-30. 



428 APPENDIX 

18. The sum of two numbers is 20, and if three times the 
smaller number is added to five times the larger the sum 
is 84. What are the numbers ? 

19. The sum of the ages of a father and son is 80 yr. If 
the age of the son were doubled, he would be 10 yr. older than 
the father. What is the age of each ? 

20. A man has six sons, each 4 yr. older than the next 
younger. The eldest is three times as old as the youngest. 
What is the age of each? 

* 21. If we add |24 to a certain sum, the amount will be as 
much above |80 as the sum is below $80. What is the sum ? 

22. The sum of #500 is divided among A, B, C, and D. A 
and B together have $280, A and C $260, and A and D $220. 
How much has each ? 

23. If A is twice as old as B, and if he was three times as 
old as B 22 yr. ago, how old is A ? • 

24. A father is 30 yr. old and his son is 6 yr. old. In how 
many years will the father be twice as old as the son ? 

25. A sum of money consists of dollars and quarters, and 
amounts to $20. There are 50 coins in all. How many are 
there of each kind ? 

26. A man paid $15.25 with quarters and half dollars, 
giving 51 pieces of money in all. How many of each kind 
were there ? 

27. A man bought 30 lb. of sugar of two different kinds, 
paying $1.35 for it all. The better kind cost 5^ a pound and 
the poorer kind 3J^ a pound. How many pounds were there 
of each kind ? 

28. Two trains start toward each other at the same time from 
Buffalo and New York, respectively, 450 mi. apart. The one 
from New York travels at the rate of 50 mi. an hour, and the 
other 0.8 as fast. How far from New York will they meet ? 



CUMULATIVE REVIEW 429 

Factor the follomng eocpresdions : 

29. 6x^ — 25ar*. 35. x^ - ax - bx -{- ab. 

30. 16 oj* -r 25 ar*. 36. ab + ay - by - f. 

31. 6a*'{-lSa^'-12x. 37. be + bx ^ ex — a?. 

32. 49 a* — 21 a + 14. 38. tjix + mn + a^ + an. 

33. y* — 2y« + y». 39. eda^ — exy + dxy -r- i^. 

34. 45 a*^^ - 360 a'ft^ 40. ax - ay + ^y - &». 

41. The factors of a certain trinomial are 3a;^ — 7 and 
4 a^ -h 7. What is the trinomial ? 

42. The factors of a certain expression are a — 7b and the 
square of a — 7 b' What is the expression? What three prime 
factors has it ? ' 

Factor the folhvnng ea^es9ions: 

43. ar» + 36 + 12 a;. 52. a* - 1. 

44. o^ 4- 196 + 28 x. 53. a» - 1. 

45. x(x + 34) + 289. 54. 36 ar» - 49 y^. 

46. a (a - 8) + 16. . 55. a* - 25 b\ 

47. 225-30a + al 56. a* -25 ft*. 

48. ar» + 361 - 38a;. 57. (a - bf - cl 

49. «• - 34 «» -h 289. 58. a;* - (a - bf, 

50. ar» + lla; + 24. 59. 12a;2-5a;-2. 

51. ar*-7a: + 10. 60. 12 ar^ - 7 a; + 1. 

61. 289 aV«^ - 102 ajy^^^ci 4- 9 fs^(P, 

62. 361 ar*y2«2 - 76 ahexyz + 4 a^ftV. 

63. a;* + y» - 5J^ _ (? - 2a;y - 2 rf«. 

64. Show that one factor of «* + a?i/^ + y* is ar* + a;y + y^, 
and find the other factor. 

65. Show that one factor of 81 a;* — 34 a^y -h y* is 9 a;* + 
4 ajy — y^, and find the other factor. 
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, Exercise 208. Review of Chapters I-XI 

1. Form an equation whose root is 17 and which contains 
four terms. 

2. What is the sum of a; + a; + 05 + • • . written n times ? 
Evaluate the result for x = 7J, n = 17. 

3. If the product of two polynomials is 5 «• — 3 a;* — a; + 1 
and one of them is 1 + 3 a:^ — 2 a, what is the other ? 

4. If the sum of two polynomials is a;* — 17 ar* + 14 aj* and 
one of them is 27 aj* + 19 a;^ — 34, what is the other ? 

gC ^c 

5. Evaluate -= — -. — i -^ for c = S, d = 4t, e = 5, 

er -\- ea -\- a 

6. From 2;^-2y^-^ take 3 2/* -|- 2 ar* - «^ and from the 
remainder take 3 «^ — 2 y* — a:^. 

Simplify the following expressions : 

7. 2a -[ft -(a -25)]. 

8. 3a - [b + (2a - b)-(a - b)}, 

9. 2aj + (y-3«)-[(3a;-2y)-|-«]-f 5aj-(4y-3«). 

10. a -[2 a -f-(3 a - 4 a)] - 5a -{6 (4— [(7a+8 a) — 9a]} 

Find the product of: 

11. a; — 3, a; — 1, aj -h 1, and a; + 3. 

12. ar* — a; + 1, a;2 + aj -f 1, and a;* - a^ 4- 1. 

13. a^-\-ab + b\a'-ab + b\ a* - a^b^ + b\ 

14. 4a« r- 4a% -h a*^ 4a^ -h 3aft -h ft^ and 2a^b + b\ 

Divide : 

15. aj* - Sly* by aj - 3y. 18. a^ -f 32ft^ by a + 25. 

16. x^ — y^hj x — y, 19. a® — 5* by a — 5. 

17. »* + y* by a; -h y. 20. a« - 5« by a^ - 5^. 

21. a;* -h aj« - 24a;^ - 35a; + 67 by aj* + 2a; - 3. 

22. 18a;* + 82a^--67a; + 40-45a;«by3ar»-4a; + 6. 
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Solve the following eqtiations : 

23. S(10-x)=5(x-\-S). 

24. 2a; - 3(2aj - 3) = l-4(«- 2). 

25. (a;-5)(a; + 6) = (aj-l)(aj-2). 

26. (2x + S)(Sx - 2)= a? -i- x(5x -\- S). 

27. (5x -\- S)(Sx + 5) =x(15x -\- S2)+ 37. 

28. (9a; -7)(3 +7 x) = 3(21a;2 -7a; +11)- 4a;. 

29. Find two numbers differing by 8, sueli that four times 
the less exceeds twice the greater by 10. 

30. Separate 90 into two parts, such that four times one 
part equals five times the other. 

31. A is twice as old as B, and 20 yr. ago he was three times 
as old. What is B's age ? 

Write the product of: 

32. 1+ a + b and 1— a — b. 

33. x + y, X — y, x^ -f 2^, and a;* + ^. 

34. a^ + ab + b^^a'-^-ab-}- b\ and a* + ft* + a%\ Check, let- 
ting a = 1, ft = 1. 

35. Square x->ry-\-»' Check, letting a; = 1, y = 2, « = 3. 

36. Square a — ft -|- c — c?. Check, letting a = 4, ft = 3, c = 2, 
rf=l. 



Write the product of: 

37. (x + 2)(a; + 3). 

38. (a; + 1) (a; + 5). 

39. (a;-3)(a;-6). 

40. (a; - 8) (a; - 1). 

41. (a;-8)(a;+l). 



43. (x - 3) (x + 7). 

44. (a; - 2) (a; - 4). 

45. (a+l)(a+ll). 

46. (m- 2 a) (71 + 3 a). 

47. (j,-c)(p-d). 



42. (a; - 2) (a; + 5). 48. (w — 4:m)(w + m). 
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Reduce thefollovring to lowest terms: 



49. 



50. 



51. 



4 a: (cc + 1) 
0^-9x^20 

ix^-'2x-S 
a:2_10«-|-2l' 

x^-\-2xY-^l/^ 



53. 


a» + l 


tt»4-2a2-|.2a-|-l 


54. 


a^ - a - 20 


a^ + a-12 


55. 


(a + bf 


a^-aIf^2P 


Kft 


a' + 2ab + b^-(? 



a^ — y* "" a^-\-ab — ac 

Change the follotving to integral or mixed expressions : 

X — 1 

05-1-4 

59. ^. , ' 63. 

a-|-a5 5x''-|-4o5 — 1 

Change the following to fractional form : 

, x-^V a^-\-^ 

65. 1 -^' 68. a - aj -f -—^ 

X '\-y a — X 

66. 1+^^- 69. -^^^ (a^-hy). 

67. 3a; ' -' 70. a — 1 -f 



a;-3 


2x^-5a;-2 


•05 — 4 


a^-\-l? 


a — b 


5aj«-ar« + 5 



a; ' a + 1 

Add or subtract as indicated: 

71. xH r-^- 73. 



05 — 6 X + 5 ' 1 — X 1 — a* 
72. = r- 74. h 



05 — 7a; — 3 ar — y(x — y)* 



CUMULATIVE REVIEW 488 

Exercise 209. Review of Chapters I-XII 

1. What is the, degree of 27 x^i^z^ with respect to »? to y 
and « ? to a; ? to a; and y ? to a; and « ? to a;, y, and z ? 

2. Write a homogeneous polynomial of the third degree. 

3. By letting a = 2, 6 = 3, and c =4, show that a-\-(b-\-c) = 

4. Using the values of Ex. 3, show that a + 6 4- c = 
a-\-c + b=^c + h-\-a, 

5. Add 5x^ + 2a^-Ty 4ir« + a;-9, 1+x-x^, ic^-f aj*- 
a;»-a;2- 7, and 9 a;^ + 9 a;« - 12 aj - 4 ai* -h 10, checking the 
result by letting aj = 1. . 

6. Simplify 4 a - {3 a - [2 a - (a ^ 6)] -|- 6 ft}. 

7. Multiply aj* + 2 a;^ + 4 by a:* - 2 aj2 -f 4, and check. 

8. Divide x^ — 5 axx? — dh^ + 14 a* by x^ — 3 oaj — 7 a^ 

9. One factor of aj* + 3 a;^ — 13 a; — 16 is a; + 1. Find two 
other factors. 

Factor the following eocpressions : 

10. Q^+%x^ 7. 16. x'^ + x- 72. 

11. a;2 - 17 a; + 60. 17. a:^ - 14 a: - 176. 

12. ar* + 7 :c - 18. 18. 81 a^ - 196 W. 

13. ar» - 2a; - 24. 19. 729 a« - x\ 

14. 9 a;2 + 30 a; + 26. 20. 64a;^+a:/. 

15. 16a;«-66aj 4- 49. 21. (^-f)^-y^ 

Find the H.C.F. of: 

22. 12aj2 - 17 a; + 6 and 9a;2+ 6a; -8. 

23. a;* — a*, a;^ + 3 aa; — 4 a^, and x^ — 6 ax + 4 a^. 

Find the L.C.M. of: 

24. x^ - 3x - 4, x^ - X - 12, and aj^ + 6.r + 4. 

25. 6x2 - 13x + 6, 6x2 + 5^ _ g^ and 9x^-4. 



36 
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Perform the operations indicated i 

26 . ai ^ _j . 

(a-\-b)b (a^b)a 15 ab* ' Sab'' 

5 3 9a^y^g - 20 a^b^e 

2aj(a;-l) 4a;(a;-2)' lOa^ft^c* ISxfz ' 

1 + x 1 — a; g' — a:* (a -f g)^ 

l + x + a^ l-ar + a»* . a» + x» ' (a - «)«" 

29. + ^- Zi. a 1.3 ^— ^' 

X — y y — X a* -—b* a — b 

Sa^b^ 15 xy^ x^ -\- xy ^ a;* — y* 

45 a:V ' 24 a'^^ ' a; - y ^ (aj - yf ' 

• g3-6a + 4' a^- 10a + 21* a» -5a' 

^2 _ 7 5 + 6 ^a + 10^ + 24 , ^4-6^ 
^»a+ 3^-4*5^-14^ + 48 * ft'-S^^* 

/SbZve the following equations: 

38. (a;-3)(a; + 5) = (a:4-l)(2a;-3)-ar». 

39. {x + 4)(a; - 2) = (a; + 3)(3aj + 4)-(2aj + l)(aj - 6). 

40. (x - 3)(2aj + 5)=x(x + 4) -f (a; + 1) (a; + 3). 

41. (a; + 2)2 + 3a; = (aj - 2)^ + 5(16 - x). 

42. The difference between two numbers is 3, and three 
times the greater number exceeds twice the less by 18. Find 
the numbers. 

Solve the following equations : 

^o e aj + 2" . ^^ 5aj 5a; 9 3-a! 

43. 5a; ^ = 71. 46. -^ ^ T = I 2~ 

3-a; 17 ^^ ^ 5a;-4 ^ l-2a; 

44. . — = -, 47. 2x ^ = 7 ^- 

^^ 13-2a; 6a;-8 ^^ a; + 2 14 34-5a; 
46. 4 — = «' 2 *®-^^ = ¥ 4 
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Solve the following equations: 

5a; + 3 3-4aj . x 31 9-5aj 
49. — 77 ;;; h 7; = -tt — 



50. 



8 3 ' 2 2 6 



51. — 7: 7: — = 3 aj — 14. 



52. 



53. 



54. 



55. 



9a; + 20 _ 4(a;-3) x 
36 "" 6x-4 "^4' 

9(2a;-3) 11a; - 1 ^ 9a; + H 

14 . 3x4-1 "" 7 

10x4-17 12x + 2 ^ 5x-4 

18 13X-16"" 9 

6x4-13 3x4-6 2x 



15 5x-25 5 

56. Find the number whose third and fourth parts added 
together make 14. 

57. Find the number whose third part exceeds its fourth 
part by 14. 

58. The half, fourth^ and fifth parts of a certain number 
are together equal to 76. Find the number. 

59. The sum of two numbers is 5760 and their difference 
is equal to one third of the greater. Find the numbers. 

60. The sum of two numbers is 98 and their difference is 
36. Find the numbers. 

61. The sum of two numbers is s and their difference is d. 
Find the numbers. 

62. Divide 45 into two such parts that the first part divided 
by 2 shall be equal to the second part multiplied by 2. 

63. Find a number such that the sum of its fifth and 
seventh parts shall exceed the difference of its fom'th and 
seventh parts by 99. 
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Sxettise 210. Review of Chapters I-XTTT 

1. Evaliiateaj* + 4a«y + 6aV + 4«y' + y*fora; = 2,y = 3. 

2. If f(x) = X* - 5 a;* -h 10 «», find the value of /(2). 

8. Simplify 12x - a; -{7x -[8a; -(9a; - 3a; -6a;)]}. 

Multiply : 



4. a^ -h a* -f Z>2 |3y ^a _ ^ ^ ^a 

5. a» - 3a% + 3a^^ - 6» by a^ - 2a* + 5^ 

6. a? — xy + y^ + x-\-y'{-lhyx + y—l. 

7. 4aV-32ay*-8ay + 16ayby aV- 



hy-hi Dya;-|-y— 1. 

ay + 16ay by ay + 4ay -f 4ay. 

Find the product of: 

8. a + ft, a — 5, a^ -f ft^, a* + ft*, and a' + ft*. 

9. x + a,X'\'2a,x-'^a,x — ^ay and a; + 5 «• 

10. 9a» + ft^27a»-ft»,27a» + ft»,and 81 a* - 9 a^ft^ + ft*. 

11. a H- ft — c, a -|- c — ft, ft + c — a, and a + h -{- c. 

Divide : 

12. a;«-2a;»-flbya;^-2a;-|-L 

18. a* -f 2a^ft^ + 9ft* by a^ - 2aft -f Sft^. 

14. 4a;^-a;« + 4a;by 2 + 3a;-|-2a;^. 

15. a;* — 6 a;y — 9 a;^ — y* by a;^ -I- y + 3 a;. 

16. Two casks contain equal quantities of vinegar. From 
the first cask 34 qt. are drawn, and from the second 20 gal. 
The quantity now remaining in one cask is twice that remain- 
ing in the other. How many quarts did each cask contain at 
first ? How many gallons ? 

Write the products: 

17. (a; — 4 y) (a; -h y). 20. (a; -^ a)(x — ft). 

18. (a -2 ft) (a -5 ft). 21. (aa; - 9) (aa; + 6). 

19. (a;2-f-2 2/^(a;2-h2/^. 22. (a;^ - 3 a;?^) (a;^ -f a-y). 
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Factor the following expressions : 

23. «* -f 14«" + 49. 29. 4ajV -l^a^y^ + 8 V. 

24. a* — h\ 30. cc?«^ — cy« + ^y« — 2/*. 

25. a« ~ 1. 31. {x + 1)^ - (y + 1)'. 

26. y* — a^ + ^2^ + cy. 32. 't^ — bay — 50 a^ 

27. ar» + 3aj + 2. 33. 8 a^ -f 14 a* - 15 ft". 

28. 3/* - 5qy« -h 625 ;s2. 34. 6 a" - 19 ac + 10 c". 

35. One factor of 81 a* - 28 a%" + 16 ftMs 9 a" + 10 oft + 4 ft*. 
What is the other factor ? 

Find the H.O.F, of the following expressions : 

36. 6 (a - ^)*, 8 (a" - ft^^ and 10 (a* ^ ft*). 

37. a:" - y*, (a + y)^ and cc" -h 3ajy + 23/*. 

JY/wi <A« jL. (7.J!£ 0/^ the following eaypressions : 

38. a;2 _ 9a. _ 22 and a" -13aj + 22. 

39. x^ — y^9 (i» + y)^ and (cc — y)". 

40. 4aft(a" -3aft + 2ft^ and 5a"(a» + aft -6ft^. 

Red/ace the following fractions to lowest terms: 

' ar* + cc + 1 ' a^ — x^ 

ga^ 7a -1-10 . 6ar'-~5a;-6 

aa^5a + 6' 8a;"-2aj-16' 

Change the following to fractional form : 

45. a + ft TT* 48. —^+1. 

a 4- ft a — 

46.7 a = ^ 49. — r^ —1- 

5 — oa a + 

Mm n 5 ax — 3 --^ o -1/^ I 41 

47. Sx r-^ 50. 305—10 + 



2a aj4-4 
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Solve the follovnng equations : 

51. 5 + | = c 53.^^^i^=« 
a X — y — 1 

X y_ g + y + 3- _ , 

ha . X + y — 1 

52. cJ)x -h cdy = 2 h^. (a — h)x = {a-\-h)y 

d-h ^ aJ' + h^ 

^~ ^y^ ~^ oaj — 6y = •—^ — 

55. Divide 60 into two parts, such that one part exceeds the 
other by 24. 

56. The sum of two numbers divided by 2 gives as a quo- 
tient 24, and their difference divided by 2 gives"as a quotient 
17. What are the numbers ? 

57. Three times the greater of two numbers exceeds twice 
the less by 10, and the sum of twice the greater and 'three 
times the less is 24. What are the numbers ? 

58. A certain fraction equals J when the denominator is in- 
creased by 4, and equals | J when the numerator is diminished 
by 16. What is the fraction ? 

If aih = cid^ prove that : 

59. a — h\a-\-h^=c — dxc-{-d. 

60. ma + ^ • 'ma — nb = mc -\- nd : mc — nd. 

61. 2a4-3ft:3a-45 = 2c-f 3<^:3c-4<f. 

62. ma^ -f ru^ : ml^ -|- ruP = a? : }?, 

63. A railway passenger observed that a train moving in 
the opposite direction passed him in 2 sec, but moving in the 
same direction with him passed him in 30 sec. Compare the 
rates of the two trains. 

64. A certain fraction equals f if 7 is added to the numera- 
tor, and equals f if 7 is subtracted from the denominator. 
What is the fraction ? 
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Exercise 211. Review of Chapters I-XIV 

1. Given the formula a = ^h(b + b*), find the formula for 
b\ Evaluate the result for a = 40, A = 8, 6 = 6. 

2. Which increases the more rapidly when r increases, the 
area of a circle or the circumference ? Why ? 

3. Add 4a;« - 7a:» + 9a; - 19, 5x* - 17a;* + 3, 9x^ - 
7a* + 4x*-4, Sa^-5x^ + 7a^-2, 12 x» - 17 a + 6, and 
6ar*-9aj + 7. 

4. From the sum of a* — 9 « 4- 7 and a* + 7 x — 9 subtract 
the sum of cc' 4- a:* — 3 and a;* + 2 aj — 4. 

5. Multiply a* — aj* + 3a; — 9 by a;* — 7aj + 4 and check 
the result. 



Divide : 

6. aj*-f 64 by a* + 4a; + 8. 

7. l-a;-3ar^~a;*by l + 2a;-|-a;2, 

8. x^ + 9a;V - 6a;V - 4/ by a;* - 3a;y + 2f. 

9. x^ + x^ + x*y + 2/" — 2 xr/^ — a^y by a;' + a; — y. 

Write the following expressions in expanded form : 

10. (2a; + l)». 15. (a;-2y)». 

11. (2a + 5bf, 16. (2x-y)\ 

12. {^ax-4ta^\ 17. (^x + y)\ 

13. (5a;y + 2)*. 18. (a;4"3y)«. 

14. {ab + cd)^ 19. (2 a; + 3 y)'. 

Write the quotient of: 

^^ 5«-126 ^^ 8a«a;» + l 
6 — 5 2aa; 4- 1 

^, a»-216 ^, 729a« + 2166» 
a — 6 9a -H 66 

^^ l + 8a« ^, 64 a« -h 1000 6» 

l + 2a 4a + 106 
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Perform the operations indicated in the following: 
a? + x^2 x*- 13 a; + 42 



26. 



«* — 7a; oi^ + 2x 



ex ' 05* 

23 ^ — y^ xi/ — 2y^a^^xy 



29. 



a* — 3 xy -|- 2 y ^ a^ -^ xy (x — yy 
a« ., 3 aa^> -I- 3 g^a -, ^>8 2ab-2h^ 6^ -^ ah 
a^-b^ ' 3 * a-* 



Solve the following equations: 

7a; + 6 5a-6 8-5a; 



31. 



6 4 12 



90 ^ + ^ a^-4 _^ 3a;-l 
32.-3 5^ ■- ^ "^""16— 

9a5 + 20 _ 4(x-3) x 
36 "" 5a;- 4 "^4* 

9(2a;-3 ) . 11a; - 1 _ 9a; + H 
^*' 14 ■*'3a; + l"" 7 ' 

a; — 3 X — 5 1 

4(a;-l) "* 6(a; - 1) 9* 

36. A certain fraction equals 2 when 7 is added to its numer- 
ator, and equals 1 when 1 is subtracted from its denominator. 
What is the fraction ? 

Solve thefollomng equations: 

37. 2a;H-3y = 7 39. 3a;-5y = 61 
4a;-5y = 3 2a; + 7y = 3 

38. a;-2y = 4 40. 5a;-f-4y = 68 
2a;-^y = 5 3a; + 7y = 67 
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Exercise 212. Review of Chapters I-XV 

Solve the following equatiouBy plotting each pair : 

1. 3a; — 4y = -6 5. 3x-4y = 2 
4aj — 5y = l Ta — 9yt=7 

2. lla; + 3y = 100 6. 7aj-6y = 24 
4:X — 7y = 4: 4aj — 3y = ll 

3. a; + 49y = 50 7. 3a; + 2y = 32 
49a; 4- y = 50 20a;-3y = l 

4. 2a;-7y = 8 8. llx- 7^^ = 37 
4y-9a; = 19 8a; + 9y = 41 

9. Find the H.C.E. of x (a; + 1)^ x^ {a? - 1), 2 a; (a» - a; - 2). 

10. Factor ar» - 2a;y + f-c' + 2cd-d^. 

.. a- 1.C 3a:y-4 b'j^ + l 6x^-11 

11. Simplify ^^ y^ ^^. 

12 Divide (" + ^)^-(^ + ^^y("-^)'-(^-"^)^ 
1^. i^iviae ^^ _|_ ^^3 _^^ ^ ^, oy ^^ _ hy-{d - ef 

to G 1 4.1. 4.- 10a; + 17 12a; + 2 5a; --4 

13. Solve the equation r^ t^ r^ = — ;r 

^ 18 13a; — 16 9 

14. A rectangle has its length and breadth respectively 6 ft, 
longer and 3 ft. shorter than the side of an equivalent square. 
Find its area.i 

Solve the following equations: 

x + o y — 2 5 10 

x + 3 y--2 2 X y-2 , 

3 615 6"^4 

16.2.-^ = 4 i8.i^±i2y = 9 

3,4-^ = 9 1^.^11^ 
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Exercise 213. Review of Chapters 1-XVI 

Raise the following expressions to the powers indicated : 

1. (-7a%y. 3. («-2)*. 5. (a^-4)». 

2. (24a'fty. 4. (x + Z)\ 6. (1 - a - a^ 



2 



Simplify the following expressions: 

7. -^16 a«^^c^«. 9. </- 1728 a«*V. 11. -\/UM^. 

8. ^/32^V^*- 10- -VSI a«6^c"rf. 12. "^128 mW^. 

^imZ ^A^ square root of the following expressions : 

13. a;«-4a;V + 8a:y-10a;V-f-8a:2y*-4a;3^ + /. 

14. «• + 25ir^ +10aj* - 4a;« - 20a:» +16 - 24a;. 

15. Find the square root of 5 to five decimal places. 

Find the square root of thefollomng numbers : 

16. 120,409. 18. 1867.1041. 20. 64.128064. 

17. 4816.36. 19. 1435.6521. 21. 16,803.9369 

Simplify the following expressions: 

22. Vi25. 24. -\/l2^, 26. 3 -J^^W». 

23. </i62. 25. 6v^^^. 27. V- 1458 

28. Multiply 2 Vx — 7 by 3 V^. • 

29. Divide ^^2 - ^ + -^^ - -^J^ by -^2. 

Divide the following : 

30 ^ 82 ^ 3. V5 + V2 

• V7 + V5 '5-2V6 V6~V2' 

'^ 00 ^-"^^ or 7+2ViO 
31. 7= 7=' 33. pr» 3d. ;=. 

2V5_V6 I + V2 7-2-V^ 

36. Extract the square root of 14 + 6 Vs. 

37. Solve the equation x" + aj— 17 = aj + 4 Vi5. 
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Exercise 214. Review of Chapters I*XVn 

Given ^=aj* + J*- aV + 2 J«a:, 5 = rr*- 6*- 7aV- 
9 b^Xy (7= a? + b^ + axy perform the^ operatwiM indicated: 

1. A+B. 3. lA-B, 5. AB, 7. BC. 

2. A'-B. ' 4. 7B-A. 6. AC. 8. ^ ■+■ C. 

Factor the follomnff espressiona : 

9. (a« + 26y - a«^«. 11. 15a*- 7a; - 2. 

10. (2a; - 3yy - (a; - 2y)«. 12. lla;» ~ 64a; + 63. 

Simplify the following expressions: 

Sx — 2y 4y-h2a; 22y-9a; 
3 5 "^ 15 ' 

3 4 a 5 a* 

14. — ^4- 



x^2 (a; -2)* (a;-a)« 

15. A can do a piece of work in 10 da., and A and B to- 
gether can do it in 7 da. In how many days can B do it alone ? 

Find the square root of: 

16. 965.9664. 17. 10 + 2V2i. 
18. l + 4a;4-10a;* + 12a;«-f 9a;*. 

Solve the follovnng equations: 

19. a;* + 4 a; = 12. 22. ar» - 7 a; = 8. 25. a;* - a; = 6. 

20. a;* - 6a; = 16. 23. Sa^-4Lx = 7. 26. 5a;* - 3a; = 2. 

21. a;*-12a; = -5|. 24. 12a;* + a; = l. 27. 2ar»-27a; = 14. 

28. 5a;(a; - 3) - 2 (a;* - 6) = (a; 4- 3) (x -h 4). 

29. Find the radius of a circle whose area would be doubled 
by iticreasing its radius 1 in. (Take 3| for tt.) 

30. Divide a line 20 in. long into two parts, such that the 
rectangle contained by the whole line and one part may be 
equal to the square on the other part 
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Exercise 216. Review of Chapters I-XVUi 



Solve the following equations: 

3a _4^^13 
4 "*"3a; 6' 



3. iir«- Jaj = 2(a;-h2). 
^ x + 1 2a; — 1 



^' x + i 

5. (x - 2)(x - 4)- 2(aj - l)(a; - 3)= 0. 
2a; + 3 



x + 6 



6. 



7-x 



7-3a; 



2(2a;-l) 2(a:-fl) 4 -3a; 

7. x2-3a:-3-6Va:2-3a;-3-f 5 = 0. 

8. An iron bar weighs 36 lb. If it had been 1 ft. longer, 
with the same amount of iron, each foot would have weighed 
J lb. less. Find the length of the bar and the weight per foot. 

Solve the follotving equations, plotting each pair : 



9. a; -f y = 13 
xy = 36 

10. a; + y = 29 
xy = 100 

11. x-y = 19 
xy = 66 

12. a; — y = 45 
xy = 250 

13. a; - 2/ = 10 
a^ + f = 17S 

14. x-y = 9 
xy-\-S = 

15. X — y = 1 

x^ + 3^ = 8i 

16. 5a; -7y = 
20a;^-13a;y = 16 



-28y» 



17. x — y=7 
a^-{'xy-^f=13 

18. x^'^xy = S5 

«y — 2^ = 6 

19. a;y - 12 = 
x — 2y= 5 

aO. a;y — 7 = 
a^-{-y^ = 50 

21. 2a;-5y = 9 
x^—xy-{-y^ = 7 

22. ar*-h4a;y = 3 
4a;y + 2^ = 2i 

23. x'-xy + f = 4:S 
a; — y — 8 =0 

24. a;-3y = l 
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Exercise 216. Review of Chapters I-XIX 

1. One factor of 64 x* -f 128 «y -f 81 y* is 8ar» + 4iry 
+ 9 y*. What is the other factor ? 

2. Factor a^ — 2ax -{-x^ -^^ a — x. 

• 3. Factor a^ + 2ad + cP - 4:b^ -\-12bc - 9c«. 

a — If J) — c c — a 

.4. Si°^Plify (ft ^.c)(c + a) ■^(cH.a)(a + ft)'^ (« + &)(&+.(?)' 

5. Solve the equation — rr z — __ ^g ~ "F" 

/SoZve <Ae following equations : 

6. 5x + 3y — 6« = 4 8. 4a; — 52/-f-2« = 6. 
3a.-y + 2« = 8 2a; + 3y-« = 20 
x-2y^2z==2 7a;-4y4-3« = 35 

7.a;H-|-f| = 6 9,l + ?-5 = 

2 3 X y 



X . . z 



3 4 



1 + 1 + . = 17 i-i-i = o 

2 6 X z 

10. A sum of money at simple interest amounted to $26,000 
in 6 yr., and to $30,000 in 10 yr. Find the sum and the rate. 

11. What is the value of (2^^? of 2^? of (2^»? of 2^? 

Find the cube root of: 

12. 274,626. 13. 110,692. 14. 109,216,362. 
1«. Sx^ + 12o^- 30a; - 35 + 46a;-i + 27 aj-^ - 27a;-«. 

Simplify the following expressions : 



1 m-1 1 



16. [(a:*«^)» . (a;")-2]»''-2. 17. [(a"*) *"] 
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Sxerdae 217. Review of Chapters I-XX 

1. Define polynomial, and illustrate by three types. 

2. The circumference of a circle is a function of what other 
line ? Express your answer by a formula. 

3. One factor of cc* + 4ar' — ba? — 36a: — 36 is a; — 3, and 
another factor is 5 more than this. Find a third factor. 

4. Find the prime factors of a:* — 2 a* + 1. 

6. Find the number whose double increased by 24 exceeds 
80 by as much as the number itself is less than 100. 

6. What is the square of a*— 5x4-7? 

7. Factor 121 aj* - 286 o^/ + 169 3/*. 

8. One factor of 25a* - 9a%^ + 16^* is 5a2 + 7aZ» -f 4^^^. 
Find the other factor. 

Factor the following expressions : 

9. 3^ + 193^85 + 48 «l 12. eb* -Thx -Sa^. 

10. a*6« - llaV + 30. 13. 4a* + 8a; + 3. 

11. c^^ - 9c^ - 10. 14. a;* + «» + x» + x. 

Find the H. C.F. of the following expressions : 

15. a? — i/^ya^ — y*, and a? — Ixy + 6 y*. 

16. a* - 1, a;» - 1, a^ -h « - 2, and 2«* - 21a; +19. 

Find the L. CM. of the following expressions : 

17. 6(a^ + xy), %(xy - f), and 10(a;« - f). 

18. a:* + 11a; 4- 30, ar» +13 a; + 42, and 7? + 12 a; + 35. 

20. Simplify 



(x«-l)« 2a;* -4a; + 2 1 - a;* 

«; Q 1 ^T, ^- ^«^+'7 2a;-2 2a; + l 

21. Solve the equation - .^ — ^ = — = — • 

^ 15 7a; — 6 5 
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Solve thefollamnff eqiiatians: 

22. 8a?-f 4y-3« = 6 23. 12aj -f 6y - 4« = 29 

x + Sy " z = 7 13a; — 2y-h6« = 58 

4a5 — 6y4-4:« = 8 IToj — y — « = 16 

24. The sum of the two digits of a number is 10, and if 54 
is added to the number the digits will be interchanged. Find 
the number. 

25. Multiply V7 + 3V3byV7-.2V3. 

26. Divide VB - V6 by 2 V5 - V6. 

27. Extract the square root of 9 — 2 Vli 

Solve the following equations : 

« 

g«-5 2a:^-H _^l J 1^_7 

**• 3 ■*■ 6 2' ^' 4a:» 6«« 3' 

30. Va; + 1 + Va; + 16 = Va + 25. 

31. a? + xy + 2f=^lA: 32. ar* + ay + 4 3^ = 6 
2a* + 2ajy + 3^ = 73 3a:* + 8y« = 14 

33. The hypotenuse of a right triangle is 20 and the area of 
the triangle is 96. Find the sides. ^ 

If a:b = c:dy prove that : 

34. ma : nb = me : nd. 35. (a + 2 b):b = (e + 2 d): d. 

36. Find x when a; + 5:2a; — 3 = 5a; + l:3aj — 3. 

37. Find x when Va + V^ : V^ — Vb = a:b. 

38. Insert ten arithmetical means between — 7 and 114. 

« 

39. The sum of the first six terms of an arithmetical pro- 
gression is 27, and the first term is 1. Write the series. 

40. If a = 2 and r = S, which term of a geometric progres- 
sion will equal 162 ? 

41. Find the sum of eight terms of a geometric progression 
whose last term is 1 and fifth term ^. 
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350. Specimen Examination Papers. The following papers 
will be found of service in preparing for college entrance 
examinations. Three hours are allowed on Exercises 218 and 
219, and two hours on Exercises 220 and 221. 

Exercise 218. Elementary Algebra 

Answer eight questions, selecting two from each group 

GROUP I 

.-,, a'\-hx ' a — bx 

1. Solve ^j , ^ — = 7 J5 

oh + 2ax — 2ax 

2. By factoring find the H.C.F. of 27 m* - 8 m^ 6 m*' + 8 m^ 
- 8w, 12m*- 8m«, 27m»- 12m. 

3. Find the product of 2x -i^ Sy — z and x ^ 3y + 2z. 
Check by letting ic = 1, y = 2, and « = 3. 

GROUP II 

4. Reduce each of the following to its simplest form : 
V50 - V32, 2 V5 X Vis, 6 V20 -^ 2 VlO, Vf, VoV^- 

5. Same as page 240, Ex. 7.^ 

6. Find the square root of the following : 

49a;« - 42a^ - 47a;* - 4a^ -h 28a;2 4. 16a; + 4. 

GROUP III 

7. Same as page 244, Ex. 43. 

8. Same as page 200, Ex. 62. 

9. Solve V2a; + 1 = 2 Vx - Va? - 3. 

GROUP IV 

10. Same as page 342, Ex. 24. 

11. Solve 1 - lOoa; + 16aV= 0. 

12. A and B can together address 100 envelopes in an hour ; 
when each works alone A can address 100 envelopes in 60 min- 
utes less time than B. How many can each address in an hour ? 



SPECIMEN EXAMINATION PAPERS 449 

Exercise 219. Intermediate Algebra 

Answer eight questions , selecting at least twofrom each group 

GROUP I 

1. Factor the following: 2a^— 5ai + 3ao + 2^* - 66c; 
a* + 646*; a^^' + b^-, (aj-m)»-8; 6x^ + 2a^-Sy\ 

X — 1 X 

2. Solve 7 = 

a + 1 a 



X a + x 

3. Find the square root of 1 + 4 a; correct to four places. 

4. Same as page 195, Ex. 9. 

GROUP II 

ic Q- v^ 2-« X 3-« X 4-* .1 _ 1 xi</^ 

5. Simplify 1 — ; a » x 2a»; — , ,, - 

6. Simplify (-3 V33)(5V=r3); =^. (V3i)5. 

7. Find the ratio of x to y in the following equation ; 

4a; — Sy Sx — 2y 
4y — 3a; 4a: 

8. Insert 3 geometric means between a and I. 

GROUP III 

9. Same as page 349, Ex. 44. 

. 10. Plot the graph ofarl— 3aj — 5 = and from the graph 
find the approximate values of the roots of the equation. 

11. Solve a;-»-h-i^ = 10. 

a;""' 

12. Same as page 333, Ex. 26. 



460 APPENDIX 

Ezerdae 220. Algebra to Qtiadratlcs 

Six questions are required. They must include two questions from 
Group /, two from Group II, and both questions of Group III. 

GROUP I 

1. (a) Factor 3-192ar«,a«-6a-46«-12^ and 6a^4-«-15. 

(b) Simplify ^■Z^~27T^ 4a«-x^ ' 

2. (a) Find the value of t from the equation v==u+fi; 
substitute this value in the equation s = tU -{- ^ffi and simplify. 

(b) In (a) solve for s when /= 32, t; = 5.1, and u = 1.3. 

3. The H.C.F. of two given expressions is a(a — b)', their 
L.C.M. is a^(a + ^)(a — b)\ If one expression is alf(a^ — ft^, 
what is the other ? Prove it. 

GROUP II 

4. Same as page 201, Ex. 65. 

.a e _g , g 5a + 3c-2e 

5. li - = - = - = fj prove that f = ^ - . ^ , — jr--,- 

h d f h ^ h 5b'hSd — 2f 

6. A road leads uphill for 3^ miles and then downhill at 
the same grade for 1| miles. A cyclist rides this total distance 
in 37 minutes and returns over the same road in 29 minutes. 
What are his rates uphill and downhill ? 

GROUP lU 

7. (a) Simplify/-^)"*. 

8. (a) Arrange V5, V24, and V^ in order of magnitude. 

3 1 
(b) From 7= subtract 7= and express the result 

^ ^ 5-2V3 , 2 + V3 

as a fraction having a rational denominator. 
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Exercise 221. Quadiatics and Be3rond 

' Six questions are required. They must include two questions from 
Group /, two from Group II, and both questions of Group III. 

GROUP I 

1. Solve the equation 66 a^ — 73 « — 24 = 0, and the equa- 
tions 9ic^ + 492/^ = 86, 3a; - 7y = 13. 

Write the results of the two simultaneous equations so that 
with each value of x the proper value of y is associated. • 

2. (a) Solve the equation 9 ar* — 66 oa; + 149 a^ = 0. 

(b) Having given that the roots of 4 a;^ — 2 (A; -|- 3)x -f A;^ = 
are equal, find the possible values of k. 

3. (a) Solve the equation V2a; -{• 6 — V6 — x = 1. 

(b) Account for the fact that one of the values obtained for 
X will not satisfy the given equation. 



j GROUP II 

i 



4. Same as page 201, Ex. 67. 
5* Same as page 196, Ex. 10. 

6. (a) Draw the graphs of 4 y = x' -f- 4 and a; + 4 y = 10 
referred to the same axes. 

(b) Use the graphs to estimate the values of x and y which 
satisfy both equations. 

GROUP III 

7. (a) Derive a formula for the sum of n terms of an arith- 
metic progression whose first term is a and common difference d. 

(b) Sum the geometric series 3f -|- 2 J -h 1^ -f etc. to 6 terms 
and to infinity. 

8. (a) Write the coefficient of x"^ in the expansion of 
a;*(l — a;^^ and simplify it. 

(b) Substitute the value unity for x in the expansion of 
(1 4- xy and state the resulting theorem relating to the 
coefficients. 
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351. History of Algebra. Problems such as we solve by 
algebra are very old. We find them in a book written in 
Egypt over 4000 years ago, and afterwards copied by one 
Ahmes about 1700 b.c. The Ahmes copy, made on a kind of 
paper called papyrus, is still preserved in the British Museum. 
It contains problems such as, "Mass, its seventh, its whole, 
it makes nineteen." We should write this : | a; + a; = 19, But 
Ahmes knew nothing of our algebraic symbols. He had a sym- 
bol for " mass," and rude symbols for addition, subtraction, 
and equality ; but an algebraic equation, such as we use, was 
unknown to the ancient world. 

We also find, in a later Egyptian manuscript, a problem that 
we would solve by quadratics. It is of the form x-^y = a and 
xy = h, Nothing but the answer is given, so we do not know 
how it was solved, but we know that algebra in our sense of 
the word was not used. 

Euclid, who wrote the first great textbook on geometry, 
and who lived at Alexandria, in Egypt, about 300 b.c, knew and 
proved {a -^hf = a^ + 2ab -\- h% (a + b)(a -.b)=aJ'- h\ and 
similar relations, but all this was proved by geometric figures 
similar to that on page 111, § 91. This was a cumbersome 
method, but the ancients were skillful in geometry and so were 
able to attain results that we now seek by algebra. 

Archimedes of Syracuse, in Sicily, about 260 b.c, and others 
of his time, knew that c = 2 ttt and that a = m^ (§§ 16, 16), 
but these statements had to be written out in words, the 
ancients having no good symbols like ours. 

The first writer who seems to have developed an algebraic 
symbolism of any value was Diophantus, who lived in 4^1ex- 
andria about 276 a.d. He had symbols for the unknown 
quantity, its square, its cube, and so on to the sixth power. 
He also had a symbol for subtraction and one for equality, and 
his equations, while written in Greek, were somewhat like ours. 
He also knew that — a times — h equals + ah. He was much 
interested in indeterminate equations. 
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It is in the Orient that algebra as we know it had its be- 
ginning. The Hindus were much interested in fanciful prob- 
lems, and some that we still find in our algebras seem to have 
been first suggested by them. The earliest of these writers 
was Aryabhatta (about 625 a.d.), who lived at Patna, on the 
Ganges River. He knew how to solve quadratic equations and 
had some knowledge of series. 

The next great Hindu writer was Brahmagupta (about 660). 
He lived at Ujjain, formerly a great place for the study of 
astronomy, in west-central India. He knew how to solve quad- 
ratic equations and was also interested in the solution of in- 
determinate equations. 

The third Hindu algebraist of note was Mahavir the Learned 
(Mahaviracarya), who lived in Mysore, in southern India, about 
860. He wrote an extensive treatise on mathematics, which has 
recently been translated. He had no symbols for operations, 
and, as was the custom in India, wrote his entire work in verse. 
The nature of his problems, all of which were rather fanciful, 
may be inferred from the following : " A pile of apples divided 
among 2, 3, 4, or 6 persons leaves 1 as a remainder in each 
case. you who know arithmetic, tell me the numerical 
measure of the pile." 

The last great Hindu writer, before the European influence 
began to be manifest, was Bhaskara (about 1160). He had 
a daughter by the name of Lilavati, and he named his arith- 
metic after her. His algebra, the Bija Ganita as he called 
it, contained a number of symbols, but the equations were 
mostly written out in full. He knew the rules of signs, and 
that a -J- = 00, and could, like his predecessors, solve a quad- 
ratic equation. 

Meantime the Arabs, chiefly at Bagdad, beginning about 
800, made much of algebra. Mohammed ibn Musa al Khowa- 
rizmi (Mohammed the son of Moses^ the man from Khwarezm 
— the country about Khiva) wrote a work entitled Alrjabr waH 
viuqabalah ("reuniting and comparison"). 
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In this the unknown quantity is called the thing, or root. 
The book contains a very complete discussion of quadratics 
together with some treatment of surds. It became known in 
Europe in the Middle Ages, and hence the science went by such 
names as Algebra, Almucabela, and Mucdbel, and the unknown 
quantity by such names as the Latin res ("thing") and the Italian 
cosa ("thing"). From the latter word the science was at one time 
called the Cossic Art in England and the Coss in Germany. 

In eastern Persia the poet Omar Khayyam (about 1050) 
wrote an algebra in which there is some attempt to solve 
equations of the third degree of an easy nature, and one of 
the fourth degree, (100 - ar*) (10 - xf = 8100. 

One of the early European writers on algebra was Leonardo 
of Pisa (about 1200), or Leonardo Fibonacci. He wrote on 
arithmetic, algebra, and geometry, and was able to solve the 
equation a' + 2ar* + 10 a; — 20 = 0, giving a result equal to 
1.3688081075, a remarkable achievement for the time. While 
yet a boy he was taken by his father to the north coast of 
Africa, and there studied under a Moorish schoolmaster. At 
this time the Hindu-Arabic numerals, the ones that we ordi- 
narily use, were known among the Moors but were not yet 
common in Europe. Upon his return to Italy as a young man 
Leonardo wrote some books on mathematics and did much to 
make these numerals better known in Europe. He was one of 
the best mathematicians of his time. 

Our present algebraic symbolism was mostly invented be- 
tween about 1500 and 1650. The symbols -|- and — first 
appeared in print in Johann Widman's arithmetic (1489), the 
+ apparently being suggested by the written form of the 
Latin et ("and"). The Italians at that time commonly used^ 
and m for these purposes. The first noteworthy printed work 
to contain algebra was Paciolo's treatise of 1494. He uses co 
(Italian cosa, ^Hhing") and B (Latin res) for the unknown quan- 
tity, ce or Z (census) for x^, cu or C (ctibus) for a;', ce di ce 
(penso di censo) for x^, and so on, and p and m for plus and 
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minus. Tartaglia, a great Italian algebraist, who seems to have 
been the first to solve completely a general equation of the third 
degree, and who published a well-known treatise in 1556, 
used 22 men {22 mm B 6 for 22 — (22 — Vg), and similar 
expressions. Cardan, his great rival, published Tartaglia's 
solution of the cubic equation in 1545. He wrote the equation 
«» -I- 6 « = 20 thus : QuXflp : 6 reb^ seqlis 20. Thus we see that 
the algebraists of that period had none of the convenient 
symbolism that we use to-day. For square root Paciolo used 
Bt • 2*", for cube root B . 3", and so on. Stifel, a German mathe- 
matician of the sixteenth century, edited a work by ChristofF 
Biudolf (1553), and in this he uses our present root signs. 
The use of x and y for unknown quantities, and a, &,••-, for 
known quantities, is due to the great French mathematician 
Descartes (1637). To him we also owe our graphs of equations, 
and he did much, through graphic representations, to make 
the negative number better understood. Our sign of equality 
was first used by an English mathematician, Robert Recorde, 
in 1557. Our symbols of aggregation started with the Italians 
in the sixteenth century. Bombelli (1572), for example, uses 

R.q L128. p. 8«J for Vl28 -f- Vs, where L stands for legato 
(" bound ") ; and Cardan uses the expression B v : cu. B 108 p : 10 

for V •\^108 + 10, the v standing for universalis. The symbols 
> and < were first used by an English algebraist, Harriot, in 
1631. This name has particular interest to Americans because 
Harriot was sent to this country by Sir Walter Raleigh to 
make a survey of Virginia. 

After about 1650 elementary algebra as we know it was 
substantially complete, except as new applications have come 
in, and for the past two hundred fifty years it has been the 
basis of all advanced mathematics. The chief addition to 
the elementary field has been the better understanding of the 
complex number, and this is due in large part to De Moivre 
(1730), Euler (1748), Wessel (^797), and Crauss (about 1830), 
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352. Table of Powers and Roots. The following table will be 
found helpful in plotting and solving equations : 



No. 


Squares 


Cubes 


Square 
Roots 


Cube 
Roots 


No. 
61 


Squares 


Cubes 


Square Cube 
Roots Roots 


1 


1 


1 


1.000 


1.000 


2,601 


132,651 


7.141 3.708 


2 


4 


8 


1.414 


1.260 


52 


2,704 


140,608 


7.211 3.733 


. 3 


9 


27 


1,732 


1.442 


53 


2,809 


148,877 


7.280 3.756 


4 


16 


64 


2.000 


1.587 


54 


2,916 


157,464 


7.348 


3.780 


5 


25 


125 


2.236 


1.710 


55 


3,025 


166,376 


7.416 


3.803 


6 


m 


216 


2.449 


1.817 


56 


3,136 


176,616 


7.483 


3.826 


7 


49 


343 


2.646 


1.913 


57 


3,249 


185,193 


7.550 


3.849 


8 


64 


512 


2.828 


2.000 


58 


3,364 


196,112 


7.616 


3.871 


9 


81 


729 


3.000 


2.080 


59 


3,481 


205,379 


7.681 


3.893 


10 


100 


1,000 


3.162 


2.154 


60 


3,600 


216,000 


7.746 


3.915 


11 


121 


1,331 


3.317 


2.224 


61 


3,721 


226,981 


7.810 


3.936 


12 


144 


1,728 


3.464 


2.289^ 


62 


3,844 


238,328 


7.874 


3.958 


13 


169 


2,197 


3.606 


2.351 


63 


3,969 


250,047 


7.937 


3.979 


14 


196 


2,744 


3.742 


2.410 


64 


4;096 


262,144 


8.000 


4.000 


15 


226 


3,375 


3.873 


2.466 


65 


4,225 


274,625 


8.062 


4.021 


16 


. 256 


4,096 


4.000 


2.520 


66 


4,356 


287,496 


8.124 


4.041 


17 


289 


4,913 


4.123 


2.571 


-67 


4,489 


300,763 


8.185 


4.062 


18 


324 


5,832 


4.343 


2.621 


68 


4,624 


314,432 


8.246 


4.082 


19 


361 


6,859 


4.:i59 


2.668 


69 


4,761 


328,609 


8.307 


4.102 


20 


400 


8,000 


4.472 


2.714 


70 


4,-900 


343,000 


8.367 


4.121 


21 


441 


9,261 


4.583 


2.759 


71 


5,041 


367,911 


8.426 


4.141 


22 


484 


10,648 


4.690 


2.802 


72 


6,184 


373,248 


8.485 


4.160 


2:3 


529 


12,167 


4.796 


2.844 


73 


5,329 


389,017 


8.544 


4.179 


24 


576 


13,824 


4.899 


2.884 


74 


5,476 


405,224 


8.602 


4.198 


25 


625 


15,625 


5.000 


2.924 


75 


5,625 


421,876- 


8.660 


4.217 


26 


676 


17,576 


5.099 


2.962 


76 


5,776 


438,976 


8.718 


4.236 


27 


729 


19,683 


5.196 


3.000 


77 


5,929 


456,533 


8.776 


4.264 


28 


784 


21,952 


5.292 


3.037 


78 


6,084 


474,552 


8.832 


4.273 


29 


t^l 


24,389 


5.385 


3.072 


79 


6,241 


493,039 


8.888 


4.291 


.'50 


900 


27,000 


5.477 


3.107 


80 


6,400 


612,000 


8.944 


4.309 


31 


961 


29,791 


5.568 


3.141 


81 


6,561 


631,441 


9.000 


4.327 


32 


1,024 


32,768 


5.657 


3.175 


82 


6,724 


651,368 


9.066 


4.344 


33 


1,089 


35,937 


5.745 


3.208 


83 


6,889 


571,787 


9.110 


4.362 


34 


1,156 


39,304 


5.831 


3.240 


8i 


7,056 


592,704 


9.165 


4.380 


35 


1,225 


42,875 


5.916 


3.271 


85 


7,225 


614,126 


9.220 


4.397 


36 


1,296 


46,656 


6.000 


3.302 


86 


7,396 


636,056 


9.274 


4.414 


37 


1,369 


60,653 


6.083 


3.332 


87 


7,569 


658,603 


9.327 


4.431 


38 


1,444 


54,872 


6.164 


3.362 


88 


7,744 


681,472 


9.381 


4.448 


39 


1,521 


59,319 


6.245 


3.391 


89 


7,921 


704,969 


9.434 


4.465 


40 


1,600 


64,000 


6.325 


3.420 


90 


8,100 


729,000 


9.487 


4.481 


41 


1,681 


68,921 


6.403 


3.448 


91 


8,281 


763,571 


9.639 


4.498 


42 


1,764 


74,088 


6.481 


3.476 


.92 


8,464 


778,688 


9.592 


4.514 


43 


1,849 


79,507 


6.557 


3.503 


93 


8,649 


804,357 


9.644 


4.631 


44 


1,936 


85,184 


6.633 


3.530 


94 


8,836 


830,584 


9.695 


4.647 


45 


2,025 


91,125 


6.708 


3.557 


95 


9,025 


857,375 


9.747 


4.663 


46 


2,116 


97,336 


6.782 


3.583 


96 


9,216 


884,736 


9.798 


4.579 


47 


2,209 


103,823 


6.856 


3.609 


97 


9,409 


912,673 


9.849 


4.695 


48 


2,304 


110,592 


6.928 


3.6:54 


98 


9,604 


941,192 


9.899 


4.610 


49 


2,401 


117,649 


7.000 


3.659 


99 


9,801 


970,299 


9.960 


4.626 


50 


2,500 


125,000 


7.071 


3.684 


100 


10,000 


1,000,000 


10.000 


4.642 



